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INTRODUCTION
It is a well established fact that the great majority of

salts containing ions of the metals of the transition groups
(for instance the iron group or the rare earths) are paramagnet
ic. Without any doubt the paramagnetic properties are due to
the presence of these ions, which are characterised by an in
complete electron shell (3d-shell for the iron group find 4f-she 11
for the rare earths). These ions possess an angular momentum and
a magnetic moment.

A paramagnetic crystal therefore is characterised by an as
sembly of atomic magnetic moments, regularly distributed over
the crystal lattice and interacting with each other and with
the other constituents of the crystal. This issembly in many,
respects behaves as one single physical entity or, more precise
ly, as one large quantum mechanical system, which is often

called ‘spin-system*.
The purpose of this thesis is to study some properties of

the spin-system in a number of paramagnetic salts, especially of
metals of the iron group. Most of the experiments were carried
out at low temperatures and they were pursued into two direc
tions viz.
1) The study of the position of the lowest energy levels ,of the
spin-system (experiments on paramagnetic resonance absorption,
Part III).
2) The study of the establishment of thermodynamical equilibri
um between the spin-system and the crystal lattice, more pre
cisely the lattice vibrations (experiments on paramagnetic re
laxation, Part II).

In Part I we propose to give a general theoretical introduc
tion. Chapter 1 contains some considerations about the clas
sical theory of magnetism, the thermodynamics of a magnetic
body and the application of quantum theory and statistical me
chanics. Chapter 2 contains a review of the theory of the ener
gy levels of the spin-system.. Chapter 3 contains some general
considerations on the behaviour of a paramagnetic substance in
alternating magnetic fields, while in Chapter 4 and 5 a review
is given of the theory of paramagnetic relaxation and paramag
netic resonance absorption respectively.

Part II contains a detailed discussion of the experimental
methods (Chapter 1), the results (Chapter 2) and the interpret
ation of the experiments on paramagnetic relaxation, (Chapter 3)t

Part III contains a similar treatment of the experiments on
paramagnetic resonance absorption.

* * * *
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P A R T  I

T H E O R E T I C A L  C O N S I D E R A T I O N S
C h a p t e r  I

GENERAL I N T R O D U C T I O N

1 .J C lassica l Theory*
In th is  section  we propose to give a b r ie f outline of the

c la ss ic a l macroscopic theory o f magnetism of non-conducting
crystals to the extent required by our problems*

Hie macroscopic equations for the magnetic f ie ld  in a space
containing non-conducting magnetic matter can be written in the
form using electromagnetic cgs units (c f . Cl)

(a) curl B a curl I (b) d iv  B > 0 ,  (1)
A third vector H can be introduced with the equation

H * B — 4ICI; (2)
equation (2) and (1) give curl H = 0.'
The formulation (1) i s  chosen, because i t  relates quantities,
which have a d istin ct physical meaning* Hie magnetic induction
B is  the mean value of the ‘microscopic* magnetic fieldtaken
over a small region containing many atoms. The current density
o f the ‘Amphre* currents can be written in the form curl I,
where I i s  called the magnetisation and (la) expresses the pro
portionality  between th is current density and the curl of B.

I t  may be added that I i s  not uniquely defined,as a gradient
may be added to it* Usually I i s  taken equal to the magnetic mo
ment per unit volume. Hien the component of H in a given direc
tion  is  the f ie ld  along the axis of a very narrow cylindrical
cavity with i t s  axis parallel to that d irection. ‘Very narrow'
means, that the diameter o f the cavity is  small compared with
the dimensions o f the body and compared with the distance over
which a change of I is  noticeable. Hie component of B in a given
direction  i s  the f ie ld  perpendicular to the plane .sides of a
thin disk-shaped cavity with the plane sides at right angle to
that direction.

Hie magnetic properties of a body can be characterised by a
relation between two of the three quantities B, I , H. Usually H
and I are chosen.

Often the magnetisation i s  a linear function of the compo
nents o f the magnetic f ie ld  and we have I ■ x*1» where x i s  a
tensor of the second rank, called the volume su sceptib ility . In
th is  case we moreover have B * |lH with |! = l+4Ttx« I f  the sub
stance under consideration is  isotropic x  i® isotropic as well.

Let us now consider a sample of an isotropic substance plac
ed in a homogeneous fie ld  HQ. Experimentally a relation between

8



H and the total magnetic moment N 3 jldv can be found. The
problem is to derive from this the relation between H and I. In
the case of a homogeneous ellipsoid the eq.(1) have a simple
solution, satisfying the required boundary conditions. (These
boundary conditions are: at the surface of the body the tan
gential component of H and the normal component of B must be
continuous.)

We only will describe this solution for details of the proof
we refer to the existing litterature (Bl, FI).

The vector H inside the body can be regarded as the gradient
of a potential q>(H - -ftp), where <p is the stun of a term tp0 -
the potential qf HQ - and a term <Pi, which is the potential due
to the presence of the magnetic matter. It can be shown that

<Pi “ ƒ (l,v£) dv, (3)

where r is the distance between the piint where H has to be
calculated and the volume element dv. The integral has to be
taken over the volume of the magnetic matter. The physical
meaning of (3) is, that every volume element of the substance
acts as a dipole with dipole moment 1dv.

Now in an ellipsoid 1 is constant, so that we have
«Pi -(I, ? ƒ  1 dv)- (I,f¥). (4)

r
Clearly H only can be homogenuous if ¥ is a quadratic function
of x, y and z, which is only the case for an ellipsoid. If the
equation of the ellipsoid is

x 2/a2 + y 2/b2 + z2/c2 = 1,
we have (Tl)

¥ = - %  (Ax2 + By2 + Cz2) + D (5)
with „  00

A = 2nabc fdt/(a2+t)T B  = 2nabc fdt/(b2+t)T
S) So

C = 2nabc Jdt/fc^ilT D  = 2 m b c  fdt/T (6)
O  °

T  = [(a2+t)(b2+t)(c2+t)]%.

Consequently
<Pi ■ I Ax +  I By + I C z

so that
H  * H  -  AI
X O X  x

H  = H  - B Iy oy y
H  = H  - C l .
z o z z

(7)

H is parallel to one of the axes of the ellipsoid we have
ƒ ƒ = ƒ ƒ =  0 H  - H  -  C l .
x y *  o *  • *

9



so that we can write
H - Hc - 01. (8)

Moreover we have
I “ M/F. (9)

a is called the demagnetisation coefficient, which is equal to
A, B or C according as H is parallel to the x, y or z axis. The
equations can be shown to fulfil the boundary conditions and
therefore contain a complete solution of (1). Moreover they
give the required relation between H and I if H and M are
given in the special case of an homogeneous isotropic ellipsoid.

For a body of arbitrary shape we always can calculate a
first approximation to the field by assuming a homogeneous mag
netisation. In general it is impossible to calculate the rigor
ous solution*

The demagnetisation coefficients of an ellipsoid can be cal
culated with eq. (6). For a prolate ellipsoid with a—b<c we
have

ai = C = 4n((l-e*)/e*) [(l/2e) ln(l*e)/(l-e)-ï],
if I is parallel to the axis of syrnnetryj and

ap " A = B - 4tl[l/2e*-((l-**)/4e9) ln(l+e)/(l-e)],
if I is perpendicular to this axis. In both formulae

e - (1 — a2/c2/ .̂
For any ellipsoid A+B+C = IfI; for a sphere A*B=C = lffl/3
and for a ‘infinitely long' specimen A - B ■ 2lC, C = 0.

In the simple case I =* xP, where )( is a constant, eq. (8)
becomes

H - Ho /fl+ a x ) . (8a)
so that if H—  and we simply can take H = H .
1.11 The local f i e l d .
A macroscopic theory of magnetism, as has been outlined in

the preceding section can not be satisfactory from a more funda
mental microscopical point of view, even if we confine our
selves to a purely classical treatment. For an adequate theory
we require the average magnetic field Hloc acting on the ele
mentary magnets of the solid when an external field I is applied.

^ ow H ioc cannot simply be taken equal to H, as can be con
cluded from the definition of H. Therefore the problem arises
how to calculate Hloc if H or HQ is known. The oldest theory is
due to Lorentz (LI); many years later Onsager (01) refined Lo-
rentz’s theory.

1) Lorentz *s theory. The average field inside a molecule in a
crystal can be resolved into two parts. First the field exerted
by electrons inside the molecule itself, and secondly, the re-
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m ainder, which i s  due both to  the  app lied  f ie ld  and to  the  mag
n e t ic  moments o f  the  o th e r m olecules in  the c r y s ta l .  The second
p a r t  i s  c a lle d  th e  ‘ lo ca l f i e l d ' l loc and i s  taken equal to  the
average f i e ld  in  a h y p o th e tic a l c a v ity , which i s  formed by r e 
moval o f  the  m olecule, w hile th e  s i tu a t io n  o f  th e  o th e r  mole
cu les  i s  supposed to  be unchanged.

Hi i s  then equal to  th e  average sum o f  the c o n tr ib u tio n s  of
a l l  th e  m olecules o u ts id e  the  c a v ity . In  order to  s im p lify  the
c a lc u la t io n  Lorentz devided the m olecules in to  two groups: those
o u ts id e  a sphere w ith  i t s  c e n tre  in  th e  m olecule and th o se  i n 
s id e  th e  sp h e re . The ra d iu s  o f  th i s  sphere is chosen much la rg e r
than  the  dim ensions o f  th e  m olecules bu t i s  small compared w ith
o rd in ary  m icroscopic d im ensions. Now o u ts id e  the  sphere the  crys
t a l  i s  t r e a te d  as a continuum and acco rd in g ly  the  f i e ld  in s id e
th e  sp h ere  - 'w h ich  i s  equal to  th e  average f i e l d  e x c e r te d  by
th e  m olecules o f  the  f i r s t  group -  i s  given by

e) ,  = H + (471/3)1.
The c a lc u la t io n  o f  the  f ie ld (H lo c ) ? e x e rte d  by th e  m olecules
o f  the second group i s  much more d i f f i c u l t .  Under the  assum pt
ions th a t  th e  f i e ld  i s  caused by d ipo les*  having equal and pa
r a l l e l  d ip o le  moments, and which a re  p la c e d  on th e  l a t t i c e
p o in ts  of a sim ple cubic l a t t i c e ,  Lorentz showed th a t  ( l_ oc) ^ “ 0 .
In  th i s  case we have

■ i oc “ H + (471/3)1. (10)
Let us now in tro d u ce  the  s u s c e p t ib i l i ty  which would be found

fo r  independent ions y ° .  Then we have I «  X°®i0c or
X* x0», /». ÜD

from (10) and (11) g ives
X * X °/(l -  (W 3)x°>- (12)

E lim in a tio n  o f  M,

On th e  o th e r  hand we have in  th e  case o f  an e l l ip s o id  w ith  de-
m ag n etisa tio n  c o e f f ic ie n t  a  fo r  th e  apparen t s u s c e p t ib i l i ty  I/HQ

I/Hq =* x / d  + ®x)* (13)
E lim in a tio n  o f x  from (12) and (13) f in a l ly  g ives

I/H Q m X ° /[ l  -  ( W 3  -  <*)X° 1 . ( 14>
which can be expanded in  th e  s e r ie s

I /* o  *  X9 t l  + *x° + •*X°2 ♦ • • • ] .  (15)
where $  * 4Jl/3 — a .

T h is  ex p re ss io n  i s  u se fu l fo r  comparing L o ren tz’a r e s u l t  w ith
th e  r e s u l t s  o f  th e  more re f in e d  th e o r ie s  o f  Onsager and o f  Van
Vleck.

2) Onsager’s  th e o ry . S t r i c t l y  sp ea k in g  i t  i s  n o t p o s s ib le
t d  draw co nc lusions &am L o ren tz 's  th eo ry  fo r  th e  case when the
m ag n e tisa tio n  o f  th e  medium i s  due to  o r ie n ta t io n  o f  th e  con
s ta n t  m agnetic moments. As Onsager remarked i t  i s  tru e  th a t  the
average  f i e l d  o f  th e  m olecu les in s id e  th e  sp h ere  i s  z e ro . In
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the calculation of this field we have to average over all pos
sible directions of all the dipole*,jthat means also over all
directions of the particular dipole at the position of which we
want to know the average field. We are however interested in
to the orienting field exerted on the particular dipole, having
a given orientation, hy the other dipoles. The total field act
ing on this dipole is equal to the field ®np» which would be
there if this dipole were not present, plus an induced field H
caused by the polarisation of the medium by the dipole. Only
H is able to influence the orientation of the dipole; the in
duced field however changes its direction with the direction of
the dipole, and therefore cannot influence the orientation.
gives rise only to an energy and consequently causes an addi
tional specific heat. It may be remarked that the Lorenti*s
field is the sum of Hn and the average value of Hin<

The calculation of H by means of a direct calculation,is
rather difficult. Onsager obtained an approximation by replac
ing the substance by a continuum and by taking into account the
absence of one molecule by a spherical cavity of properly cho
sen radius. According to ordinary magnetostatics the field in
side such a cavity is given by

np 2M*1 2|i+l
where (I is the permeability of the médium. If ®14c is taken
equal to H , an entirely similar calculation as in the Lorentz
theory yields _

I/Hq - X°[l + *X° + $2X°2 ~  2 ((4^3)x0)2 • + (16)
The only difference with Lorenti's formula in this approximation
is the term 2((W3)x°)2» For iron an,nonium alum at one de8ree
this amounts tot 0,83 * 10‘2, at 0.2° K it amounts to 0.21. Al
though Onsager's treatment cannot be rigorous, the order of
magnitude of the correction to the Lorentz formula is correct,
as is shown by the more rigorous theory of Van Vleck (section
2.3).

1.2 Fundamental thermodynamical relations.
In this section we shall give a sumnary of some thermodyna

mical relations, required especially in the discussion of para
magnetic relaxation.

The First Law of Thermodynamics of any rigid isotropic mag
netic body placed in a homogeneous magnetic field, for instance
produced by a coil, can be written in the form

d Q * d U - H 0dM, (17)
where dQ is the heat supplied to the body, dU is the change in
internal energy and HQdM is the external work done by the
sources of the field. U is equal to the energy difference bet
ween the coil containing the magnetic substance and the empty
coil carrying the same current. An alternative formulation can

U



be found by in tro d u c in g  a fu n c tio n
E m 'V -  HJt, (18)

where HJ1 i s  equal to  th e  p o te n t ia l  energy o f  th e  body in  th e
m agnetic f i e ld .  Then we have

dQ -  dE + HdH0 . (19)
From a thermodynamical p o in t o f  view (17) and (19) a re  en

t i r e l y  e q u iv a le n t, as th e  on ly  d if fe re n c e  i s  a d i f f e r e n t  d e f i 
n i t io n  o f  th e  in te rn a l  energy (£  o r {/). I t  depends e n t i r e ly  on
th e  p a r t i c u la r  problem  under c o n s id e ra t io n  which i s  th e  most
u se fu l fo rm ulation .. E quation (1 8 ) , however, corresponds b e t te r
to  the  usual fo rm ulation  o f the  s t a t i s t i c a l  mechanics than (17)
( compare 1 .3 ) ,  and th e re fo re  i s  p re fe rre d  h e re .

In tro d u c tio n  o f  HQ and T as  independen t v a r ia b l e s - in  (19)
8iv es  a r .  .

dQ -  TdS.
Combination o f  (20) and (21) gives

$ ~ )  -  T& U  -  H.\dH0 T <fTH0
In s e r t io n  o f  (22) in  (20) y ie ld s

dQ -  C » dT + r ( H )

where
V  * rWut'0'

1 dH0 . (20)

s
(21)

(22)

(23)

(24)%  ■ ® ho
i s  the h ea t c a p ac ity  o f the  body a t  co n s tan t m agnetic f i e ld .

I n t ro d u c tio n  o f  T and U as  in d ep en d en t v a r ia b le s  in  (23)

dQ-cMsr* Tg&gJhpj,*.
where

CM ’  CH0 +
TÊM.) ( ^ n )W hq u

(25)

(26)

i s  the hea t c ap ac ity  a t  co n s tan t magnetic moment.

I f  M m f(H jjT)  we have
C u =  CM + (f'H0*)/T*. (27)

where ƒ ’ i s  th e  d e r iv a t iv e  o f  ƒ  to  i t s  argument; i f  C u r ie 's  law
i s  s a t i s f i e d  we have M = QtfT  (where C i s  a c o n s ta n t)  and ac 
co rd in g ly

Cu ~ Cu + CH^/7*2. (27a)

13



Now (2 2 ) , (23) and (26) g iv e  the  a d ia b a tic  change o f  temper-
a ture

<SBL)
cW0/5

-J L  gh
%  W b c

( K .  ) .
Cu [3WJu

In tro d u c tio n  o f  M and HQ in  (25) g ives

so  th a t  th e  a d ia b a tic  s u s c e p t ib i l i t y  becomes

m s V » o 'T Xo-

(28)

(29)

(30)

In tro d u c in g  th e  f re e  energy $ -  E -  75 we e a s i ly  d e r iv e  w ith
th e  a id  o f  (19) and (21)

d$ «  -  SdT  -  MdH0, (31)
so  th a t  _

( & )  = -  S ,  ( & - )  = -  M. (32)
^ T H 0 m o T

D ie e q u a tio n s  (2 4 ) ,  f2 6 ) ,  (27) and (29) a re  im p o rtan t fo r
th e  d is c u s s io n  o f  param agnetic re la x a t io n  in  I» Qi« 4.

I t  may be em phasized th a t  th e  form ulae in  t h i s  s e c tio n  a re
q u i te  g e n e ra l;  th ey  a re  v a l id  fo r  any n o n -co n d u ctin g  m agnetic
su b s ta n c e . The a p p l ic a t io n  i s  s im p le s t  in  th e  case  o f  m agnet
i c a l l y  'd i lu te *  su b s ta n c e s , in  which th e  d if f e re n c e  between H
and H i s  n e g l ig ib le .  In  o th e r cases  th e  r e la t io n  between H and
Hq (compare 1 .1 ) has to  be taken in to  account e x p l i c i t l y .

1.3 A pplication o f quantum theory and s t a t i s t i c s .
The a im .o f  a r ig o ro u s  th e o ry  o f  m agnetism  i s  to  c a lc u la te

r a th e r  th an  to  r e l a t e  o n ly , as th e  m acroscop ic  th e o ry  o f  1 .1
and 1 .2  does, q u a n t i t ie s  l ik e  m ag n e tisa tio n , en tro p y  e t c .  as  a
fu n c tio n  o f  th e  m agnetic  f i e l d  and th e  a b s o lu te  te m p e ra tu re ,
s t a r t i n g  from our p re se n t co n cep ts  o f  m a tte r .  T h is  im p lie s  the
u se  o f  quantum m echanics and s t a t i s t i c s ,  and in  p r in c ip le  i s
c a r r i e d  o u t a lo n g  th e  fo llo w in g  l i n e s .

F i r s t  we have to  f in d  th e  c h a r a c t e r i s t i c  v a lu e s  o f  th e  Ha
m ilto n ia n  H o f  th e  system  under c o n s id e ra tio n , o r  in  o th e r  words
th e  energy le v e ls  £ n o f  th e  system . In  th e  case o f  a r ig id  mag
n e t i c  body th e  H a m ilto n ia n  c o n ta in s  th e  m ag n e tic  f i e l d  as a
param eter. The second s te p  i s  th e  c a lc u la t io n  o f  th e  p a r t i t i o n -
fu n c tio n

Z  * 2  exp(~E /k T ) ,  (33)n n
where k i s  B oltzm ann 's  c o n s ta n t and th e  summation has to  be ex
ten d ed  over a l l  energy  l e v e l s .  Z  i s  equal to  th e  d iag o n a l sum
o f  e x p (-ty 'kT ).
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FinaJJy we have (T2)
$ = — kT In Z .

With the a id  o f  the formulae ir. 1.2 we e a s i ly  d e riv e
S  -  k -2 -  (T In Z)ar
E - k ? £ - ( l n Z )  (34)

o r
CH o - k T ^ ( T l n Z ) . k ^ f ^ U Z .

N oting  th a t  Mop ■ (Compare B2,  F I) ,  we can w r i te  fo r
th e  average moment

_ _ Sp  [ (9H/SBq) /  exp ("HZ*fl ]
" S p [ e 7 p W k f ) ]  ’

where Sp den o tes the d iagonal sum o f  the  m atrix  in  square b rack 
e t s .  In  th e  energy re p re s e n ta tio n , in  which H i s  a d iagonal ma
t r i x ,  we f in d  fo r  th e  moment in  th e  d ir e c t io n  o f  the  f i e ld

M _ -S n  (*E jbH n) exp (-E JkT )  .

2„ exp(-*\/kT). * 3̂4a)

t h i s  can be w r i t te n  in  th e  form

M m k (T In Z ) ,  (34b)

I t  i s  im portan t to  n o te  th a t  th e  r e la t io n
TdS =■ dE + UdH0

i s  id e n t ic a l ly  f u l f i l l e d .  C onsequently  th e  F i r s t  Law o f  Thermo
dynamics becomes

dQ * dE + MdHg ,
which i s  id e n t ic a l  w ith  (1 9 ) . T his i s  a consequence o f  th e  fa c t
t h a t  th e  v a lu e  o f th e  H am ilton ian  i s  n o t equal to  II, b u t equal
to  E.

E may be c a l l e d  th e  s p e c t r o s c o p ic a l  en e rg y  (G 6), a s  th e
change in  en e rg y  cau sed  by a t r a n s i t i o n  betw een two en e rg y
le v e ls  corresponds to  a change o f  E, For a p ro o f o f th i s  s t a t e 
ment and more d e t a i l s  we r e f e r  to  a paper o f  Broer (B2).

In  th e  form ulae (33) and (34) Z  i s  th e  p a r t i t io n  fu n c tio n  o f
th e  whole c ry s ta l.  We s h a l l  assume now -  as i s  always done in  the
l i t t e r a t u r e  - th a t  we can w rite  w ith  a s u f f ic ie n t  approxim ation

Z = Z  Z , ,  (35)
• « P

where Z>p co n ta in s  HQ and i s  the p a r t i t i o n  fu n c tio n  o f  th e  sp in -
sy s te m , w h ile  Z^ i s  in d e p e n d e n t o f  HQ and i s  th e  p a r t i t i o n
fu n c tio n  o f  the  system  o f  l a t t i c e  v ib ra tio n s . The p h y sica l mean
in g  o f  (35) i s ,  t h a t  th e  r e l a t i v e  p o s i t io n s  o f  th e  energy  l e 
v e ls  o f  th e  sp in -sy s tem  a re  n o t in f lu e n c e d  by th e  l a t t i c e  v i 
b r a t i o n s .  Or in  o th e r  w ords, th e  sp in -sy s te m  and th e  l a t t i c e
w i l l  be t r e a t e d  a s  in d e p e n d e n t i f  we a re  i n t e r e s t e d  in  th e
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equilibrium properties of the substance* This assumption almost
certainly is correct for low temperatures, but at higher temp
eratures this may be a too crude approximation (compare the
results on paramagnetic resonance absorption in NiSiFj.fiHJ0  ob
tained by Penrose and Stevens (PI).

We henceforth shall assume the validity of (35) and we shall
confine ourselves mainly to a closer consideration of- the spin-
system. The lattice vibrations do not enter at all in our con
siderations, except in the theory of paramagnetic relaxation and
in the theory of the thermal broadening of resonance absorption
1ines.

• • * *
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C h a p t e r  II

THE ENERGY LEVELS OF THE SPIN-SYSTEM
2.1 Introduction

As has been remarked already the spin system consists of the
magnetic momenta of the paramagnetic ions in the crystal,
whiph of course are immediately connected with the energy
1eyeIs of the ions. Each magnetic ion is surrounded by other
ions and often by water dipoles, and therefore one can antici
pate that its states are not the same as the states of the free
ion; this must be a consequence of interactions with the other
constituents of the crystal. These interactions consist of three
types.

First any ion is subjected to a strong inhomogeneous electric
field - often called crystalline or Stark field - due to the
other constituents of the crystal. This field has a definite
symmetry, which is determined by the crystal structure, and is
liable to split the levels of the free ion if these are dege
nerated. This will be discussed in detail in section 2.2.

Secondly there is exchange between the electrons of each ion
and the other electrons of the crystal, and this as well is
liable to have influence on the energy levels. In a first
approximation only the exchange interaction between the elec
trons in incomplete shells of the different paramagnetic ions
is taken into account, which will be discussed in section 2.3.

Thirdly there is a direct interaction between the paramagne
tic ions, which will as well be discussed in section 2.3.

2.2 Highly ‘dilate* salts
2.21 The Hamiltonian
To begin with we only shall consider the first interaction

and neglect the other types. As the latter interactions de
crease with increasing distance between the paramagnetic ions,
this approximation is best in the case of magnetically very
‘dilute* salts, or in other words,salts in which the distance
between the paramagnetic ions is large. Consequently we will

' write the Hamiltonian of the spin system in the form
H «  , (36)

where 4 is the Hamiltonian of the ith magnetic ion, and the
summation has to be extended over all magnetic ions. The in
fluence of the crystalline field can be treated as a perturb
ation acting on the free ion. We will write H- in the form

K.= H.0 + X (L,S) + V + fW(L +*2S) (37)
where H.0 is the Hamiltonian of the free ion without spin-orbit
coupling, \(L,S) describes the spin-orbit interaction and V is
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th e  p o te n t ia l  o f  th e  c r y s ta l l in e  f ie ld »  The l a s t  term  d esc rib es
th e  in f lu e n c e  o f  an e x te r n a l  m ag n etic  f i e l d ;  (3 i s  th e  Bohr-
magneton and f l  and KS a re  th e  o p e ra to rs  o f  th e  ang u lar momenta
o f  th e  o rb i ta l  m otion and th e  sp in s  o f  th e  e le c tro n s  re s p e c t iv 
e ly . T h is fo rm ula tion  i s  c o r r e c t  - a p a r t  from a very  small term
p ro p o r tio n a l to  (L, S )2 and term s p ro p o r tio n a l to  H2 - fo r  ions
h av ing  Russ ell-Saunders co u p lin g  when f r e e .  In  t h i s  case  we can
tak e  H = Hq and th e re fo re  we om itted  the  s u b s c r ip t  o . An a l t e r 
n a t iv e  fo rm u la tio n , where th e  energy  l e v e l s  - c o r r e c t  to  th e
second o rd e r  - a re  th e  e ig en v a lu es  o f  an o b se rv ab le  in v o lv in g
on ly  s p in  v a r ia b le s ,  has re c e n tly  been given  by Pryce (PA).

I f  we om it th e  l a s t  term  in  (3 7 ) we have to  d i s t in g u i s h
between th re e  cases , depending on th e  magnitude o f  I."
(1 )  Strong f ie ld s .  In  t h i s  case  th e  s p l i t t i n g  due to  th e  e l e c 
t r i c  f i e l d  i s  la rg e r  th an  th e  d is ta n c e  between th e  m u l t ip le ts
o f  th e  f r e e  io n . I t  i s  co n c e iv ab le  t h a t  th e  c r y s ta l l i n e  f i e l d
i s  so s tro n g  th a t  bo th  th e  11-coup ling  and th e  s s -co u p lin g  are
removed, b u t t h i s  case  i s  n o t l ik e ly  to  occur in  p r a c t i c e .  In
le s s  s tro n g  f i e l d s  i t  i s  p o s s ib le  t h a t  th e  I l-c o u p lin g  i s  r e 
moved, b u t th e  s s -c o u p lin g  s t i l l  e x i s t s ,  so th a t  th e  sp in  quan
tum number s t i l l  has a s i g n i f i c a t i o n .  A tendency tow ards t h i s
s i tu a t io n  probab ly  occurs in  some io n s o f  th e  iro n  group (Y2).
(2 ) Interm ediate f i e ld s .  In  t h i s  case  the  e l e c t r i c  s p l i t t i n g  i s
l a r g e r  th an  th e  s p l i t t i n g  o f  th e  m u l t i p l e t s ,  b u t i s  sm a lle r
th an  th e  d is ta n c e  between th e  m u l t ip le ts  o f  the  f r e e  io n . Then
th e  H am ilto n ian  (37) can be u sed ; Hq i s  th e  ze ro  o rd e r  Ham il
to n ia n ,  V - o r  a t  l e a s t  some te rm s o f  V, see  s e c t io n  2 .2 2  -
i s  re g a rd e d  a s  a f i r s t  o rd e r  p e r tu rb a tio n  and th e  rem a in in g
term s from (3 7 ) a re  re g a rd e d  as a p e r tu rb a tio n , o f  th e  second
o rd e r .  Examples o f  t h i s  case  a re  th e  b iv a le n t and t r i v a l e n t  ions
o f  th e  m etals  o f  th e  iro n  group, where th e  m u ltip le t  s p l i t t i n g s
a re  o f  th e  o rd e r 100-1000 cm*1 and th e  c r y s ta l l in e  f i e ld  s p l i t 
t in g  o ften  i s  o f  th e  o rd e r 104 cm* »
(3 ) Small f i e ld s .  The e l e c t r i c  s p l i t t i n g  i s  sm a lle r  th an  th e
d is ta n c e  between th e  le v e ls  o f  one m u l t ip le t .  In  t h i s  case  th e
s p i n - o r b i t  c o u p lin g  b e s t  can  be in c lu d e d  in  th e  ze ro  o rd e r
H a m ilto n ia n , w hich th e r e f o r e  i s  ta k e n  eq u a l to  %  + M L .S );
V again  i s  regarded  as a f i r s t  o rd e r p e r tu rb a tio n , and p l(L + ^ S )
can  be re g a rd e d  a s  a second o rd e r  p e r tu r b a t io n .  Examples a re
th e  t r i v a l e n t  io n s  o f  th e  r a r e  e a r t h s ,  f o r  w hich th e  m u l t i -
p l e t  s p l i t t i n g  i s  o f  th e  o rd e r  103 - 104 cm 1 and th e  e l e c 
t r i c  s p l i t t i n g  i s  o f  th e  o rd e r  102 - 103 cm .

2 .22  The in fluence o f  the c r y s ta ll in e  p o ten tia l
a) A ccording to  th e  p re v io u s  s e c t io n  th e  energy le v e ls  o f  a

p a ram ag n e tic  io n  in  a c r y s t a l  m ust be found by p e r tu r b a t io n
th e o ry . U n fo r tu n a te ly  V i s  n ev e r known e x a c t ly ,  because i t  i s
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very difficult to determine the distribution of charges, the
orientation of water dipoles and the overlapping ef electron
clouds. Often htxrever the symmetry of the field is approximate
ly known from X-ray analysis and this alieady can give import
ant information.

Cubic or nearly cubic symnetry of the crystalline field
occurs in the paramagnetic alums (chemical formula M’M (SO.),.
12H20, where M ’ is a trival ent ion like Cr , Fe etc., and
M is a monovalent ion like K+,NH4,Rb+,Cs+,Tl+).X-ray analysis
has revealed (L2) that every trivalent ion - often called
'central ion* - is placed in the centre of an octahedron having
eight water molecules at the corners. This octahedron can be
derived from a regular octahedron by a slight deformation along
a trigonal axis, which makes the symnetry only trigonal. The
elementary cell of the alums contains Tour such clusters
Ml&^O, placed with their trigonal axes along the body diagon
als of the elementary cell. Jhe electric field acting on the
central ion is trigonal, but deviates only slightly from a
cubic field, and therefore can be called nearly or predominant
ly cubic. The more distant ions in the crystal probably give a
small trigonal contribution - with the same trigonal axis - to
the crystalline field. Similar crystalline fields are found in
the fluosilicates of the iron group (with the possible except
ion of copper); the chemical formula is kt'SiFa.61^0, where M”
is the divalent ion like Ni +etc.Nf' is surrounded by a slightly
deformed octahedron of water molecules (S2) and the elementary
cell contains one paramagnetic ion.

Nearly tetragonal symmetry probably is found in another
group of double sulphates containingydivalent ions of the iron
group (Tutton salts). Ihe chemical formula is M"M( SQ«.)2• 6H20;
the divalent ion probably is surrounded by ,a tetragonal octahe
dron of water molecules (HI). The elementary cell contains two
paramagnetic ions.

Summarising we can say that very often in hydrated salts the
symnetry of the crystalline field is cubic in first approxim
ation. It should be noted that this does not imply that the
perturbation caused by the field is determined in the first
place by the cubic part.

b) According to the group theoretical method of Be the (B3)
it is possible to obtain a review about the levels of the para
magnetic ion in a crystal if the symnetry of the crystalline
field is known. This method has been reviewed by Van den Handel
(IQ) and Mulliken (Afl). Itulliken, Jahn (J2) and Opechowski (02)
extended Be thé's results to a number of groups which Be the did
not consider.

The application of group theory is based on the remark that
the Schródinger equation of any system is invariant under cer-
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t a in  tra n s fo rm a tio n s  o f  th e  v a r ia b le s  o f th e  system . Examples
are  fo r  in s tan ce  c e r ta in  ro ta t io n s  and r e f le c t io n s ,  which do no t
change th e  g iven  f i e l d  o f  fo r c e .  Such tra n s fo rm a tio n s  always
c o n s t i tu te  a group, o fte n  c a lle d  th e  symmetry group o f th e  sy s 
tem . I t  i s  e a s i ly  seen th a t  th e  n wave fu n c tio n s  o f  a degener
a te d  energy le v e l a re  l i n e a r ly  tran sfo rm ed  amongst each o th e r
u n d er th e  tra n s fo rm a tio n s  o f  th e  symmetry g roup . Or in  o th e r
words, th ese  wave fu n c tio n s  tran sfo rm  acco rd in g  to  a n-dim ens-
io n a l re p re s e n ta tio n  o f  th e  group . I f  th e  n-dim ensional space,
spanned by th e  wave fu n c tio n s ,  does n o t c o n ta in  an in v a r ia n t
sub-space th e  re p re s e n ta tio n  i s  c a lle d  i r r e d u c ib le .

An i r re d u c ib le  re p re s e n ta tio n  o f  th e  degree (2F  + 1 ) , Df , o f
th e  sp ace  r o t a t i o n  group (w hich  c o n ta in s  a l l  r o t a t i o n s  o f  a
th ree  dim ensional space around a fix ed  p o in t)  i s  induced by the
(2F + 1) wave fu n c tio n s  o f  an atom having  an an g u la r momentum
F. I f  such an atom i s  p lace d  in  a c r y s ta l ,  i t s  symmetry group
no lo n g é r  i s  th e  sp ace  r o t a t i o n  g roup , b u t a group o f  low er
symmetry, w hich however s t i l l  i s  a sub -g roup  o f  th e  o r ig in a l
group. Of course th e  wave fu n c tio n s  o f  th e  f re e  atom tran sfo rm
a c c o rd in g  to  a r e p r e s e n ta t io n  o f  th e  new g ro u p . In  g e n e ra l ,
however, th e re  a re  now in v a r ia n t  su b -sp aces  and th e  r e p re s e n t
a t io n  th e re fo re  i s  c a l le d  re d u c ib le .  In  each o f  th e  in v a r ia n t
su b -sp a c e s  an i r r e d u c ib le  r e p r e s e n ta t io n  o f  th e  new group i s
r e a l i s e d .  I t  i s  e s s e n t i a l ,  t h a t  th e r e  i s  no re a so n  why th e
w av es-fu n c tio n s  b e long ing  to  d i f f e r e n t  su b -sp aces  shou ld  have
th e  same en e rg y , e x c ep t in  th e  ca se  o f  two complex c o n ju g a te
r e p r e s e n ta t io n s  which n e c e s s a r i ly  have th e  same energy  (W l).
T h e re fo re  in  g en e ra l th e  o r ig in a l  le v e l o f  th e  f r e e  atom w il l
be s p l i t  in  a c ry s ta l  in  a number o f  o th e r le v e ls ,  which can be
c l a s s i f i e d  acco rd in g  to  th e  i r r e d u c ib le  re p re s e n ta tio n s  o f  th e
new group co n ta in ed  by th e  o r ig in a l  re p re s e n ta tio n .  The number
o f  le v e ls  i s  equal to  th e  number o f  i r re d u c ib le  re p re s e n ta tio n s
o f th e  new group found.

B e th e ,  Mu I l i k e n ,  Jahn  and Opechowski c a lc u la te d  th e  i r r e 
d u c ib le  re p re s e n ta tio n s  o f  a co n s id e rab le  number o f  groups and
w ith  t h e i r  r e s u l t s  th e  re d u c tio n  o f  a r e p re s e n ta t io n  in to  th e
ir r e d u c ib le  re p re s e n ta tio n s  o f  a sub-group i s  e a s i ly  found. We
s h a ll  n o t g ive d e t a i l s  o f  such c a lc u la t io n s ,  bu t only  summarise
some r e s u l t s  in  th e  T ables I ,  I I  and I I I .

T a b l e  I

F Cubic F Cubic

0 (1) r \  ; 1 /2  (2) re
1 (3) IV- 3 /2  (4) r8
2 (5) rv-+ r6 5/2  (6) r7 + r8
3 (7) t 2 + r4 + r6 7 /2  (8 ) Pe + r7 + re
4 (9) r*.+ r , . + r4 + re 9/2  (10) r0 + 2t8
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Cubic (O)

f i ( l ) U i ü )
r a (i) |> i2 ( i )

E (2)
Ti (3)
r2( 3)

T a b ]

T etragonal ( n . )
rt (I)
r3(i)
rt (i)+ r ,( i)
r .d )+ r 8 (2)
r4(i)+rB(2)
re(2)
r7(2)
ra(2)+r7(2)

A i d )
^ ( ï )
AiUMkd)
A2 d)+E(2)
Ba (l)+E(2)

Trigonal (Db)
I\d )r2(i)
r3(2)
r»d)+r3(2)ri(i)+r,(2)
r8(2)
r8(2)
r4(2)+r6(2)

A2 ( l )
E( 2)
A2 (l)-*£(2)
A1(1H B (2)

C ubic (0 ) Rhombic (D ,)
r\d) Aid)r2(i) a 2( d
T3(2 ) E (2 )
r4(3) 7̂ (3)
r8(3) T2(3)
re(2)
r7(2)
r8(4)

rid)
r\d)2̂ (1)
r2(i)+r3(i)+r4(i)
r2d)+r3d)+r4d)
r6(2)
r6(2)

2T6(2)

A i d )
A ^ i )

2 A i(l)
Bi(l)+R2(2)+fiad)
BidJ+Bad)

T a b l e  I I I
F Free Cubic (0) Tetragonal(D4) T rig o n a l(H ,) Rhombic (IT,)
0 (1) (1) (1) (1) (1)1/2 (2) (2) (2) (2) (2)1 (3) (3) (l)+(2) (l)+(2) 3x(l)3/2 (4) (4) 2x ( 2 ) 2x(2) 2x(2)2 (5) (2)+(3) 3x (1 )+ (2 ) ( 1 ) + 2 x( 2 ) 5x(l)5/2 (6) (2)+(4) 3x (2) 3x (2) 3x (2)3 (7) d)+2x(3) 3x(1)+2x(2) 3x(1)+2x(2) 7x(l)7/2 (8) 2x(2)+ (4) 4x(2) 4x(2) 4x(2)

f r e ^ a t ^ f b T d ^ f f 8 red]UCtion o f  th e  (2F + s t a t e s  o f  a

cu b ic  f i e l d .  The n o ta t io n  i s  chosen acco rd in g  to  B ethe .  Table
I I  co n ta in s  th e  red u c tio n  o f  the  i r re d u c ib le  re p re s e n ta tio n s  o f
th e  cubic group under th e  in f lu e n c e  o f  a te tra g o n a l (D4 ), t r i 
gonal (D3 ) and rhombic « * >  f i e l d .  The r e s u l t s  fo r  each synmetry
a r e  g iv en  in  two colum ns, th e  f i r s t  colum s i s  a c c o rd in g  to
fie the s n o ta tio n , th e  second accord ing  to  M u l l i k e n s ' s  n o ta t io n .
The dim ensions o f  th e  i r r e d u c ib le  re p re s e n ta tio n s  a re  g iven  bv
th e  numbers in  b ra c k e ts  behind  th e  symbols o f  th e  i r r e d u c ib le
r e p r e s e n ta t i o n s .  T ab le  I I I  f i n a l l y  c o n ta in s  a rev iew  o f  th e
s p l i t t i n g  o f  th e  le v e ls  o f  a f re e  ion in  f ie ld s  o f  a g iven sym
m etry; (n ) aga in  in d ic a te s  a n - fo ld  degenerated  le v e l .

21



I f  F  i s  a h a l f - i n t e g r a l  num ber th e  r e p r e s e n t a t i o n s  a re
d o u b le -v a lu e d  and a c c o rd in g ly  th e  l e v e l s  rem ain  d eg e n e ra te d
even under th e  low est symmetry, which a ls o  i s  a consequence o f
a general theorem o f  Kramers ( / f t ) .  T his Kramers-degeneracy how
e v e r  can be removed by a homogeneous m agnetic f i e ld .

H ie m entioned group th e o r e t ic a l  arguments on ly  in d ic a te  th e
ty p e  o f  le v e ls  which can o cc u r, b u t n o th in g  about t h e i r  p o s i t 
io n . Only in  th e  ca se , t h a t  each re p re s e n ta tio n  o f  th e  syimnetry
group occu rs no more th an  once, i t  i s  p o s s ib le  to  g iv e  th e  s e 
quence and th e  r a t i o  o f  th e  d is ta n c e s  between th e  le v e ls ;  then
o f  c o u rse  th e  s p l i t t i n g  i s  d e te rm in e d  by one p a ra m e te r . Two
examples a re  found in  th e  T ab le s .
Fs3 . In  a cu b ic  f i e l d  (E2-EB):(ES-EA) = 5 : 4 .
F=1/2m In  a cu b ic  f i e l d  now (Ee-Ee) : (Ee-E7) = 5 : 3 .

c ) U n til  now th e  s i g n i f i c a t i o n  o f  F has n o t been s p e c if ie d
in  d e t a i l .  T h is  dep en d s on th e  m agn itude  o f  th e  s p i n - o r b i t
co u p lin g . In  th e  r a re  e a r th s  th e  s p in - o r b i t  coup ling  i s  r a th e r
s t r o n g ,  and th e  in f lu e n c e  o f  th e  c r y s t a l l i n e  f i e l d  i s  r a th e r
weak. T h is  i s  a consequence o f  th e  f a c t  th a t  th e  incom plete 4 f
e le c tro n  s h e l l  i s  r a th e r  w ell sc reen ed  o f by the  su rrounding  5s
and 5p s h e l l s .  C onsequently  th e  s p in - o r b i t  coup ling  i s  n o t d e s 
tro y e d  by th e  c r y s t a l l i n e  f i e l d  and th e  energy le v e ls  in  ze ro
ap p ro x im a tio n  c o rre sp o n d  t o  th e  e ig en v a lu es  o f  H.0 + X(L, S ) ,
which can be lab e le d  by th e  quantums numbers o f  th e  t o ta l  angu
l a r  momentum. In  t h i s  c a se  th e r e f o r e  F has to  be tak en  equal
t o  J .

In  th e  io n s  o f  th e  i r o n  g roup  th e  s p i n - o r b i t  c o u p lin g  i s
u s u a l ly  s m a lle r , b u t th e  in f lu e n c e  o f  th e  c r y s ta l l i n e  f i e l d  i s
l a r g e r ,  b e c a u se  th e  in c o m p le te  3d s h e l l  now i s  s i t u a t e d  a t
th e  o u ts id e  o f  th e  atom. C onsequen tly  th e  s p in - o r b i t  co u p lin g
i s  removed and L and S a re  in d e p e n tly  o r ie n ta te d  r e l a t i v e  to
th e  c r y s t a l .  In  t h i s  case  th e  z e ro -o rd e r  le v e ls  co rrespond  to
th e  e ig e n v a lu e s  o f  /j^ , which b e lo n g  to  wave fu n c tio n s  n o t i n 
c lu d in g  s p in  f a c to r s .  These e ig e n v a lu e s  can be la b e le d  by th e
quantum nujnbers L o f  th e  o r b i t a l  an g u la r momentum L  and we have
to  s u b s t i tu d e  L fo r  F. The co rre sp o n d in g  energy  le v e ls  may be
c a l l e d  th e  ‘o r b i t a l  le v e ls * .  The wave fu n c tio n s  o f  th e  a c tu a l
f r e e  ion  must in c lu d e  a p p ro p r ia te  s p in - fa c to r s  and consequently
th e  degeneracy o f  th e  a c tu a l  energy  le v e ls  in  ze ro  approxim ate
io n  i s  (2S + 1) tim es th e  deg en eracy  o f  th e  co rresp o n d in g  o r 
b i t a l  l e v e l .  I f  th e  symmetry o f  th e  c r y s ta l l in e  f i e l d  i s  s u f f i 
c i e n t ly  low th i s  degeneracy can be reduced both  by th e  e l e c t r i c
f i e l d  and by th e  s p in - o r b i t  co u p lin g . The decom position caused
by th e  s p in - o r b i t  coup ling  i s  found by reducing  th e  d i r e c t  p ro 
d u c ts  T D ( i n  Be the ' s  n o ta t io n ) .  Examples can be found in  th e

JL S
n ex t sec tio n *

The m agnitude o f  th e  s p l i t t i n g  must be found by a p e r tu rb a -
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tio n  ca lcu lu s , which only i s  possib le  i f  V i s  known. The order
o f  magnitude o f the  s p l i t t i n g  by th e  (L ,S) coup ling  however
e a s ily  can be given. I f  the level under consideration  i s  degen
e ra te d  (as fa r  as the o rb ita l  p a r t  i s  concerned), th ere  i s  a
f i r s t  order s p l i t t in g  o f the order \ cm*1; i f  the level i s  s in g 
le  there  i s  only a higher order s p l i t t in g  of maximally the order
X2/A cm \  where A i s  the d istance  to  the n earest o rb ita l  leveJ
o f  the same symmetry type.

d) Before proceeding to  a c lo se r  examination o f the d i f f e r 
e n t  ions o f  the  iro n  group i t  may be u se fu l to  c o n sid e r the
c ry s ta ll in e  p o ten tia l in  some d e ta i l .

According to  Bethe (BS), Kramers (K2) and Van Vleck (VI) i t
i s  useful to  expand the p o ten tia l o f the c ry s te ll in e  f ie ld  V as
fl Taylor s e rie s  about the centre of the par.amag * tic  ion
V = UQ+ax + .. .+  6x2+ ...+  cxy  + ...+  d!x®+.. .+ex*y + . . .+  ƒ**+ ... +

+ gx2ya + ...+  hx*y + . . .  . (33)
where I I a ,  b, c, . . .  are  constan ts. Without loss o f g e n e ra li
ty  we can take UQ = 0; we neg lect higher powers o f x ,y , z .

Equation (38) in  many cases can be s im p lif ie d  considerably
by taking in to  account the symmetry o f V and moreover the fa c t
th a t  U must s a tis fy  Laplace's  equation AO = 0.

I f  the symmetry i s  cub ic , w ith the cubic ax is  p a ra l le l  to
th e  x ,y , z  ax is  (38) reduces to

U = AZx2 + BZx2y*+ CZx?,
which becomes as AO = 0

0  = CZx* -  3CSx2y2.
This can be w ritten  in  a more usual form by applying the r e l a t 
ion 2Xx2ye = r* -  Zx*, where r  i s  the d istance from the o r ig in .
In  th is  way we obtain

0 * 0 2  x* -  (3 /5) D r \  (39)
Another im portant case i s  a trig o n a l f ie ld  with inversion  sym
metry and w ith the trig o n a l ax is  in  the [ i l l ]  d ire c tio n . Then
the most general po ten tia l s a tis fy in g  A u = 0 can be w ritte n

0 = A l x y  + B 2x*yz  -  6 B l x 9y+ D 2 x A -  (3 /5 )D r\  (40)
S im ila r ly  fo r a te trag o n a l f ie ld  w ith in v ers io n  symmetry and
with the tetragonal ax is in  the d irec tio n  o f the z -ax is  we have

0 = A(x2+y2)  _ 2Az2 + D 2x*  + E(z*+6 x 2y2 ) + 6(E-J))r*.(41)
The terms in  r  a re  not e s se n t ia l  i f  one only i s  in te re s te d  in
the s p l i t t in g  caused by 0 and they th ere fo re  u sua lly  are  omit
ted . Then however U does not s a tis fy  L aplace 's equation.

The p o ten tia l energy in  the Hamiltonian H.; corresponding to
the p o ten tia l U i s

V = -el/.
The magnitude o f th e  s p l i t t i n g s  o f a given ion caused by

(38) depends on the  co n stan ts  in  the  s e r ie s 'e x p a n s io n , which
however only roughly can be estimated* I t  th ere fo re  i s  b es t to
regard them as ad justab le  param eters which have to  be chosen in
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o rd e r to  g ive  the  b e s t f i t  w ith  experim ental evidence, l ik e  r e 
s u l t s  o f s u s c e p t ib i l i ty  measurements.

As has been remarked a lre a d y  in  s e c tio n  a) o f te n  the  c r y s 
t a l l i n e  f i e ld  d e v ia te s  on ly  s l i g h t l y  from cub ic  symmetry. T his
means th a t  fo r  in s ta n c e  in  (40) and (41) th e  co n s tan ts  A,B and
E a re  much s m a l le r  th an  D and co n se q u e n tly  th e  s p l i t t i n g  o f
th e  cu b ic  le v e ls  i s  n o t always sm all compared w ith  X. Than the
f i e ld  o f lower symmetry has to  be taken to g e th e r  w ith  the sp in -
o r b i t  c o u p lin g  in  th e  p e r tu r b a t io n  c a lc u lu s ,  w hich can make
th in g s  much more co m plicated . Experim ental d a ta  o f te n  only  i n 
d ic a te  th a t  th e  synmetry s l ig h t ly  d ev ia te s  from cubic synmetry,
w ith o u t g iv in g  any in d ic a t io n  abou t th e  n a tu re  o f  th e  d e v ia 
t i o n .  The p e r tu rb a t io n  th an  s t i l l  can be t r ig o n a l ,  te tra g o n a l
o r rhombic fo r  in s ta n c e . In  o rd e r to  avoid unnecessary com plic
a t io n  o f  the  c a lc u la t io n s  i t  i s  b e s t  to  choose th e  f i e l d  w ith
th e  h ig h e s t  symmetry which can be re c o n c ile d  w ith  c r y s t a l l o -
g r a f ic  and o th e r  experim ental d a ta .

F in a l ly  some rem arks must be made about th e  Ja h n -T e lle r  e f 
f e c t .  As we have seen  th e  c lu s te r s  M'óïLjO have n o t an e x a c tly
cu b ic  symmetry, b u t th ey  a re  s l ig h t ly  d i s to r t e d .  T his d i s t o r t 
io n  i s  th e  consequence o f  th e  in f lu e n c e  o f  th e  environm ent o f
th e  c l u s t e r ,  and o f th e  J a h n -T e lle r  e f f e c t  in s id e  the  c lu s t e r .
Jahn  and T e l le r  ( J 1 ) reg ard ed  a m olecu le in  a s t a t e  h av ing  a
d egenera ted  energy le v e l as a consequence o f  a synmetry p ro p e r
ty .  By g ro u p th e o re t ic a l  argum ents th ey  were a b le  to  show th a t
such a s t a t e  can n o t be s t a b l e  (e x c e p t in  th e  ca se  o f  a l in e a r
m o lecu le ), and consequen tly  a d i s to r t io n  w il l  occur lead in g  to
a s t a b le  s t a t e  w ith  lower synm etry w hile th e  o r ig in a l  degener
acy  i s  removed. Van V leck  (V3) p o in te d  o u t, t h a t  t h i s  theorem
has to  be a p p lie d  to  a m agnetic ion  and i t s  immediate v ic in i ty
( u s u a l ly  a c l u s t e r  o f  th e  ty p e  M’ ó l^ O ). The r e s u l t  i s  such a
deform ation  o r th e  octahed ron  th a t  a l l  degeneracy  (except the
Kramers -d e g en e racy , Jahn  ( J 2 ) )  i s  removed. U su a lly  t h i s  d e 
fo rm ation  i s  so sm all th a t  i t  escap es  d e te c t io n  by X-ray a n a l
y s i s .

2.23 The ions o f the metals of the iron group
S ta r t in g  from the  th e o re t ic a l  background reviewed in  th e  p re 

ce d in g  s e c t io n s  2 .2 1  end 2 .2 2  s e v e ra l  a u th o rs  c o n tr ib u te d  to
th e  th e o ry  o f  th e  energy  le v e ls  o f  th e  io n s  o f  th e  iro n  group
in  a c r y s t a l .  In  t h i s  s e c tio n  we w ill  d isc u ss  th e se  io n s sep a
ra te ly ;  i t  i s  no t very  w ell p o s s ib le  to  d iscu ss  a l l  th e  ions s i 
m u ltan eo u sly  in  d e t a i l  as  th e  c a lc u la t io n s  d i f f e r  to o  much in

th e  v ario u s  c a se s . B efore p roceed ing  to  th e  d isc u s s io n  o f  the
ions a p a r t  however some general remarks may be made.
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In Table IV (see section 2.24) we listed the lowest configur
ation and the lowest level of the lowest multiples determined
with Hund’s rules - of the free ions of the iron group (the
other columns of the table are discussed in section 2.24). It
is seen that ions having 10-x 3d electrons have the same lowest
orbital level as the ions having x 3d electrons; such ions may
be called reciprocally related. Von Vleck (V4) has shown that
the patterns of the orbital levels of reciprocally related ions,
when placed in crystalline fields of the same symmetry, are in
verse for a given sign of the constants in the series expansion
of the crystalline potential. Moreover that the pattern of the
ions of the lower half (cf. Table IV) having equal L (the pairs
Ni , Co , and Fe , &  ) are inverted, an! finally that if
the lowest level of Ni + is known (for instar ce T2 in a cubic
field), the lowest level of Cu++ is determined (rs in a cubic
field). Consequently if for one ion the pattern is known the se*
quence of the levels in the patterns of all the other ions is
determined. We will see below that in the case of Ti+++ the se
quence of the cubic orbital levels can be found with a simple
reasoning and hence the sequence of the cubic orbital levels in
the other cases is easily determined.

Van Vleck pointed out that the patterns in a cubic field ob
tained in this way qualitatively explain the available data on
the magnetic anisotropy and on the susceptibility of a large
number of salts, if D-compare (39), (40), (41>-was supposed to
be positive in all cases. According to 'Gorter (G7) D should be
positive if the paramagnetic ion is surrounded by six negative
ions or water molecules at the comers of an octahedron. X-ray
analysis has revealed that this is the case in many hydrated
salts.

We now shall discuss the ions of the iron group separately
where we shall assume - except in the cases Fe+*+ and Mn++ -
that only the lowest multiplet of the free ion has to be con
sidered. In each case we will quote the lowest level of the
lowest multiplet of the free ion and the value of the constant
oi the spin-orbit coupling according to Laporte (£3).

1) Ti . 3dlI>$/2; X = i54 cm~\
Tbe only hydrated substance investigated is titanium caesium

alum (TiCs(SO*)2.12 H20) and therefore the energy levels will be
discussed for the case of a nearly cubic field with a small
trigonal component. In a cubic field the D  level is split ac
cording to 0 2 = r a + rB. The transformation properties of the
two wave functions belonging to T3 are given by the polynomials
c y ~z ' those of the three wave functions belonging to PB
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by xy, yz ,  zx .  Now x2-y  and xy  have the  same kind o f d ensity
d is t r ib u t io n ,  bu t these d is t r ib u t io n s  are  ro ta te d  r e la t iv e  to
each o th er over an angle rt/4 around the z -a x is . In  the alum the
T i i s  surrounded by an octahedron o f water m olecules. These
w ill tu rn  th e i r  negative sides towards the cen tra l ion,and w ill
be in  the f i r s t  case (x - y  ) opposite the place o f h ighest dens
i ty ,  in  the  second case (xy)  however opposite  p laces o f lowest
d e n s ity . According to  S ie g e r t  (51) th e re fo re  the r 8 level must
be supposed to  be the lowest. We only w ill consider the TB leve l..
In  a t r ig o n a l  f i e l d  the  r B le v e l i s  s p l i t  accord ing  to  Ts =
-  Ax + E, o f  which At  must be assumed to  be the  low est (see
above and r e f .  B4). The d istan ce  between these trig o n a l lev e ls
i s  A. Inclusion  o f  the spin doubles the degeneracy o f the th ree
le v e ls  and, because ED^ = T4 + r B, th e  s p in -o rb i t  coupling
s p l i t s  the E -lev e ls  in to  twofold degenerated  le v e ls , w hile the
A -lev e ls  remain degenerated  (A^D^ -  rB). The r e s u l t in g  lev e ls
a re  a l l  degenerated, as i t  should be according to  Kramers’& th e 
orem. The d is tan ce  o f  the h igher lev e ls  above the lowest Jevel
i s  given by )$[S + A -(3/2)A ] and s * where S= [(A + A/2)2 + 2A
(Bleaney B4).

C U B I CF R E E

Fig . 1
I f  a m agnetic f ie ld  i s  app lied  the degeneracy o f a l l  the

lev e ls  is  removed. We sh a ll confine ourselves to  the cases th a t
th e  magnetic f i e ld  is  e i th e r  p a ra l le l  or perpend icu la r to  the
tr ig o n a l a x is , and to  the s p l i t t i n g  o f the  lowest cubic le v e l.
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In  both  ca ses  the  energy i s  a l in e a r  fu n c tio n  o f  th e  m agnetic
f i e ld  and the  energy i s  given by E = ±  % g£H , where g, which
may be c a lle d  th e  e f f e c t iv e  Landê- fa c to r ,  i s  d i f f e r e n t  fo r  the
two c a s e s .  Bleaney f in d s

g „ =  [3 (A + X /2 )]/S  -  1 8 X = -  3A /2]/S  + 1 . (42)
Van Vleck (V2) es tim ated  th e  v a lu e  o f  A and found A ^  103cm' *.
T his value however i s  r a th e r  much h ig h e r than  the value (Ac=rlOa
cm ) in d ic a te d  by measurements on param agnetic re la x a tio n  (V5)
and th e  s u s c e p t ib i l i ty  (H2). -
Experim ents on resonance ab so rp tio n  in d ic a te  A c^400  cm '1 (C f.
I l l ,  2 .2 ) .

F in a lly  we give in  f i g .  1 a review o f  th e  sp li tt in g s  m ention
ed in  the  absence o f  a m agnetic f i e ld .

2) V***. 3<f %  ; A -  150 c rn ^ fm ).
The most in t e r e s t i n g  substance f o r  us i s  vanadium ammonium

alum (WH4 (S04 ) 2.12H 20). In  a cu b ic  f i e ld  th e  o r b i t a l  'F  lev e l
i s  s p l i t  according to D s = r 2 + r 6 + r 4 , o f  which VB l i e s  between
r 2 and r 4 (se e  p .2 2 ) , ®*id T4 l i e s  lo w est. T h is  can be seen in
the  fo llow ing  way (compare Van Vleck (V4 ) ) .  Because the  low est
cu b ic  lev e l o f  T i i s  Tg, th e  low est cu b ic  le v e l o f  Cu++ i s
T g. Then th e  lo w est le v e l o f  N i++ i s  T2 and consequen t1y th e
low est cub ic  le v e l o f  Vf++ i s  T4.  T h is  T4 le v e l i s  s p l i t  i n  a
tr ig o n a l f i e ld  according to  T4 = E + A2 . O f these  le v e ls  th e  A2
le v e l l i e s  low est, which i s  n o t e n t i r e ly  t r i v i a l  and th e re fo re
has been su b je c t o f  s p e c ia l d iscu ss io n  in  the  l i t t e r a t u r e .  T his
d is c u s s io n  o n ly  b r i e f l y  w il l  be summarised h e r e .  In  bo th  th e
titan iu m  and the  vanadium alun  the  p o te n tia l  o f  th e  c r y s ta l l in e
f i e l d  can be w r i t t e n  in  th e  form (4 0 ) .  S i e g e r t  (S I )  a lre a d y
po in ted  out th a t  only  i f  the  tr ig o n a l p a r t  o f  th e  p o te n tia l  (40)
s a t i s f i e s  ra th e r  c r i t i c a l  co n d itio n s , which we need n o t sp ec ify
h e re , in  bo th  alums th e  low est t r ig o n a l  le v e l  can be s in g le .
T aking in to  account th e  d i r e c t  in f lu e n c e  o f  th e  S04 -groups in
th e  c r y s ta l  and th e  in f lu e n c e  o f  th e  d i s t o r t i o n  o f  the  o c ta 
hedron o f water-molecules -  caused by th e  Jahn-Teller  e f f e c t  in  th e
M’ .óf^O c lu s te r s  and th e  ac tio n  o f  d i s t a n t  ions - Van Vleck (V2)
showed, th a t  probably th e  c r y s ta l l in e  f i e ld  f u l f i l s  th e  re q u ir e 
ment fo r  making th e 's in g le  tr ig o n a l lev e l low est in  bo th  alums.

A f te r  in c lu s io n  o f  th e  s p in s  th e  s p i n - o r b i t  c o u p lin g  can
s p l i t  the  E and At  lev e l accord ing  to
( s ix fo ld )  ED1 = 2E + Ai + An ( th re e  fo ld ) Â D-L = E + At .
The s ix fo ld  lev e l s p l i t s  in  f i r s t  approxim ation on ly  in to  th re e
tw ofold le v e ls  - as Aj andA2 s t i l l  coincide^, in  second, approxima
t io n  th e  complete re s o lv in g  i s  found. The th re e fo ld  le v e l on ly
s p l i t s  in  second ap p ro x im atio n . Then th e  s in g le  le v e l  l i e s
1ow est, a t  a a d is ta n c e  6 below th e  double le v e l E. These le v e ls
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and E have th e  s p in  quantum numbers 0 and +. 1 re s p ;  a io n g
th e  t r ig o n a l  a x i s .  I f  th e  cu b ic  s p l i t t i n g  i s  much la rg e r  than
th e  t r ig o n a l  s p l i t t i n g  we have 6 = A2 /A, where A i s  th e  mag
n i tu d e  o f  th e  t r i g o n a l  s p l i t t i n g .  The f i n a l  d eg en eracy  must
be c o m p le te ly  removed by th e  J a h n -T e lle r  e f f e c t ,  b u t t h i s  i s

n o t c o n s id e re d  f u r th e r  h e r e .

E-f A<

s.a(i *"0CUBICFREE TRIG
A 2t\

F ig . 2

The in f lu e n c e  o f  a m agnetic  f i e l d  on th e  two lo w est le v e ls
h as  been c o n s id e red  by S ie g e r t  (5 1 ) .  A ccord ing  to  h is  r e s u l t s
th e  energy  in  f i e l d s  r e s p e c t iv e ly  p a r a l l e l  and p e rp e n d ic u la r
t o  th e  t r ig o n a l  a x is  i s  g iv en  by

E = + f t / /  p = ft

£ / /  -  -  6  X x Xt- 6 + (43)
where g // = 2 -  3 (A/A) 2 and gx = 2 -  2 (A/A), ( 44)
i f  th e  cubic s p l i t t i n g  o f  th e  o r b i ta l  le v e ls  i s  very  much g rea te r
than the  t r ig o n a l  s p l i t t i n g .

A ccording to  Van V leck  (V2) A~  1300 cm"1, w hile  s u s c e p tib i
l i t y  ex p e rim en ts  seem to  in d ic a te  (H3), t h a t  A=T800 cm' 1 and
6 —  5 cm"1 ; th en  g // = 1 ,52  and g± = 1 ,6 0 .

F in a l ly  we g ive a review  o f  th e  lev e l p a t te r n  in  the  d i f f e r 
e n t  approx im ations in  ze ro  e x te rn a l f i e l d  ( f i g . 2 ).
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3 )  Cr+++. 3d3 V3/2; X = 87 cm-1 . (V**; X = 55 cm'1 .)
In  a cubic f i e ld  the  o rb i ta l  F lev e l s p l i t s  accord ing  to  7Jj =

= I*  + Tg + r*  (compare V +) , bu t now th e  T2 term l i e s  low est
(Van Vleck (V 4)), so  t h a t  a lre ad y  in  a cu b ic  f i e ld  the  low est
o rb i ta l  lev e l i s  s in g le .  In c lu s io n  o f  th e  sp in s  g ives th i s  lev e l
a fo u rfo ld  degeneracy, which cannot be removed by the sp in -b rh it
coup ling , as  V j)3/2 -  r 8 . There a re , however, c le a r  in d ic a tio n s
th a t  in  th e  chromium alums a sm all s p l i t t i n g  o f  t h i s  fo u rfo ld
le v e l o cc u rs , which im p lie s  th a t  th e  symmetry o f  th e  f i e ld  i s
lower than cubic.Assum ing as usual an ad d itio n a l tr ig o n a l f i e ld
th e  cubic Te le v e l i s  s p l i t  by th e  s p in -o rb i t  coup ling  accordiig

Fe = + r 6 , where and PB a re  th e  d o u b le -v a lu ed  re p re 
s e n ta tio n s  o f  th e  tr ig o n a l groups A d e ta i le d ' p e r tu rb a tio n  theory
shows, t h a t  t h i s  s p l i t t i n g  i s  a h ig h e r  o rd e r  e f f e c t  o f  th e
magnitude ( \ 2/Acub)(A/Acufc) , where A i s  the  tr ig o n a l s p l i t t i n g
o f  the h ig h er cubic o rb i ta l  le v e ls  and Ac i s  the  cub ic  o r b i t 
a l  s p l i t t i n g ;  t h i s  e x p la in s  the sm alln ess o f  the  s p l i t t i n g  ac
tu a l ly  found. For in s tan ce  in  the  potassium  alum 6 = 0 .12  cm"1
a t  room tem perature accord ing  to  Bleoney (136).

Sim ple group th e o re t ic a l  argum ents e a s i ly  snow t h a t  th e  T*
and r 6 lev e l re s p e c t iv e ly  have th e  sp in  quantum numbers _+ 3/2
and i  1 /2  along th e  tr ig o n a l  a x is .  The s p l i t t i n g  in  a m agnetic
f i e l d  h as  been c a lc u la te d  fo r  a r b i t r a r y  d i r e c t io n s  o f  H by

Broer (£5) and fo r a sp e c ia l case^H p a r a l le l  to  a cube edge o f
th e  e lem en ta ry  c e l l  o f  th e  alum, so  t h a t  co s2 C = l / 3 ,  where £
i s  th e  angle between th e  t r ig o n a l  ax is  and th e  m agnetic f i e ld )
by K it te l  and Luttinger  (X3). The l a t t e r  au th o rs  find

e ti/2  = ±  K [1+15*2 -  6*(l+4x2)* ]»

e « /a  = ±  Ü C1+1&2 + Qr(H4*a) Y .  (45)

where we have lab e led  the  en e rg ie s  w ith  t h e i r  ap p ro p ria te  strong
f i e l d  quantum ntmibers and where e = E /6 and x  = gf*ti/5(3Y^.
In  high f ie ld s  ( x » l )  we have Et ^  + 3/2gfW, £ =  + I f  H i s
p a r a l le l  to  th e  tr ig o n a l a x is  we have (Broer (BB))

E+i ~ ~6/2 + XgfiH E ^  = 6 /2  + 3/2g|3ft (46)

Hie cubic s p l i t t i n g  Acnb can be found from th e  d e v ia t io n  o f
th e  Curie -co n s tan t from th e  sp in -o n ly  value (according to S ch  lapp
and Penney (<S3)) and i s  o f  th e  o rd e r 104 cm"1(th e  d e v ia tio n  i s
sm all and the  accuracy acco rd in g ly  vefy  low ). With the  m ention
ed  va lu es o f  6 and X we f in d  fo r  th e  t r ig o n a l  s p l i t t i n g  A some
hundred  cm"1, w hich seems re a s o n a b le .  We f i n a l l y  rev iew  th e
s p l i t t i n g  d iscu ssed  ( f i g .  3 ) .
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TRIGCUBIC

U) Cr++. 3d* 5/)0; X = 57 cm'1 (MrS**).
Just as in the case of Ti the orbital level s p l it s  in a cubic

f ie ld  according to  -  r s + r e , o f  which the *non-magnetic*
s ta te  r 3 l i e s  lowest (compare S ieg ert (S i))»  In an additional
trigonal f ie ld  the r 3 level i s  not s p l i t  because T3 -  £ . Intro
duction o f the sp in  g ives a ten fo ld  degenerated le v e l ,  which
can be s p l i t  by the sp in -o r b it  coup lin g  in to  three tw ofold
le v e ls  and four sin g le  lev e ls  according to ED? =2A± + 2Aa + 2E,
The remaining degeneracy can be removed by the John-Teller e f 
fe c t  and by a magnetic f ie ld .

In an additional rhombic f ie ld  the r s leve l i s  s p l i t  as T3
= 2AX, Introduction  o f  the spins now g iv es  a f iv e fo ld  lev e l
which can be s p l i t  by the sp in -orb it in teraction  according to
i41D2 = 2 +  fii + £2  + Bgt 30 that f iv e  s in g le  le v e ls  r e su lt .
As far as we are aware no ca lcu lation  about the r e la tiv e  p osi
tion s o f the energy le v e ls  has been published.

5)  Fe+++ (Mn**). 3d6 ®S s /a .
In these cases the lowest orb ital level i s  s in g le  and there

fore no s p l i t t i n g  in  the c r y s t a l l in e  f ie ld  can occur. In a
f i r s t  approximation the sp ins should be free and there should
be no s p l i t t in g  o f  the spin le v e ls .  There i s  however abundant
evidence showing that a sm all s p l i t t in g  o f  the sp in  le v e ls
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occurs. According to Van Vleck and Penney (V6) this is  a conse
quence of a small deviation from pure Russell-Saunders coupling
in  the free ion. I t may be noted, that here we have two cases
where the influence of other m ultiplets than the lowest one
cannot be neglected. In a cubic fie ld  the spin levels are sp lit
in  a fourfold and a twofold level according to PSy3 ~ 1*7 + I's,
o f which usually the twofold level (r7) is  supposed to be the
lowest. The sp littin g  in iron ammonium alum is  roughly o f the
order 0.10 cm"1 (c f . Part III and (B7) ) .

The sp litt in g  in a magnetic f ie ld  has been calculated for
arbitrary directions of H by Kronig and Bouwkanp (A4) and for a
special case(ü parallel to one of the cubic axis) by Debye
(Dl). Writing x -  gfiH/b, E ” E/6, where 36 is  the splitting,we
have, i f  H is  parallel to a cubic axis

e±  * 1 ±  x/2
e± 3 / 2  ” T V2 ±2[x* T x + (3/4)*]* (47)
e± s / 2  = ±  */2 *2[*2 ± x  + (3/4 2]* .

In fig .4  we present 6 as a function of x,  calculated with (47).
In high field s ( x » l )  we have

e * i/ 2  =  1 ± * / 2

e + J / 2 -  -  3/2 ±  3x/2 (47a)

e +S/2 = * ± 5 */2 ‘
I f  H is  parallel to a body diagonal we have

etV 2 -  T x+3/2 [*a T 2x/$ + i]^ /2
e* -  1 + 3x/2 (48)♦  3 /2
e*s/2 -  -& + x+3/2 [x2 + 2x/9 + Ü */2,

which becomes in high fie ld s

e + V 2  = ±  * /2
e j 3/a = 1 ±  3x/ 2 (48a)
e«s/ 2  = ~ 1/3 i  5*/2
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Fig. 4
of 6S state as a function of the constant
field in th* [oOlJ direction (cf. (47))

A]] levels are labeled according to their high-field quantum
numbers. It should be remembered however that the crystalline
field in many alums (for instance of V and Cr) has a lower sym
metry than cubic and probably is trigonal. It is therefore pro
bable that in the iron alums (for instance in the amnonium alum)
the crystalline field has a lower symmetry than cubic and pos
sibly is trigonal as well. An adequate theory of the energy
levels than only can be given by taking this lower symmetry
into account. As far as we are aware such a theory has not yet
been worked out. It is easily seen (compare Table III) that in
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case o f lower syranetry than cubic there  are  in  the absence of
an ex ternal f ie ld  three twofold spin le v e ls . This o f course ap
p l ie s  as well to  Mn . D ivalent manganese does not form alums,
bu t in  the manganese Tutton salts the c ry s ta l l in e  f ie ld  h igh ly
probably has a te trag o n a l, possib ly  even lower, symmetry and the
theory  o f  Kronig and Bouw kamp th e re fo re  can no t be adequate
fo r th is  case.

6) Fe++. 3d6 *D4; X = -100 cm*».
In a cubic f ie ld  the o rb ita l  level i s  s p l i t  according to  02*

“ r a + rB, of which r5 l i e s  low est, c o n tra ry  to  the  case o f
Cr • In a tetragonal f ie ld  (Tutton s a l t s )  r e i s  s p i t  according
to  rB = r4 + r6 of which the sin g le  level F4 probably is lowest.
In tro d u c tio n  o f the sp in  g ives a f iv e fo ld  le v e l , which can be
s p l i t  by the  sp in  o r b i t  coup ling  in to  one do u b le t and th re e
s in g le ts  according to  -  r i +r 3+r 4+ r8. In  a rhombic f ie ld
the  degeneracy o f the cubic o rb ita l  lev e ls  i s  completely remov
ed . A rhombic f ie ld  a lso  fu lly  reso lves the sp in -m u ltip le t, so
th a t  from the lowest cubic level fiv e  s in g le  leve ls  r e s u l t .  No
d e ta ile d  ca lcu la tio n  o f the position  o f the energy lev e ls  seems
to  have been p u b lish ed . The s p l i t t i n g  o f the  sp in  m u lt ip le t
must be expected to  be ra th e r  la rg e ; one o f  these  s p l i t t in g s
seems to  be o f the  o rder 0 .8  cm~1(B7).

7) Co . 3d1 4F ; X = 180 cm '1.
In a cubic f ie ld  the o rb ita l  F leve l i s  s p l i t  according to

Ds = ra + r4 + r6. The p o s itio n  o f the cubic lev e ls  however i s
reversed compared with Cr* and now the T4 level l i e s  low est.
A fu rth e r  s p l i t t in g  occurs in  f ie ld s  o f lower symmetry. Schlapp
and Penney (S3) considered the case o f a predom inantly cubic
f ie ld  w ith  a small rhombic component, in  which the  T4 lev e l
s p l i t s  according to  T4 = Bx + B2 + Ba in to  th ree  sing le  le v e ls .
A fte r  in tro d u c tio n  o f the sp ins, every lev e l becomes fo u rfo ld
degenerated; th is  degeneracy i s  p a r t i a l ly  l i f t e d  by the sp in -
o rb it  coupling, which s p l i t s  each fou rfo ld  level in to  two Kram
mers d o u b le ts . The c a lc u la t io n  o f  the  energy le v e ls  i s  very
com plicated because probably the  in flu en ce  o f the  s p in -o rb it
coupling  and the  in flu en ce  o f  the  presumed rhombic f ie ld  are
about o f the same order o f magnitude.

In d if fe re n t s a l t s ,  however, the symnetry o f the c ry s ta ll in e
f ie ld  must be supposed to  be predom inantly te tragona l in stead
o f  predominantly cubic, fo r instance in  the Tutton s a l t s .  In  a
te trag o n a l f ie ld  the lowest cubic level s p l i t s  in to  a doublet
and a s in g le t, according to  T4 = Tg + Tg, o f which probably the
l a t t e r  l ie s  lowest. In troduction  o f the spins makes the degene
racy o f the. tetragonal lev e ls  four times as high. The sp in -o rb it
coupling s p l i t s  these lev e ls  in  Kramers doub lets according to
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^ 2 ^ 3 / 2  -^a + I ?  ® 3 / j = 2re + 2P7> so  th a t  again s ix  doub
l e t s  re su lt*  According to  Pryce (P2) the  te trag o n a l s p l i t t i n g
i s  sm alle r than the  s p l i t t i n g  due to  the  s p in -o rb it  coupling,
which i s  a consequence o f the  alm ost complete cance lla tion  of
the  e f f e c ts  of the second and fo u rth  o rder terms in  the se r ie s
expansion o f the po ten tia l*  He estim ates fp r the s p l i t t in g  be
tween the two lowest doub lets some 300 cm"1 . This i s  much larg
e r  than the value p rev io u sly  suggested by Van Vleck ( VS), who
estim ated  10 cm" . P rycé 's  estim ate  seems to  be more re l ia b le ,
a s  i t  i s  co rro b o ra ted  by rec e n t experim ents on the hyperfine
s t r u c tu r e  o f the  param agnetic resonance spectrum  o f d iv a le n t
c o b a lt  (B8)* The s p l i t t i n g  between the  two low est d o u b le ts
a p p a re n tly  is  much la rg e r  fo r Co+ than fo r Cr* + *. This i s  p a r t
ly  due to  the la rg e r  sp in -o rb it  coupling and p a r t ly  to  the much
sm aller d istan ce  between the lowest o rb ita l  lev e ls  in  a c ry s ta l
in  the case o f cobalt*

8) N i++.3 d ° aF A; A ■ -  335 cm '1.
'  • • • •  j- -j |

In  a cubic f ie ld  the  o r b i ta l  F lev e l i s  s p l i t  as in  Cr
(D3 = r«  + T4 + r 6 ) ,  so th a t  the  r2 lev e l i s  low est (co n tra ry
to  Co ) .  In a rhombic f ie ld ,  as has been considered by Schlapp
and Penney ( 5 3 ) , no fu r th e r  s p l i t t i n g  occurs, because the P2
lev e l i s  s in g le ; we have T2 *At . In troduction  o f the spin  makes
the  lowest leve l th re e  fo ld  and the sp in -o rb it  coupling r e s o l
ves th is  leve l in to  th ree  s in g le ts  according to  A*/)* ~B\ +B^+Bg.
On th i s  b a s is  i t  was p o ss ib le  to  d escrib e  the magnetic a n iso 
tro p y  in  the  n ick e l ammonium T utton  s a l t ,a s s u m in g  fo r X the
value mentioned above and assuming one Ni per u n it  c e l l .  The
o v e ra ll  s p l i t t i n g  of the th re e  s in g le ts  was found to  be about
3 .4  cm-1 (B4). At p resen t th is  n ice  r e s u l t  seems to  be somewhat
in c id e n ta l ,  because the symmetry o f the c ry s ta l l in e  f ie ld  must
be expected to  be te tragonal with cubic and tetragonal terms of
th e  same o rd er in  the  p o te n t ia l ,  and moreover the  u n i t  c e l l
contains two N i-ions w ith d if fe re n t  magnetic axes. In therefo re
seems to  be advisable  to  consider the te trag o n a l case as w ell,
which can be done on th e  b a s is  o f the  theo ry  o f Schlapp  and
Penney (S 3), as te trag o n a l symmetry i s  only a sp ec ia l case of
rhombic symmetry* TTiis has not ye t been c a rr ie d  out. I t  i s  e a s i 
ly  seen th a t  in  a te trag o n a l f i e ld  the cubic leve l g ives r is e
to  a doublet and a s in g le t  because T2 = r a and Tgl^ * + r 6.

In the n ickel f lu o s i l ic a te  the c ry s ta ll in e  f ie ld  i s  predomi
n a n tly  cubic w ith  a sm aller tr ig o n a l component (Becquerel and
Opechowski (BIO)). For a trig o n a l f ie ld  we have P2 = A2 and a f 
t e r  in tro d u c tio n  o f the sp ins the s p in -o rb it  coupling gives a
doub le t and a s in g le t  because A2Di  = A* + E. The s i tu a t io n  i s
much the same as fo r but now the doublet l ie s  lowest. Hie

34



s p l i t t i n g  in  a m agnetic f i e ld ,  re s p e c tiv e ly  p a ra l le l  (B .and Q)
and p e rp e n d ic u la r  (Penrose and S tevens  (P I ) )  to  th e  t r ig o n a l
a x is  i s  g iven by

= 6 Ex  = a [6 ± (62 +4 g W ) ] ^  U9)
E„ •  ±  g „ P fl Ex  = 0

where
g w = 2 fi - M )  g±  = 2(1 -  XB)

and 6 = fA -  B) Aa ;
A and B a re  p aram ete rs  which depend in  a com plicated  way on
th e  c r y s ta l l in e  f ie ld .  The l a t t e r  au thors fin d  A ^ 4 . 1 0 '4 cm and
(A -  B) ar s l .5  .1 0 ’8 cm, so th a t  p ra c ic a l ly  g | t = g ^  The p ara 
m agnetic resonance i s  e n t i r e ly  c o n s is te n t w ith  the  theory ; 6 i s
found to  d ecrease  w ith  d ec rea s in g  tem peratu re . At 20 and 14 °K
6 = 0 .1 2  cm '1 , in  reasonable agreement w ith Benzie and Cooké’s
value o f  0.16 cm' 1 (B 21). Becquerel and Opechowski (BIO) find
however 0 .30  cm '1, which seems to  be in  e r r o r .  We f i n a l l y  r e 
view th e  s p l i t t i n g  d iscu ssed  ( f ig .  5 ) .

FREE TETRCUBIC

F ig . 5

9) Cu++.3d° 2Bs / ? ; X = -852  c ' 1 .
In a cubic f ie ld  the  o rb i ta l  D lev e l i s  s p l i t  in to  a t r i p l e t

and a doub let according to  Z)2 = T3 + Tg. The unmagnetic doub let
F3 l i e s  low est, as in  the  case o f  Mn+++ and Cr++, bu t c o n tra ry
to  V . In  a te t r a g o n a l  f i e l d  T3 s p l i t s  in to  two s i n g l e t s

= Ti + P3) and th e  t r i p l e t  in to  a s in g l e t  and a d o u b le t
(l"16 = r+  + Ts)» Assuming a te tra g o n a l f i e l d  o f th e  form (41)
w ith  cubic and te trag o n a l term s o f the  same o rd er, Polder (P 3 )
showed th a t  the sequence o f the lev e ls , s t a r t in g  from the low est
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one, must be F a » I\,r* , and Fg. In troduction  o f the spin doubles
a l l  leve ls , but only theT e level i s  s p l i t  ( in  two doub le ts). The
s p l i t t i n g  in  a magnetic f ie ld  resp . p a ra l le l  and perpendicular
to  the trig o n a l ax is of a l l  the doublets i s  given by

£| .  = ± K G l&H,  (52)
where fo r the lowest doublet

g„ = 2 [ i  -  tb /E ^ S a )]  g^ -  2 [ i  -  \ / ( E b-E3)] . (53)
H ere we have w r i t te n  E fo r  the  energy corresponding  to  the
leve l r \.C h  th is  b as is  f a i r  agreement i s  found with su scep tib il
i t y  measurements on the copper potassium sulphate o f Miss Hupse
(H4), which give g„ = 2 .44  and gx = 2 .05 , i f  i t  i s  assumed th a t
Ea — Es = 15400 cm"1 and £ B -  E3 = 26600 cm'1.

Recent evidence shows however th a t  Polder’ s theory does not
account fo r a l l  observed f a c ts .  In  the f i r s t  p lace experiments
on resonance a b so rp tio n  in  se v e ra l copper T utton  s a l t s  show
th a t  dev ia tions  from the te tragona l symmetry occur, e sp e c ia lly
in  the  potassium  and ammonium T u tton  s a l t s  (B12), where the
synmetry seems to  be rhombic. In  the second p lace experim ents
on the hyperfine s tru c tu r e  o f the param agnetic resonance l in e
o f  Cu cannot be s a t i s f a c to r i ly  explained on the basis  o f Pol
d e r ’s theory  (A l). According to  Broer (£13) th i s  might be ex-

F R E E C U B I C T R I  6

Fig . 6

p la ined  by in te ra c tio n  between the lowest configuraticm  3d8 and
the  next lowest one 3d84s, which have the same p a r i ty . Hie e f 
fe c t  o f  th is  in te ra c tio n  only can be found as a r e s u l t  o f ra th e r
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complicated c a lc u la tio n s , but i t  i s  e n tir e ly  neglected in  Pol
d e r ’s th eo ry . According to  Pryce a quadrupole moment o f  the
nucleus should be responsible fo r the discrepancy mentioned.

I t  may be added th a t Jordahl (J3) gave the f i r s t  theory about
th e  Cu , assuming a predom inantly cubic f ie ld  w ith  a small
rhombic term. As P older’s  theory accounts b e tte r  fo r the known
experim ental fa c ts  we sh a ll  no t d iscu ss  Jordahl’s th eo ry . We
f in a l ly  review the s p l i t t in g s  d iscussed  ( f ig .  6 ).

10) Gd+++. 4 /7 eS7/2.

Although Gd belongs to  the .rare ea rth s  i t  i s  b r ie f ly  d iscu ss
ed here because we c a rr ie d  out some experim ents on gadolinium
sulphate. The s itu a tio n  is  much the same as fo r Fe++^ a n d  hto++;
as the lowest o rb ita l  lev e l o f the free  Gd+++ i s  s in g le , and
th e re  i s  only degeneracy due to  the  sp in s . Again as a conse
quence of small deviations o f pure Russeü-Saunders coupling in
the  free  ion the s p in -o rb it  coupling oauses a small s p l i t t in g
o f  the sp in  le v e ls  in  a c ry s ta l .  In  a cubic f ie ld  - which i s
usually  assumed to  be present in  the sulphate - the spin levels
are  s p l i t  in to  two doublets and one q u a rte t according to  D =

+ I* + r0. Group th eo re tic a l arguments show th a t  the quarte t
l i e s  between the  doub let and th a t  the  d is ta n c e s  between the
lev e ls  f u l f i l  the r e la t io n  (£8-£ 7) : (£a-£ e) = 5 :3 . According to
Hebb and P urcell should be the lowest level in  a c ry s
t a l .

The s p l i t t in g  in  an ex ternal magnetic f ie ld  has been ca lcu 
la te d  fo r a magnetic f ie ld  in  the  [001] d ire c tio n s  by K i t t e l
and L u ttin g e r  (£3) and fo r a rb itra ry  d ire c tio n s  of the magnetic
f ie ld  by De Boer and Van L ieshou t (£14). We do no t quote the
complicated formulae, but re fe r  fo r d e ta i ls  to  these papers.
2.24 Comparison w ith experiment•

a) As we have seen in  the preceding section  in  a c rysta l the
leve ls  of the ions of the iron  group are a l l  characterised  by a
group o f c lose  lev e ls  (the  'normal l e v e l s ')  w ith a sep ara tio n
o f  maximally a few cm-1 , w hile a l l  the  o th e r le v e ls  a re  a t  a
d istance of 1000 cm (except fo r Co+ ) or even much more above
the lowest le v e ls . At 'ordinary tem peratures only the normal lev 
e ls  are occupied, which i s  e a s ily  seen because 1°K corresponds
to  0.696 cm-1 . The h igher le v e ls  have only in flu e n ce  on the
p ro p e rtie s  o f the paramagnetic substance^ in  as much they in 
fluence the lowest le v e ls . I f  we n eg lec t the s p l i t t i n g  of the
normal lev e ls  the level p a tte rn  in  a magnetic f ie ld  corresponds
to  the leve ls  of a system of free  sp in s. This simple p a tte rn  is
s l ig h t ly  modified by the in fluence o f the sp in -o rb it  coupling.

These r e s u l ts  o f the theory  are  a l l  ob tained  in  a n a tu ra l

37



way, b u t a d e f i n i t i v e  j u s t i f i c a t i o n  o n ly  can  be g iv en  by a
com parison  w ith  ex p e rim e n ta l ev id e n c e . F o r tu n a te ly  th e re  i s
abundant ev id en ce  c o n firm in g  th e  c o r re c tn e s s  o f  th e  sk e tch ed
th e o re t ic a l  r e s u l t  in  i t s  main o u tlin e . We must con fine  o u rse lv es
t o  a b r i e f  sum nary, as  a d e t a i l e d  d is c u s s io n  would f a l l  o u t
s id e  th e  scope o f  t h i s  th e s i s ;  we r e f e r  to  Van Vleck (V5), Pen
ney and Kynch (P5) and Freed. (F 2 ).

The most d i r e c t  - and u l t im a te ly  the most com plete - evidence
about th e  normal le v e ls  i s  fu rn ish ed  by experim ents on resonance
a b so rp tio n . We propose to  d is c u s s  th ese  l a t e r  and th e re fo re  can
o m itt them h e re .

L ess d e t a i l e d  in fo rm a tio n  i s  g iv en  by m easurem ents o f  the
s u s c e p t i b i l i t y  and s p e c i f ic  h e a t .  In  o rd e r  to  make p o s s ib le  a
check  o f  th e  le v e l  p a t t e r n  m en tio n ed , we have to  d is c u s s  th e
th e o re t ic a l  ex p ress io n s  fo r  th e  s u s c e p t ib i l i ty  and th e  s p e c if ic
h e a t.

b) We f i r s t  have to  c a lc u la te  th e  p a r t i t i o n  fu n c tio n . In  the
ca se  o f  a h ig h ly  d i lu te  s a l t  - in  which we can n e g le c t  th e  i n 
te ra c t io n s  between th e  param agnetic ions - we can w rite  a t  once

Z ^ i o n -  < 5 4 >

w here Z j on i s  th e  p a r t i t i o n  fu n c tio n  o f  one ion  and N i s  th e
number o f  param agnetic  io n s .  Z -Qn i s  e a s i l y  c a lc u la te d  in  the
case  o f  f r e e  s p in s .  A system  o f  f r e e  sp in s  w ith  a sp in  quantum
number <S h as  in  a m ag n etic  f i e l d  (2S  + 1)  energy  le v e ls  w ith
th e  e n e rg ie s

Em = g m 3 H, (55)
where m. = S ,S -1 , — , -S+ l,-S ;  th e  L an d é -fac to r g i s  equal to  2
i n  th e  ca se  o f  f r e e  s p in s .  We s h a l l  w r i te  g in  o rd e r  to  make
th e  a p p l i c a b i l i t y  o f  th e  form ulae g r e a te r .  I t  i s  e a s i l y  shown
t h a t

Z  = sinh(S*%) get/sink % g t ,  (56)
where OL = @H/kT. According to  (34) we have

M = p[(S+%)g coth(S*%)gt -  coth  % g x]. (57)
T h is  ex p ressio n  becomes fo r  sm all va lu es o f  0

M = A P V  S ( & i )  H/3kT, (58)
so  t h a t  C u rie 's  law i s  s a t i e s f i e d  w ith  th e  Curie co n stan t

C = A P V S (S + i) /3 k . (58a)
T h is  e a s i l y  can be compared w ith  e x p e rim en ta l v a lu e s  o f  th e
s u s c e p t i b i l i t y .  The usual way o f  do ing  t h i s  i s  to  compare the
th e o r e t ic a l  and ex p e rim en ta l magnetonnumber p, d e fin ed  by p -

(3%kT/N$2f i .  In  T ab le  IV we c o l le c te d  some r e s u l t s ;  th e  f i r s t
column i s  t r i v i a l , th e  second column co n ta in s  th e  co n fig u ra tio n ,
th e  th i r d  column c o n ta in s  th e  low est s t a t e s  o f  th e  f re e  io n s ,
d e te rm in e d  w ith  Hund's r u l e s ,  th e  fo u r th  column c o n ta in s  th e
v a lu e s  o f p  fo r  the f re e  io n s .In  t h i s  case p~PH~g[J(J+1)]™ * i f
th e  m u lt ip le t  s p l i t t i n g  i s  much la rg e r  than kT - and g i s  given
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by g = 1+[J(J+1)+S(S+1)-L(L+1)]/2J(J+1). The f i f t h  column con
ta in s  the  v a lu es  o f  p c a lc u la te d  w ith  (5 8 ) , th e  ' s p in - o n ly '-
v a lu e s , (pa = 2[*S(S+i)] ) .  In s p e c tio n  o f  the  ta b le  shows th a t
th e  ex p e rim en ta l v a lu e s  p  agree n ic e ly  w ith  th e  sp in -o n ly
v a lu es , w hile  on th e  o th e r  hand th e  agreem ent w ith  the  v a lu es
fo r  the f re e  ions (excep t fo r  and Fê ~*" )̂ i s  very poor» Ev
id e n t ly  th e  magnetism o f  th e  io n s in  a c r y s ta l  d i f f e r s  c o n s i
d e rab ly  from th a t  o f  th e  f re e  io n s and i s  to  a f a i r  approxim a
t io n  due to  th e  sp in s  a lo n e . T h is j u s t i f i e s  the  lev e l p a t te rn s
given in  s e c tio n  2 .23 in  i t s  genera l o u t l in e .

I o n _________
j j +++ I s 2
y+++

Cr+++

Mn+++

Fe+++

Fe++

.v *
>Cr++

,Mn++

Co++

Ni~

T A B L E  IV
C onfigu ration_______

2*2 2pe 3 s2 3pe 3d

3da

3d3

3d4

3d5

3d6
3d7

3d*
3d9

Lowest
lev e l P« Ps Pexp

1 .5 5 1 .73 1.75

SF 2 1 .6 3 2 .83 2 .8

4F
3 / 2

0 .7 7 3 .87 3 .9

*D0 0 4 .9 0 4 .9

6 S 3 / 2 5 .9 2 5.92 5 .9

5d 4 6 .7 0 4 .90 5 .5

4F 6 .5 4 3 .8 7 4 .4 -
9 / 2

* 4 5 ,5 9 2 .8 3 3 .2

* 5 / 2
3 .5 5 1.73 1 .9

Thé in te rn a l  energy of a system of f r e e  sp in s  i s  simply equal
t o  E * -(HM).
I n  low f i e ld s  we have E = -4$2El2S(S^l)/3kT  9 -  CEP/T(cf, (5 8 a )),
so  th a t  Cu i s  given by

Qh = C H *ff (59 )
t h i s  co rresp o n d s to  (27) w ith  Q, = 0 . T h is  r e s u l t  i s  indepen
d en t o f  th e  v a lu e  o f g and remains c o r re c t  as  long as th e re  i s
no  s p l i t t i n g  in  zero  f ie ld  and moreover the  in te ra c t io n  between
th e  param agnetic ions i s  n eg lec ted .

c) By co n sid e rin g  th e  sp in s  as f re e , however, we n e g le c t the
in flu en c e  o f  th e  s p in -o rb i t  coupling, which appears to  be essen 
t i a l  fo r  th e  ex p lan a tio n  o f  some f in e r  p o in ts ,  l ik e  the  d e v ia 
t io n  from the  sp in  only  value o f  th e  magneton number, a n is o tro 
py o f  the  s u s c e p t ib i l i ty  and th e  magnitude o f the  s p e c if ic  h ea t
o f  th e  sp in  system .

The in flu en c e  o f the  s p in -o rb i t  coupling on the energy le v e ls
has, acco rd ing  to  th e  p reced ing  se c tio n , th re e  a sp e c ts . In  the
f i r s t  p la c e  a sm all s p l i t t i n g  o f  the  s p in  m u l t ip le t  o c c u rs ,
e x c e p t in  th e  ca ses  T i and Cu , in  th e  second p la c e  th e
s p l i t t i n g  in  a m agnetic f i e ld  depends on th e  d i r e c t io n  o f  th e
f i e l d  r e la t iv e  to  the  axes o f  the c r y s ta l l in e  f i e ld .  And th ird -
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ly , in  a l l  cases  where the  e n e rg ie s  a re  a l in e a r  function  o f
the f ie ld ,  the  g-values d i f f e r  from those o f free  sp in s .

The. in f lu e n c e  o f  the  s p in - o r b i t  coup ling  on th e  s p e c if ic
heat and the' s u s c e p tib i l i ty  can be discussed according to  these
three asp ec ts . Let us consider the s u s c e p tib ili ty  f i r s t .

C lea rly  i f  the g-vfllue d i f f e r s  from 2 dev ia tions o f the spin-
on ly  value o f th e  magneton number must be found. T his i s  the
case  w ith  T i+++ and Cu+ • Moreover in  'th e se  cases  th e  le v e ls
vary l in e a r ly  w ith  the magnetic f ie ld  in  a l l  d ire c tio n s  and the
g-values depend on the d ire c tio n  o f the magnetic f ie ld , so th a t
the  s u s c e p t ib i l i ty  must be a n iso tro p ic . This has been observed
fo r  in stan ce  in  the  case o f  copper s a l t s  and the theory s a t i s 
fa c to r i ly  exp la in s the magnetic anisotropy in  the copper Tut.ton
s a l t .  For d e ta i l s  we r e f e r  to  a paper o f Polder (P3). In gener
a l  a dependence ó f  the  lev e l p a t te rn  on the  d ire c t io n  o f the
m agnetic  f i e l d  causes a m agnetic an iso tropy*  O fte n .th e  e l e 
m entary c e l l  co n ta in s  more than one ion; then  in  general the
d ire c tio n  o f the  c ry s ta ll in e  f ie ld  r e la t iv e  to  the c ry s ta l axes
i s  d i f f e re n t  fo r  the d if f e re n t  ions and consequently the an iso 
tropy  o f  the  c ry s ta l can be very d i f f e r e n t  from the an iso tropy
o f  an ion a p a rt (see  fo r in s tan ce  Polder  (P3) )•  -Other examples
can be found in  a paper o f  Schlapp and Penney (S3).

The in flu e n ce  of a sm all s p l i t t i n g  6 on th e  s u s c e p t ib i l i ty
only  becomes n o tic e a b le  i f  th e  tem perature i s  so low th a t  no-
longer 6 .«  kT.

T his i s  e a s i ly  seen in  the  fo llow ing  way (compare Casimir
( C l ) ) .  The s p l i t t i n g  o f th e  normal le v e ls  in  a magnetic f ie ld
can be found by so lv ing  the secu la r equationW„ -VijM .
In  the case o f an i n i t i a l  s p l i t t i n g  we have to  w rite

4a  = El ~ m )irwhere E° a re  the  en e rg ies  o f  the  normal le v e ls  in  zero f ie ld .
The p a r t i t io n  function  i s  the  diagonal sum o f exp (-H/kT) and,
s in c e  th is  sum i s  in v a r ia n t  under u n ita ry  tran sfo rm atio n s, we
can w rite  in  the energy rep re sen ta tio n

Z  =  2 [(exp(-/tfkT)]J j .

T his however can be expanded in  a s e r ie s
Z = 2 [exp ( -m /k T ) ] j} + 0(A/kT) ƒ (m /k T ) ,  (60)

where A i s  a measure fo r the to ta l  separa tion  o f the £® ’ s , and
ƒ(0) = 1; 0 (x) i s  a q u a n tity  o f  the order o f magnitude x .  To a
f i r s t  approxim ation  the  p a r t i t i o n  fu n c tio n  th e re fo re  i s  the
same as in  th e  case when th e re  are  no s p l i t t i n g s  a t  a l l .  This
r e s u l f  i s  independent o f the value of HM, which may be small or
la rg e - compared w ith t h e . i n i t i a l  sep ara tio n s .
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The magnetic moment can be expanded in  ascending powers o f
1 /T

M = (CH/T)(1+B/T + . . . )
( i f  sa tu ra tio n  i s  neg lec ted ), where C has the same value as i f
there  were no s p l i t t in g s  and £  i s  o f the order A/k, i f  no t zero.
The presence of small s p l i t t in g s  does not in fluence  the  value
o f the C urie-constant but o n ly  adds higher powers o f 1/T  to  the
expression of M and the s u s c e p tib i l i ty  x  = U/H. Often fo r pow
ders  B O. (Van Vleck and Penney (V6), and G orter (G 8))f and

_ only a t  very low tem peratures the in fluence  o f the  s p l i t t in g s
becomes pe rcep tib le .

An example i s  the su s c e p tib ili ty  of NiSiFe ,6H^0 in  the d ire c 
t io n  o f the hexagonal ax is which co in c id es  w ith the  trig o n a l
ax is  o f the c ry s ta ll in e  f ie ld !  In th is  case wt have

Z  = 2\}A exp(b/kT) + cosh got]
and

M = N (fisinh g t/[cosh  gX + K exp(b/kT)] .
T his formula f i t s  the experim ental r e s u l ts  o f BecquereI (£15)
w ith  a s u ita b le  choice o f 6(6  = 0.30 cm"1), which however is
la rg e r  than the value obtained from resonance abso rp tion  (6 =
0 .12  cm*t > Penrose and S teven s  ( PI ) ) .  In  low f i e ld s  and a t
s u ff ic ie n tly  high tem peratures we have

U = (2N g2 32 H /3kT )/(l -  2b/3kT),
so th a t  we have fi -w —2 b/3k . Only a t  tem peratures, below about
4°K the in flu en ce  of the  s p l i t t i n g  becomes n o tic e a b le .

According to  (60) the sp e c if ic  heat in  the absence o f a mag
n e tic  f ie ld  a t  tem peratures fo r which A « k T  i s  given by

Cu =0(A*/kT*). (61)
I t  may be noted th a t fo r any system having lowest energy leve ls
with a spacing much sm aller than kT, while a ll. o ther levels l i e
a t  d istan ces  much higher than kT, th e  sp e c if ic  heat i s  propor
tiona l to  1/T2. I f  M s a t i s f ie s  the Curie-law U - CH/T, we th ere 
fo r can-w rite (Cf. (27))

CH = (b A O f)/1 ° ,
where 6 i s  a constant o f the order A2/k .
I t  i t  no t d i f f i c u l t  to  c a lc u la te  the complete expressions fo r
Cm fo r d if f e re n t  ions tak ing  in to  account the s p l i t t in g  ment
ioned in  2 .2 3 . We only w ill summarize some r e s u l ts .  For C r ^ +
(in  a trigonal f ie ld )  we have

+++ Cu :  (M ) X + o  (b/kT)* * . . . .  (62)
fo r  Fe (iii a f ie ld  o f lower symmetry than cubic) we have

c„ * (N k)(2 /9)(6 l + 6 b ib j / f k T ) *  * 0(b/kT)* * . . . .  (63)
where 6* and 62 are the d istances of the two higher leve ls  from
th e  lowest le v e l .  In a purely  cubic f ie ld  6X = 62 and the ex
pression  fo r C„ i s  s im plified  accordingly. F ina lly  fo r Gd+++ we
find
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c„ = (N k )(l/kT )z \iï i ö f  -  (1 /16 )(  2  ó})] + 0(6/kT )9 + . . . , ( 6 4 )
where 6 i a re  the  d is ta n c e s  to  th e  low est le v e l .  In  the  case of
a cub ic  f i e ld  th i s  reduces to

Cu = (Nk)(33/256)(t>0/kT)*  + 0(&o/k T )a + . . . ,  (65)
where 6o i s  the  o v e ra ll  s p l i t t i n g .  These form ulae w ill  be used
in  I I ,  c h . I I  fo r  c a lc u la t in g  th e  s p l i t t i n g s  from d a ta  on the
s p e c if ic  h ea t.

2.25 In fluence o f  the nuclear sp in .
In the  c o n s id e ra tio n s  given so f a r  th e  p o ss ib le  in flu en ce  of

a n u c lea r sp in  on the  energy le v e ls  i s  n eg lec ted . The n u c le i of
many param agnetic ions however possess a sp in  (compare Table V)
and a b r i e f  d iscu ss io n  o f  i t s  in flu en ce  i s  n ecessary .
The in te ra c t io n  between the  nucleus and th e  e le c tro n  s h e ll o f  a
param agnetic ion c o n s is ts  o f  two p a r ts ;  a m agnetic in te ra c t io n
between the  n u c lea r m agnetic moment and th e  m agnetic f i e ld  due
to  the sp in  o f the e le c tro n s  and the  unquenched re s id u a l o r b i t 
a l momenta o f the  e le c t ro n s ,  and an e l e c t r i c  in te r a c t io n  b e t-

T A B L E  V
N uclear spin

z Element A % Spin Coluim 1: *Z* atom ic number
22 Ti 48 73.5 o f  element
23 V 51 100 7/2 Column 2: ‘Element* Chemical
24 Cr 52 83.8 symbol
25 Mn 55 100 5/2 Column 3: *A‘ Mass number o f
26 Fe 56 91.6 iso to p e
27 Co 59 100 7/2 Column 4: ‘%‘ P ercen t abund-
28 Ni 58 67.4 ance o f iso to p e

60 26.7 in  n a tu ra l ly
29 Cu 63 70.1 3/2 o ccu rrin g  e le -

65 29.9 3/2 ment.

ween a n u c lea r quadrupole moment and th e  inhomogeneous e le c t r i c
f i e l d  produced by th e  e l e c t r o n i c  ch a rg e s  o f  th e  io n  and th e
o th e r  c o n s t i tu e n ts  o f  th e  c r y s t a l .  These in te r a c t io n s  cause a
sm all s p l i t t i n g  o f  th e  energy l e v e ls .

The c a lc u la t io n  o f  t h i s  h y p e rfin e  s p l i t t i n g  i s  c a r r ie d  ou t
a lo n g  s im ila r  l i n e s  a s  in  th e  ca se  o f  f r e e  atom s. We have to
add terms to  the  H am iltonian (37) tak in g  in to  account the  i n t e r 
a c tio n s  m entioned. In  th e  case  o f ions o f  th e  iro n  group in^a
c r y s ta l  L and S are  decoupled and th e  H am iltonian  must co n ta in
term s a llow ing  fo r  th e  in te r a c t io n  o f  th e  nucleus w ith  the  o r 
b i ta l  and sp in  magnetic moments s e p a ra te ly . I f  I  denotes the
n u c lea r m agnetic moment th e  magnetic in te ra c t io n  can be w ritte n
in  a f i r s t  approxim ation
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Y nucl “ ^ 1  ( 1 /r3) K i.» )  -  3 ( I r ) ( S r ) / r 2 -  ( I  L)] . (66)
An e x tra  term, which i s  no t given here , must be added i f  the
nucleus has an e le c t r i c  quadrupole moment. The c a lc u la tio n  o f
the m atrix elements, which determine the s p l i t t in g ,  i s  a d i f f i 
c u l t  problem because a d e ta ile d  knowledge o f the o rb ita l  wave
functions o f the e lec tro n s  i s  requ ired . ( I f  the symmetry of the
c ry s ta ll in e  f ie ld  i s  known i t  i s  however possib le  to  w rite  (66)
- a f te r  in te g ra tio n  over the space coord inates - in  a sim pler
form. For cy lin d rica l synmetry we always can w rite

*  n»cl = A J^ z  + *(*x Sx  + l y  V  + -  i  1(1*1)]. (67)
where A, B and Q a re  co n stan ts , and the  term  w ith Q describes
the influence of a quadrupole moment. This expression accounts
fo r the observed hyperfine s tru c tu re  in  d if fe re n t cases (Bleaney
(B16)). The constants A, B and Q can then be determined d ire c tly
by micro-wave observations.

The hyperfine s p l i t t in g  gives r is e  to  an add itional sp e c if ic
h ea t Cm, which fo r s u f f ic ie n tly  high teaiperatures i s  given by

-  (hc/k)* [(l/SKA*+2B2)S(S*1)1(IH) +

+ (1 /45)(?I(I +1) (21-1) (21+3)], (68)

where A, B and Q are in  cm"l .  In  d if fe re n t  cases the agreement
between the experim ental values o f  the s p e c if ic  h ea t and the
values calcu la ted  with (68)- using values o f A.B and Q obtained
from microwave experiments - i s  e x c e llen t. For d e ta i ls  we re fe r
to  Bleaney 's  paper*

I t  can be shown that the hyperfine s tru c tu re  does not mater
i a l ly  a l t e r  the term in i /T  in  the expansion o f the su scep tib i
l i t y  and introduces no term in  ( i/7 * )  even fo r a s in g le  c ry s ta l.

2.3 Magnetic in te r a c t io n .
2.31 Introduction.

In the previous considerations o f th is  chapter we e n tire ly
neglected the possib le influence o f in te rac tio n  between, the pa
ram agnetic io n s . The question  now a r is e s  in  which cases th is
treatm ent can be ju s t i f i e d .  I t  w ill be remembered th a t  the mag
n itude  o f the in te ra c tio n s  mentioned in  sec tio n  2 .1 , decreases
w ith in creasin g  d istan ce  between the magnetic ions. Therefore
only  fo r substances' in  which th is  d is ta n c e  in  the average i s
s u ff ic ie n tly  large i t  i s  allowed to  neg lec t the in te ra c tio n . In
order to  decide about th is  a measure in d ic a tin g  the s tren g th  of
the  in te ra c t io n  i s  req u ired . A usefu l q u a n tity  i s  a f ie ld  of
magnitude H^. i f  H^ 2 i s  the average o f the square power o f the
magnitude o f the f ie ld  a c tin g  on a magnetic ion and caused by
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the other magnetic ions (cf. (83b)). In many rather strongly
dilute salts like the alums and the Tutton salts, is at least
of the order of 100 Oersteds. From the considerations of this and
following sections it will become clear, that in this case the
influence of the interaction, for instance on the specific heat
or resonance absorption lines, becomes perceptible.

Often however it is possible to reduce H by making mixed
crystals, for instance of a paramagnetic alum with a suitable
aluminium alum. As a matter of fact it is easily proved that in
the mean H where n is the number of magnetic ions per cm3.
Therefore the preceding considerations are valid for paramagne
tic alums or Tutton salts in which at least 90 %  of the para
magnetic ions are replaced by diamagnetic ions.

In this section we propose to discuss some general aspects
of the interaction between the magnetic ions. Some special
points will be discussed in the chapters IV and V.

In order to take the interactions into account we have to
supplement the Hamiltonian (36) with terms describing the inter
action; we therefore shall write

(69)
where the second term indicates the interaction. Ihe interaction
can be written as the sum of two contributions, the coupling
between the magnetic momenta of the ions - which is treated as
a pure dipole-dipole coupling - and an exchange coupling bet
ween the ions, so that we have

wn  = r\] ^ • r 3(uirii)(miTu )/<i] + vu  ' (70)

(71)Vli Vu = (Aij/rlj)(aimj)>
(At /rj ) is a dimensionless scalar quantity proportional

the exchange integral between the ions.(This formulation

where the first term denotes the magnetic interaction (.■ is
the magnetic moment of the ion and r is the radius vector
between the ions i and j with the modulus r ) and the second
term indicates the exchange interaction. We shall suppose that
*■"“ can write for .m (Â/r*
where /A /”3
to
allows the exchange interaction to be treated simultaneously
with the magnetic interaction).

If for each of the N ions in a cubic centimetre we take into
account n states, the Hamiltonian is a matrix of n rows and
columns which is known in the representation corresponding to
the case when the interaction is neglected. The calculation of
the energy levels in the case of interaction involves the diag-
onalisation of this matrix. There can be little hope to carry
this out. Fortunately, however, for finding the susceptibility
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and the specific  heat th is  problem need not to be solved. We
only require the partition  function, which is  the diagonal sum
of exp(-///kT). This diagonal sum does not depend on the system
of wave-functions and therefore can be calculated in the o r i 
ginal representation. We can now expand Z in a power series

Z = S p [  1 -  fi/kT  + & ./2 (W f  + . . . ] ,  (72)
so that

Z= rf* -  (1/kT) Sp[H] + (1/2(*T)2) SpW*] + . . .  (73)
In th is  way the problem is  reduced to  the calculation of the
diagonal sum of powers of the Hamiltonian.This is  comparatively
simple for the lowest powers, but becomes very cumbersome for
higher powers; th is  procedure therefo re  i  i only useful for
su ffic ien tly  high temperatures where the serie*! (72) converges
rapidly.

2.32 Cases in which no electrica l sp littin g  occuri
1) S p e c i f i c  h e a t .  The specific heat in the case

when there is  no applied fie ld  can be found by taking H =0,
so that we can write for the Hamiltonian

The remaining terms in only give rise  to an additive constant
in  the energy and therefore can be omitted here. I f  only one
m ultiplet component of the ions is  active we can write for the
magnetic moment

® * 8 0 J  (74)
and consequently

*0 = «2P2 rI? (75)
Using the commutation rules of the components of the J  ’s i t
can be shown that

Sp[*/] * 0 (76)
and

•Spft2] * (1 /6 ) (77)
where

Q3 JV* r;J  (A,*, ♦ V . (78)
Q can be calculated for cubic arrangements. Assuming that ex
change in te rac tions is  confined to nearest neighbours, Van
Vleck finds

Simple cubic Q = 12 (1.40 + H A2)
Face centered cubic
Body centered cubic

12 (1.20 + H A2) (79)
lhe = 256/27 (1.53 + HA2),

where A * A for nearest neighbours.
In th is  approximation the partition  function can be written

Z*rF  (80)

where C is  a quan tity  of the dimension of a temperature,
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defined by C  . ,* 0* » J(J ♦»/». 181)

The specific heat is given by
C = (82)
■  1 ' 6 T

The specific heat in a magnetic field now can be written if
Curie's law is satisfied (cf. (27))

CH = COi ff/*+ )/T2 (83)

w ; 2 = 2 g 2 * p 2 3trl6i (iW3), (83a)
and C = C/3- H’ can ^  interpreted as the effective magnetic
field caused by1 the interactions between the magnetic ions.

It may be noted that exchange interaction increases the spe
cific heat. The internal field Hlt introduced in section 2.31,
is equal to the purely magnetic contributions to W t, so that we
have

« 2 g r * 6 (83b)
Van Vleck has also calculated the terms in the specific heat
proportional to (C/T)3 and (£/T)*, which can be found in his
paper. It is of some interest to note that the specific heat is
independent of the shape of the body. This is a consequence of
the fact that Q contains the distance between the ions to a
high negative power, so that the influence of the ions at the
boundary is entirely negligible. Moreover it may be noted that
exchange interaction increases the specific heat.

With formula (82) it is not difficult to calculate the con
tribution of the dipole-dipole coupling to the specific heat.
This can be done in the cases of Ti+ and Cu , which ions do
not have an electric splitting. According to Hebb and Purcell
(H5) the calculated specific heat of titanium caesium alum
agrees satisfactorily with the results of unpublished measure
ments of Kurti and Simon. In the case of copper, however, the
specific heat calculated in this way is considerably smaller
than the experimental values (cf. G 1). This must be due to the
hyperfine structure, eventually combined with exchange interac
tion, or possibly to exchange interaction alone. This depends
on the degree of dilution of the substance*

2) S u s c e p t i b i l i t y .  The susceptibility can be found by
including in the Hamiltonian the terms describing the influence
of H. Now Z can be expanded in a power series in H

Z = Z° (1+Z<2>U* + <M >
For reasons of symmetry only even powers of H occur. Van VIecfc,
retainung terms until the fourth power in i/T found for Z
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Z<2> = [J7('6fcTf I [1+3 b(9-B)T~l + ( ^ b ( i - B ) f  -  yT"2] . (85)

where $B and Y are constan ts. I f  i s  d irec ted  along the z -ax is
$ i s  given by

* = -  AT1 2 [1-3 cos2 ( z ,r 1J)]/r® J . (86)
can be in te rp re te d  as the  z-component o f a magnetic f ie ld

excerted on the i - th  ion by a l a t t i c e  carry ing  in  every l a t t i c e
p o in t (excep t i - j )  a d ip o le  o f the  magnitude M/N d ire c te d
p a ra lle l  to  the magnetic f ie ld .  I t  i s  assumed th a t  $ i s  indepen
dent of the position  o f the ion i .  This i s  co rrec t fo r an ellip*
so ida l sample; $ = 0 fo r a spherical sample, because the mean
value o f cos2^ , ! ^  ) = 1 /3 . We w ill see below th a t  $ i s  equal
to  the d ifference  o f the Lorentz fac to r and the demagnetisation
c o e ff ic ie n t.

B describes the in fluence  o f the exchange in te ra c tio n ; a s
suming th a t only exchange between n earest neighbours must to  be
taken in to  account and every ion has z n ea re s t neighbours a t  a
d istance r, B i s  given by

B -  Az/Nr*. (87)

F in a lly  y i s  given by

Y * (CE79 [l+(3+3B/QZ) /8 J ( j+ i)] . (88)

The magnetic moment i s  given by I s 2kT Z( 2)W and consequently

I/H  = x° [l+(«)x° + (* -£ )2X°* -  Y T*2] , (89)

where we have w ritten  x° = Cj3T.

Comparison o f (89) with the expressions (15) and (16) of the
c la ss ic a l theory o f magnetic in te rac tio n  o f  Lorentz and Onsager
respec tive ly  shows, th a t  the c la ss ic a l expressions - apart from
a p o ss ib le  ‘exchange f i e l d ' ,  which adds an amount B I  to  the
purely magnetic Lorentz f ie ld  - agree with the rigourous expres
sion up to  the f i r s t  power of $. Therefore the Lorentz formula
d e s c r ib e s  the  m agnetic  in te r a c t io n  c o r r e c t ly  in  the  f i r s t
approxim ation. In  the second approximation however the Lorentz
expression i s  no longer co rrec t, and a term —yT has to  be add
ed to  the  term £  The c o rre c tio n  to  th e  'Lorentz formula
given by Onsager ( -2 (^ x .° )^  has to  be rep laced  as well by the
term —yT” .which however i s  o f the same order.

2.33 The in fluence o f  e le c tr ic a l  s p l i t t in g s .  The presence o f
e le c tr ic a l  s p l i t t in g s  com plicates the s i tu a tio n  considerab ly .
S ta r tin g  from a zero approximation in  which the c ry s ta ll in e  f ie ld
and an ex ternal magnetic f ie ld  was taken in to  account Van Vleck
was ab le  to  c a lc u la te  the p a r t i t io n  function  in  the f i r s t  ap-
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proxim ation o f the  in te ra c t io n . We sh a ll not quote the tem piic*
a ted  formulae o f h is  paper, but only mention the most important
r e s u l ts .

1) S p e c i f i c  h e a t .  In  the f i r s t  approximation i f
th e re  i s  no ex te rn a l f ie ld  Z can be w ritte n  in  the form

Z = Z0 (W V QC7T2) , (90)

where ZQ i s  the p a r t i t io n  function  in  the absence o f the in te r 
a c tio n . Q i s  a com plicated function , depending on the  magnetic
io n s , c ry s ta l  s t r u c tu r e ,  the  m atrix  elem ents o f the  m agnetic
moment in  the  c r y s ta l l in e  f ie ld  and A/kT,  where A i s  a measure
o f  the s p l i t t i n g .  Q has been c a lc u la te d  fo r  sev era l io n s  by
Hebb and Purcel l  (W5). In  the p resen t approximation the sp e c if ic
h ea t i s  given by

Cu = ( N k ) ± T a - ± l n Z 0 + ( N k )? T  (q/T ) ,  (91)

where the f i r s t  term denotes the  s p e c if ic  heat i f  the in te r a c t 
ion  would be absent and the second term denotes the con tribu tion
o f  the in te ra c t io n . At s u f f ic ie n t ly  high tem peratures, where Cj,
i s  p ro p o rtio n a l to  1 / T 2, th e  second term  o f  formula (91) ap
proaches (82) (Q-*Q/12), so th a t  in  th i s  case the sp e c if ic  heat
i s  simply the sum o f the  e le c t r i c a l  s p e c if ic  heat and the  mag
n e t i c  s p e c i f ic  h e a t, c a lc u la te d  fo r  ions  w ithou t e l e c t r i c a l
s p l i t t i n g s .

As an i l l u s t r a t i o n  we sh a ll  give the expressions fo r the sp ec i
f i c  h ea t in  t h i s  case fo r  some substances  neg lec t ing  the ex 
change.  W riting  Cu = 6/7* we g e t fo r  Cr+*+ in  a chromium alum
(compare (62) and (82 )) 2

6 = (Nk) \  ( b / k f  + 2 .40  C .
and fo r iron  in  iron  ammonium alum (compare (63) and (82)

6 = (Nk) |  ( b / k f  + 2 .40 C ,
where we have taken in to  accoun t, th a t  the  m agnetic ions are
s itu a te d  on a face cen te red  cubic l a t t i c e  ( c f .( 7 9 ) ) .  Assuming
th e  same s i tu a t io n  fo r  th e  Gd ions in  gadolinium  su lp h a te  we
f in d  fo r t h i s  substance  _ o ,

6 = (Nk) &  (6 J k f  + 2 .40  C .  94)
These formulae are  u se fu l fo r  the  c a lc u la t io n  o f  the e le c 

t r i c a l  s p l i t t i n g  from s p e c i f ic  h ea t d a ta  (see  I I ,  c h . I I ) .

(92)

(93)

2) S u s c e p t i b i l i t y .  Taking in to  account an ex
te rn a l magnetic f ie ld  Van Vleck c a lc u la te d  the magnetic moment.
Again to  a f i r s t  approxim ation th e  in flu e n ce  o f the  magnetic
in te ra c t io n  can be described  w ith a Lorentz  f ie ld ;  i f  exchange
in te r a c t io n  i s  p re se n t an ‘ exchange fie ld*  has to  be added to
th e  Lorentz  f i e ld .  T his r e s u l t  has been proved by Van Vleck in
a very general way and remains c o rre c t a lso  in  the case o f sa-
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tu ration . Hie next approximation in  general i s  extremely cumber
some to  c a lcu la te . I f  th ere fo re  often i s  sim pler to  use the On-
sage r expression ( 16) which can be shown to  be c o rre c t in  the
case when e le c tr ic a l  s p l i t t in g s  are p resen t to  the same degree
o f  approximation as in  the  case when S ta rk  s p l i t t in g s  a re  ab
se n t. For a proof o f th is  statem ent we r e fe r  to  Von V léck 's  pa
p e r.

I t  should be remembered th a t  the  th eo ry  reviewed in  t h i s
sec tion  i s  only a reasonable approximation as long as the series
expansions converge rap id ly , o r in  o ther words a t  s u f f ic ie n tly
high tem peratures fo r substances in  which the in te ra c t io n  b e t
ween the magnetic ions i s  weak. The theory in  o ther cases encoun
te r s  g rea t d i f f i c u l t i e s .  The p resen t theory  however app lies  to
the  cases in  which we are in te re s te d .

• * • *



C h a p t e r  III
THE MAGNETISATION IN AN ALTERNATING

MAGNETIC FIELD
G e n e  r a 1 r e n a r k s

3.1 Pornal description.
A useful starting point for the treatment of the physical

processes in which we are interested in this thesis is to con
sider a paramagnetic substance which is subjected to a magnetic
field of the form:

H = Hc + h cos u) t. (95)
This is a superposition of a constant field Hc and an alternating
field h with frequence h and Hc may have different direc
tions. It will be assumed henceforth that h «  Hc and moreover
that h is so small that the induced magnetic moment varies
harmonically as well. In this case we can write for the induced
magnetic moment

M = Mc + ■* cos gj t + ■” sinut. (96)
In the general case of a magnetically anisotropic substance we
have the relations (if we neglect saturation)

■c = Xo Hc■* > y ’ k
■" = x” h > (97)

where Xq . x ’ and x "  are tensors of the second rank, yr and x”are
the tensors of the two components of the differential suscepti
bility. It should be noted that x’ and x” in general depend on
the direction of h and H c,the magnitude of He,the frequency and
the absolute temperature, x’ is characteristic for the disper
sion and x” is characteristic for the absorption in the alter
nating magnetic field.

It will be useful for the further considerations to split h
into its components parallel and perpendicular to Hc and we
therefore will write with obvious notation h = + h . Then we
have

M = Mc + (bJ, + ■’) cos u) t + (*" + B*|) sinu) t,
or
M = xo Hc + (X’n h((+ cos u t + (x,” h„ + x£ V  Sln u  t, (98)

where xjt» Xl » Xj’, ®nd X^ are again tensors in general.
Formula (98) is much simplified if Hc is directed along one

of the principal axes of the magnetic polarisability. Then B^
is strictly parallel to h if (the same is valid for b ” and ftM ),
so that xL and x” can be treated as constants; in first approx
imation the same is valid for xj and xj*. In the case of a mag
netically isotropic substance'Tor a powder) all x*s in (98)
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clearly  can be treated as constants. We shall confine ourselves
to these cases, and thus shall regard the x*s as scalars depend
ing on Hc, T and the frequency.

I t  is  sometimes advantageous to introduce the complex nota
tions

X„ « X'„ ~ iXV, Xx= )£ - ix”x. (99)
Then we can write instead of (95) and (96)

H = Hc + (hM+ h| )eiu t (100)
and

■ (x„ + x± (101)

while the relation with (95) and (96) is  given by
h = hfj + h = Heft» exp(iwt)]. (100a)
■ * * |f + ■ •  fle[x cxp(ib)t)]. (101a)

In the remainder of th is  section we will omit the subscribts
|( and * I t  should be understood tha t a ll  formulae are valid
for both x„ and xL*

Without a detailed  picture of the physical processes i t  is
not possible to gi-ve a formulation of x’ and x” as a function
of H, T and V = w/2n. I t  is  however obvious th a t a t very low
frequencies x 1® equal to the s ta tic  susceptib ility  Xq and that
X” will be zero. Irrespective of the course of x ’ and x” as a
function of V i t  can be shown that x* and x" are mutually r e l 
ated by the Krcuners-Kronig relations

x’ (v.) 7O

X” (Vo) = " 1 J

V y”(v)
V2 -  v§

dv

Vo X’ (v)
V2 -  vs

dv,
( 102)

so that, i f  one of the components of the susceptib ility  is  known
as a function óf frequency, the other is  determined as well.
Condition for the valid ity  of these fortrailae is  that x(v) is  an
analytic function of V which has no poles in the lower half of
the complex V-plane. They can be derived according to Schouten
(c f . K10) from the plausible assumption that, i f  1 is  constant
u n til a given moment and from then on has a sligh tly  d ifferen t
value, the magnetic moment will have a constant value un til the
same moment.

The dependence of x’ and x” on the frequency can be very
d iffe ren t. In d iffe ren t important cases has a well defined
mnvimum at a certain frequency. Then x’ varies strongly a t that
frequency. A simple example is  the Debye-function (cf. Chapter
ÏV)

v (103)
v = -5°---- ,
A 1 + i p V
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which i s  equ ivalen t to

, Xo
*  m ï & ?
„.» XoPvX = --------- --

l+p®V2

( 104)

Another example i s  the f r ic t io n  damped magnetic o s c i l la to r

x\ g ^
. 2 9iv0 pv

(105)

which gives
V2o(v2o -  V2)

(vg -  Vs) 2 + v g p V

v g p v
_  V2V* + 2  2  2 »VqP V

(106)

here  V0 i s  the resonant frequency o f the .undamped o s c i l la to r .
A th i r d  example i s  the  c o l l is io n  damped magnetic o s c i l la to r

(Fróhlich-Van Vleck-W eiskopff's  formula, c f .  Chapter V)
,  p‘vS * (I**») (107)

X ^  p vg + (l+ipv) 2

which i s  equ iva len t to

1  + Vp ( v ^ o )p 2

I + (v+v0 ) 2 P2

1 -  Vq (v~v o) P 2

+ 1 + (v-v0 ) 2 p2
(108)

y PV , PV
x” 2 [ i  ♦ (y+v0) 2p2 + 1 + K ) 2P2 J-

I t  f in a l ly  may be remarked th a t ,  i f  » ’¥0  in  (96) energy i s
absorbed; the amount o f energy absorbed per second i s  given by

W =-V̂ *feW = KVx" h2<

1.2 P h y sica l p r o c e s se s . , .  ,
The considerations in  the preceding sec tio n  are  purely  formal

>r in  o th er words the physical background o f the phenomena d i s 
missed was no t analysed. In  th i s  se c tio n  we w ill consider th is
background from a general p o in t o f view.

To th i s  end we w ill  co n s id e r th e  sp in  system . T h is  i s  com
posed o f the atomic magnetic momenta - as they a re  e s ta b lish e d
under the in fluence  of the s t a t i c  in te ra c tio n  w ith the l a t t i c e  -
w ith th e i r  mutual in te r a c t io n  (d ip o le -d ip o le  and i f  necessary
exchange i n t e r a c t io n ) .  The sp in  system  n a tu r a l ly  has a very
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large number of degrees of freedom and its average properties
best can be described by a properly chosen canonical ensemble.
The temperature T characteristic for this ensemble usually is
called the spin temperature. The spin-system is weakly coupled
to the system of lattice vibrations. This coupling, although
weak, will prove to be essential for different phenomena.

We now will assume that the substance is subjected to a mag
netic field of the form (100). Then the processes leading to an
absorption of energy can be devided into two groups.

3.21 Energy absorption governed by the non-diagonal elements of
To begin with we shall neglect the coupling between the spin-

system and the lattice. If the frequency of the alternating
component of the magnetic field is very low, the system will be
after a number of periods in the same state as before. Then the
field varies adiabatically in Ehrenfest’s sence. If, however,
the frequency of the alternating field is higher there will be
a finite probability that the system after a number of periods
has made a transition from the original state a to a new state
n. The probability for such a transition is proportional to
U  |J, where M is the non-diagonal element of the magnetic
nKMMmt of the "spin-system in the direction of the alternating
field. , ,

It is instructive to consider this absorption somewhat closer
in the case of a system of pure spins without mutual interac
tion; for simplicity we shall assume that we have spins with
5 - 1/2. The Hamiltonian in a magnetic field isH = g 0 Bc 2 o; .
where fc a  is the operator of the‘angular momentum of the i-th
spin, and the energy levels are

E =ngPflc ,
where n = N*-N~ is the difference between the number of spins
which are parallel or antiparallel to Hc ; the levels are equi
distant with a spacing g(3H, and the degeneracy of « level n is
given by N!/N*!N~!, where IVis the number of spins and N-N n .

We next have to consider the possible transitions between
the levels. This is most conveniently done by taking ■ paral lel
to the z-axis. Then a wavefunction belonging to £n may be given

by ».-ï V*,)
where t\ is the spin function of the i-th spin, which cor
responds to an angular momentum in the direction of the*-axis
of % h or 44 ft if «i = +K  resp. In the expression N of the
indices st are +K and AT are 44. The operator of the magnetic
moment is given by M * (32CT^.
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The straight forward calculation of the matrix elements compo
nents of M yields the result (Mz)njl> ~ 0 for all values of n
and ri', except for ri' = n and both (Mx)nn, and (My)nh> are zero,
except for ri' = n + J. Two important conclusions can be drawn
from this result. First that only transitions between adjacent
levels are allowed, so that, because the levels are equidistant,
absorption only occurs at one frequency.The allowed transitions
correspond to the ‘turning over* of orie spin. Secondly that
only radiation can be absorbed which is polarised in the xy-
plqne, or, in other words,, the alternating field must be per
pendicular to the constant field. There fore this kind of absorp
tion and the corresponding dispersion can be described with V
and x^’ in the formulae of the preceding section, and is nothing
else than the paramagnetic resonance absorption, which we will
discuss in greater detail in Chapter V. In zero constant field
- as long as we neglect the interaction between the spins -
frequency of the absorption is zero. This can be expressed by
saying that in zero field no work is required for turning over
a spin.

Until now we neglected the interaction of the spin-system
with the lattice, which is justified because the discussed ab
sorption is independent of the interaction with the lattice, (ki
the other hand it should be remembered, that some interaction
of the spins with their surroundings is required for carrying
away the absorbed energy, which otherwise would be stored up in
the spin-system, causing an increase of the spin-temperatures,
Although this interaction in general is weak, it is usually
sufficient for making the rise of the spin-temperature negli
gible. If the rise of the spin-temperature is not negligible -
which in principle always can be reached by increasing the in
tensity of the alternating field sufficiently - the difference
in population of the levels between which the transitions take
place decreases and therefore the intensity of the absorption
decreases as well. Tliis effect sometimes can be used for deter
mining the spin-lattice relaxation time which is a useful mea
sure for the strength of the spin-lattice interaction (cf. Part
II, Chapter I).

If now the alternating field is parallel to the constant
field, M has only diagonal elements and there will be no absorp
tion if we neglect the interaction between the spins. If this
spin-spin interaction is present non-diagonal elements of M oc
cur and consequently absorption is found. This absorption is
called spin-absorption, and is governed by a relaxation constant
which is independent of T. As a consequence of the Spin-spin
interaction even in zero external field abèorption occurs.
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3.22 Energy absorption governed by the diagonal elements o f  M.
For the discussion o f th is  e f fe c t  we consider again the spin-

system in  a constan t m agnetic f i e ld .  The p ro b a b il ity  to  fin d
the system in  a s ta tio n a ry  s ta te  i s  p roportional to  the B o ltz 
mann- fac to r exp(-En/kT)f where we assume th a t  the tem perature o f
the  spins i s  equal to  the tem peratures o f the l a t t i c e .

I f  we apply an e x tra  f ie ld  h every energy .level i s  s h if te d
b y — Mnnih\ t where [h] i s  the  increase  in  the  magnitude o f  Hc .
Assuming th a t  the  spin-system  i s  com pletely iso la te d  and th a t
the  change of f ie ld  i s  ad iab a tica l in  E h re n fe s t's  sense, we can
conclude th a t  th e  occupation o f a lev e l w ith  the energy En —
MnJH  i s  the same as the occupation of the level En previously.
T his d is tr ib u t io n  not n ecessa rily  i s  again a Boltzmann d is t r ib u 
t io n  ( c f .  4 .2 2 ), which would allow  to  d escrib e  the new s i tu a 
t io n  in  terms of a d if fe re n t spin-tem perature, but i s  c e rta in ly
d if f e re n t  from a Boltzmann d is t r ib u t io n  over the energy lev e ls

T. E stab
le  i f  the

spin-system  can make tra n s it io n s  in  which a change o f energy i s
involved. T ransitions o f the spin-system  are possib le  as a con
sequence o f the in te ra c tio n  o f the spin-system  w ith the ra d ia 
t io n  f ie ld  and w ith  the  l a t t i c e  v ib ra t io n s ;  the  in te r a c t io n
w ith  the  l a t t i c e  v ib ra t io n s  in  m ainly re sp o n s ib le  fo r  th ese
t ra n s it io n s .  During the process o f re d is tr ib u tio n  energy i s  ex
changed between the  spin-system  and the  l a t t i c e .  I f  the add i
tio n a l f ie ld  v a rie s  harm onically w ith a very low frequency the
to ta l  h ea t exchange per period  i s  zero; th i s  i s  no longer the
case i f  the  frequency i s  'so h igh , th a t  the occupation o f the
le v e ls  lag s  behind th e  a l te rn a t in g  f ie ld  as  a consequence o f
th e  too slow exchange o f energy. This process i s  c a lled  absorp
t io n  by s p in - la t t ic e  re lax a tio n , and w ill be considered in  more

E — corresponding to  the  l a t t i c e  tem perature
lishm ent o f th is  l a t t e r  d i s t r ib u t io n  only  i s  possib

d e ta i l  in  Chapter IV.
I t  i s  important to  note th a t  the e f fe c t  depends on the v a r i

a tio n  o f the magnitude o f the magnetic f ie ld  fo r a given d ire c 
t io n  o f the constan t f ie ld .  Therefore the e f fe c t  i s  maximal i f
k i s  p a ra lle l  to  Hc and n eg lig ib le  i f  h i s  chosen perpendicular
to  H . Consequently y£u and Xn formula (98) account fo r  the
s p in - la t t ic e  re laxation , ap a rt from a usually  small co n trib u tio n
o f  the sp in -sp in  re la x a tio n . From an experimental po in t o f view
these two e f fe c ts  nearly  always can be separated .



C h a p t e r  IV
THE THEOHY OF SPIN-LATTICE RELAXATION

4.1 Introduction.
The program of a theory of spin-lattice relaxation can be

devided in two parts. In the first place the dependence of x ’
and x” on the frequency of the alternating field for (given val
ues of H and T should be explained. The relaxation constant
or the relaxation constants in this stage occur as parameters,
which have to be chosen in such a way that the theoretical val
ues of x' and X" agree with the experimental values. In the
second place the values of the relaxation constant obtained for
different values of Hc and T must be explained.

We propose to discuss in this chapter both parts of the the
ory of spin-lattice relaxation.

4.2 Tkenodyauic theory.
In ordér to derive expressions for x* and X* as a functi°n

of v it is useful to start from the following picture. A para
magnetic substance which may be in heat contact with its envi-
ronnement, for instance a liquified gas, can be regarded as a
complex of weakly coupled systems. Hie spin-system is coupled
to the - thermodynamic - system of the lattice vibrations; the
latter system on its turn may be coupled with the liquid bath,
which we shall suppose to have an infinitely large hèat capaci
ty. The temperature of the bath may be T&. This picture is
slightly more general than the picture of Qtsinir and Du Pre
(05) and than the more detailed picture of Casimir (C7); the
results of both authors are contained in our more general for
mulae, as will be shown below.

Hie problem is now to calculate x
paramagnetic substance are subjected

and x" if the ions in the
to a magnetic field H of

the fonn H * Hc + h exp(itit), UlUJ
where we assume that h has the same direction as lc and moreover
that h«Hc. Hie basic assumptions of the thermodynamic theory

nOWa)rHie spin-system is in thermodynamic equilibrium all the

assart
allied frequency ia — II — ««h ■» *)“  “ “ " T 1

do not change appreciably during the tune
establishes its equilibrium. This assuaption has been introduced
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for the f i r s t  time by Casimir and Du Prey a.discussion will be
given in section 4.22*

b) The system of the la ttic e  vibrations is  in thermodynamic
equilibrium a ll the time.

c) The substance is  isotrppic and homogeneous.
The assumptions a) and b) imply that there are al 1 the time

well defined temperatures of the spin-system and the la t t ic e ,
and that thermodynamics can be applied. I f  there is  a su ffic 
ien tly  small temperature difference between the spin-system
and the la ttic e  the amount of heat exchanged between these sys
tems will be proportional to the temperature difference. There
fore the amount of heat absorbed by the spin-system in a short
time dt is  given by

dQ -  «1 (J*. -  Ta)d t‘ (111)
where Ts and TL are the (temperature of the spin-system and the
la tt ic e  re sp ., and where the proportionality  factor flti can be
called the  heat contact. The dimension of a t is  cal sec de
gree ̂ v o l"1, which is  d ifferent from a heatconductivity. More
over we have for the spin-system (C£« (28))

dQ m C dtl + Cu£ £ )  dH. (112)
" W f l  * dH M

Sim ilarly the amount of heat absorbed by the la tt ic e  from the
heat reservoir is  proportional to  the temperature difference
between the heat reservoir and the la ttic e . Taking into account
the heat exchange between the la t t ic e  and the spin-system we
have

<ti(T8 -  Tl ) dt + ot2 (T0 -  T J d t  -  Ci.dTy,. (113)
Here a2 is  the heat contact between the la t t ic e  and the heat
reservoir, and Q, is  the specific heat of the la tt ic e . We fin a l
ly  have the relation

T, -  T0 -  (§)„<* * (§ )ƒ !■  <»4>
We shall now assume a magnetic fie ld  of the form (110).
Writing B = Ts -  TL and = TL — T0 we can put

tl = M0 + m exp(iwt)
@ = % exp( iu t ) .

®  exP(i<ot)r
Fran (111), (112), (113) and (114) we easily  derive the relations

* •  *  f e f  + “5 ^ 3  * • .

+ \ = V + h‘
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fcjimination of ®0 and 0^ yields after some calculation the
following expression for x

ms)
where we have written Xq=(dM/dH)fi Xo is the isothermal differ
ential susceptibility which is equal to the static suscepti
bility if saturation can be neglected.

Of course it is possible to separate the right hand side of
(115) in its real and imaginary part, and thus to obtain x* 811(1
x ’*« The resulting formulae however become very complicated and
it is difficult to work with them. In this thesis however we
only are interested into some limiting cases and we confine
ourselves to a discuss ion of these aspects.

a) If the heat contact between the lattice and the heat re*
servoir is very good, so that the lattice virtually acts as a
thermostat with the temperature of the heat reservoir, we can
take a 2 - oo. Then we have

X  * Xo ih£* + . <116>
iuCH+ <»i

If we split this expression into its real and imaginary part We
obtain _

x’/xo -  (i-n *■ (117a)

x"/xo - f pv- (117b)* l+p2V2
with f  “ (Ch  — ( W A ' N  (118)
and P “ 2nCH t̂x* (119)

An alternative form of the formulae (117) is found by introduc
ing y = Inpv; then we have

X'/Xo - ( 1 ~ F ) + * F  (1- tgh y) (120a)
X ”/v *  54 F  sech y. (120b)

These formulae are illustrated by fig. 7b. These expressions
for x’/x 811(1 X M/Xo wil1 ^  called the thermodynamic formulae.
According to these formulae x ’/x*, ls represented by a constant
term plus a simple Debye curve, and is one for V ■ 0 and de
creases for increasing V reaching a constant value v /Xq  “ (1^)
for very high frequencies; the curve has a point of inflexion
for pv = 1, which is identical with the value of v for which
X’/Xo * l-KCl-J®). x ”/Xo is represented by a be 11-shaped curve
having a maximal value lAF for pv = 1. It is easily seen from
(120a) that the slope for y = 0 in a X’/Xo versus ln v Plot “
—F/2 and in a X*/Xo versus log v plot is —  1.15 F« From (120b) it
can be concluded that the width at half the maximum value of
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ft.
■ I * *ft.

a
0 02  0.4 OA 04 t o  *1 o  f

-  lO« V V

F ig . 7 . The c » r « > n t i  o f  the suscep t ib i l i ty .
T h e r s o d y n s s i c  f o r s n l s s  ( 1 1 7 ) ;  p > 0 . >
C o l o ' s  f o r s u l s e  ( 1 2 9 ) ;  P » o . « .  Ys *«

the x ”/Xo versus In v p lo t i s  2.64 and o f  the  x’VXo versus log v
p l o t  1 .1 4 . (Here we have w r itte n  In fo r  th e  n a tu ra l  and log
fo r the b riggian  logarithm .)

I t  i s  e a s ily  seen th a t
X'a/Xo « <W > * V S '

so  th a t  in  t i s  case x’ = X*® = X .d th is  r e s u l t  i s
obvious, because a t  high frequenc ies the  h ea t c o n ta c t i s  too
weak and the process wil l  be p ra c t ic a lly  a d ia b a tic . I t  i s  e a s i
ly  concluded from (117) th a t  y/ and y” , measured fo r the same Hc
and T s a t is fy  the  re la tio n

[X* -  *  (Xo + X.d>]2 + X*2-  X(Xo -  X .d) 2. (121,)
so  th a t  the  -y" versus x* p lo t  i s  a se m ic irc le  w ith ce n tre  on
the  x ’ -a x is  and passing  through the  poin ts Xq and x . d 0,1 th a t
ax is  ( f ig .  7 a ). Moreover we have

tg  * pv. (121b)
In  the case th a t U = f(H /T) (Cf. 61a) we have

F = ƒ ' lF /(b  + ƒ '  i f ) ,  (122)
which becomes

F -  c r f'/ ib  + a f )  (123)
i f  the  m agnetic moment s a t i s f i e s  C u r ie ’s law li ■ CH/T. This
formula has been derived  the f i r s t  time by Casimir and Du Pré
and may be c a lled  the Casiuir-Du P ré  formula; i t  i s  very usefu l
fo r  d e te rm in in g  b/C. I t  i s  sometimes u se fu l to  in tro d u c e  a
symbol fo r  the  f ie ld s t r e n g th  Hb making F » a c co rd in g  to
(123) we have H* « b/C.n

I t  f i n a l l y  may be noted th a t  the  formulae (117) o ften  give
a s a t i s f a c to r y  d e s c r ip tio n  o f  th e  dependence o f  x* and x” on
the  frequency a t  co n stan t H and T, and then enable a determi
n a tio n  o f  the  re la x a tio n  c o n s ta n t fo r given HQ and T. At low

v

to /  ft.
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te m p e ra tu re s  however o f te n  d e v ia t io n s  o f  the  thermodynamic
form ulae a re  found, and o f te n  x* and x "  can be d e sc rib ed  by
two em pirical formulae due to  Cole and Cole (Cf. sec tio n  4 ,21 ).

b) A u se fu l g e n e ra lis a tio n  o f the  Casimir-Du Pré  formulae
i s  ob tained  by p u ttin g  S2 ■ 0 in  (115). This corresponds to  a
s i tu a t io n  where the param agnetic substance has no thermal con*
t a c t  w ith  the  l iq u id  b a th . Or e ls e  to  the  s i tu a t io n  where the
substance  i s  in  c o n tac t w ith  a h ea t c o n ta in e r  which has a f i 
n i te  h ea t c a p ac ity , bu t no h ea t con tac t w ith  th e  ba th . In  th is
c a se  CL i s  th e  s p e c i f i c  h e a t  o f  th e  l a t t i c e  p lu s  th e  h e a t
c o n ta in e r .

Taking ■ 0 in  (115) we have

*£„+ CLt  ( i  + C ^/C J
X * *° io£H+ Ot ( i  + C^/C^) '

(124)

which can be s p l i t  in to  i t s  rea l

X'/Xo = + b

and imaginary p a r t

C. . F
r   ̂ i 5 2+ CL 1 + Pi v

(125a)

x 7 x o  * (■
CH +CL

■)

FpiV
1 +

(125b)

where F i s  the same as before and Pi i s  given by
C. 2uC„ C.

C„ + C.
(126)

(^  + CL Cti ■ - L
These formulae only d i f f e r  from (117), (119) in  th a t  the re la x 
a tio n  constan t i s  sm aller by a f a c to r  C^/fC^+C^)  and th a t  the
p a r t  o f the  m agnetisation th a t  i s  dependent on V i s  sm aller by
the  same fa c to r .

As one should expect a t  high frequencies x ’/Xo = as be“
fo re , but a t  low frequencies (pv —*0) we get

x’/Xo * U27
This formula could be applied  to  a de term ination  o f the sp e c if ic
h ea t o f the l a t t i c e  o r the  s p e c if ic  heat o f a substance which
i s  brought in to  good h e a t c o n ta c t w ith  the  param agnetic  sub
s tan ce . We on ly  need  to  m easure x ’ /Xc a t  verV lo"  *reclu*ncT
(fo r  in s ta n c e  b a l l i s t i c a l l y )  fo r  g iven  value  o f  the constan t
f ie ld ,  i f  we take  a param agnetic substance fo r which F and CH
are  known. Experim ents o f t h i s  kind are  in  course o f p rep ara 
tio n  a t  Leiden by L.C .v.d.Afarei, phys. cand ..

I t  may be added th a t  Casim ir (Cl ) ,  who d e r iv e d  (126 ) fo r
the  f i r s t  tim e, po in ted  out th a t  in  a d ia b a tic  dem agnetisation
experim ents, where the paramagnetic substance i s  therm ally in -
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sul ated from the liqu id  bath , the sp in * la tt ic e  re lax a tio n  con
s ta n t  rap id ly  decreases w ith  decreasing  tem perature. This i s
co n tra ry  to  the expecta tions o f  H e itle r  and T e lle r  (H14) who
d id  not take in to  account the f in i te  heat capacity  o f  the l a t 
t ic e .'

b) We nex t w ill  assume th a t  the  h ea t co n tac t between the
la t t i c e  and the bath i s  much poorer than the heat contact b e t
ween the spin-system  and the l a t t i c e ,  so th a t  we have a 1»ot2.
In  th is  case (1151 becomes

iti)((L + C, )  + ot2
a ,  •

(128)

This expression a lso  r e s u l ts  from the  thermodynamic expression
(116) i f  we replace CH by (CH+ C ^), CB by (C^ + C^) an<̂  .®i by
a 2. The behaviour o f x* and as a function  i f  the  frequency
i s  formally the same as in  case a) and the formulae (117) apply
i f  we replace F by (C^-£^)/(Ck+Ck) and P by p2 *■ 271(6^ +C^)/a2.

These considera tions  show th a t  a poor hea t con tact between
the  substance and the bath  can cause a re lax a tio n  e f fe c t ,  which
however should be d istin g u ish ed  from paramagnetic re la x a tio n .
This spurious re la x a tio n  e f fe c t  can be avoided by a good heat
con tac t o f the sample w ith the bath . This can accomplished by
tak in g  a sample o f  small c ry s ta ls ,  which a re  immersed in  the
codling  l iq u id . De Haas and Du Pré  (H ll) proved the ex istence
o f  the spurious re lax a tio n  e ffe c t  by examining titan ium  caesium
alum. This substance-has a so sh o rt l a t t i c e  re la x a tio n  time, th a t
a t  l iq u id  helium tem peratures no re la x a tio n  i s  observed w ith
th e  normal means (C f. P a r t  I I )  i f  the sample i s  inmersed in
the liq u id . I f  the substance i s  sealed  in  a g lass  vessel con
ta in in g  a very small amount o f helium gas as well, a re lax a tio n
e ffe c t  was observed, which must be due to  the much poorer heat
ccxitact in  the second case. The heat contact in  the f i r s t  case
apparently  i s  so good th a t  the l a t t i c e  has v i r tu a l ly  the  same
tem perature as the bath . This probably w ill n o t be very d i f 
fe re n t in  o th er cases. From a th e o re tic a l po in t o f view however
th e  good h ea t c o n tac t between the  s a l t  and the  ba th  i s  very
p uzz ling  (Van Vleck  (Y 12)).

4.21 D eviations from the  thermodynamic formulae.
In  several cases however th ere  i s  no s a tis fa c to ry  agreement

between th e  experim ental r e s u l t s  and the  form ulae (117) o r
(120), as th e  experim ental curves o f both types a re  f l a t t e r
than the th eo re tic a l curves. I t  i s  possib le  to  use the d i f f e r 
ence between the slope o f the observed x ’/Xo versus log v curve
in  the poin t o f in fle x io n  and the  value p red ic ted  by (117) o r
(120 ), o r th e  d iffe re n c e  between the  observed and p re d ic te d
width a t  h a lf  the maximum value o f the X7Xo versus Io« v cu r"
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ve, as a measure for the deviation from the formulae (1171 or
(120).In several cases an other description is possible, which
presumably can be interpreted physically and therefore is pre
ferred here. Often the x" versus x’ Plot is sti11 a circular
arc passing through the points x’ * Xq ^  X* = Xo on the X* "
axis, but now with its centre above the x*-axis (compare fig.

7a>*According to Cole and Cole (C8) in this case (117a) and (117b)
can be replaced by

v./y - (1 -F) +1  rl______Sinh [l ~ 1 (129a)X /Xo + 2 L cosh (l-y)y + m  XyrcJ
Y»/Y = L  cos Xytc________ ,
* '*° 2 cosh (1-Y)y + sin %yrc

where %y7i » the acute angle between the x* -a*is and the radius
of the arc drawn to the point X* “ X» f*8« 7b). For y * 0
(129a) and (129b) are identical with (120a) and (l^Ob) resp.;
F of course is given by (118). Both Xy7T and y are a measure of
the deviation from the thermodynamic formulae (117) or (120).

An alternative way of formal description is found by assu
ming the existence of a continuous distribution of relaxation
constants rather than one relaxation constant as occurs in the
theory of Casimir and Du Pré. As Fuoss and Kirkwood (F5) have
shown it is possible to calculate the required distribution
for any observed x"“frequency relation. In the present case
the distribution function G is given by

G{s )ds « ±  M S------- ds. (130)2rc cosh (l-y)s - cos yn
where s ■ log (p/P,J« G has a maximum for p = par; p av is the
mean value of the relaxation constants, which can be calculated
from the experimental results in the same way as p can be cal
culated (Cf. page 58). Compared with a Gaussian curve the cur
ve (130) is sharper peaked near the maximum, but tails off
slower.

The width of the distribution curve can be described with
the ratio pjpmy where p is the highest value of p for which
the value of *G is half the maximum value; p* is determined
by the equation . . *2 - cos y7t * cosh (1-y) In \P /̂Pmw)» \ioll

It seems to be reasonable to assume the existence of a
distribution of relaxation times in the case of an imperfect
crystal. Only a detailed theory, however, could explain the
shape and the dependence on Hc and T - found experimentally -
of this distribution.

It may be added that in all cases investigated X /Xo ®PProa*
ches a finite limiting value ^  for high frequencies, irrespec-
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t iv e  of the de tax is  o t the frequency dependence; X'VXo a l waYs
approaches zero fo r high frequencies.

4.22 The assumption o f  thermodynamical equilibrium  o f  the spin*
system.

In th is  sec tion  we w ill d iscuss b r ie f ly  the not a lto g e th e r
t r iv ia l  f i r s t  assumption (compare page 56) o f  the thermodyna*
mic theory . I t  w ill be c le a r  from the  considerations given so
fa r  th a t x^  i s  the d i f f e r e n t i a l  s u s c e p t ib i l i ty  o f the sp in -
system in  a s i tu a t io n  in  which th e re  i s  no in te r a c t io n  w ith
the l a t t i c e  v ib ra tio n s; th is  statem ent is  co rrec t irre sp e c tiv e
o f the d e ta i ls  o f the d isp e rs io n  and absorption.

According to  the thermodynamic theory we have
Xc/Xo = X.a/Xo * ty(b+CHc* ).

T his form ulation im plies th a t  the spin-system  i s  in  thermody
namical equ ilib rium . An a lte rn a tiv e  po in t o f view i s  to  regard
y as the c o n tr ib u tio n  to  the  s u s c e p t ib i l i ty  x  = (ÖM/QhJ j ',
obtained upon d if f e re n t ia t io n  o f the magnetic moment, given by
(34a) keeping the fa c to rs  exp(~En/kT) constan t and d i f f e r e n t 
ia t in g  only w ith  re sp e c t to  Hc . This im plies th a t  the  occup
a tio n  o f the energy le v e ls  o f the sp in -system  i s  independent,
o f a va ria tio n  o f Hc . As we pointed out in  sec tion  3.22 th is  i s
the case i f  the sp in-system  i s  is o la te d  from the  l a t t i c e  and
therefo re  the  s u s c e p t ib i l i ty  obtained  here may be c a lle d  the
iso la te d  s u s c e p t ib i l i ty  X<B *

The question  a t  once a r is e s  wether xad and X* BO are  equal•
T his would be the case i f  the thermodynamical e q u ilib r iu m 'o f
th e  sp in-system  in  a given s ta t e  would not be a f fe c te d  by a
changed o f H..A ccording to  Van Vleck (mentioned by Miss Wright
(W4)) however only under special circum stances x .d  can be equal
to  Xiao* This seems to  in v a lid a te  B roer ' s  co n sid e ra tio n s  who
aimed to  show th a t the spin-system  always remains v ir tu a lly  in
a s ta te  of thermodynamical equilibrium  a f te r  a small change of
H (B16).

C
Miss Wright and Broer (Cf. (W4)) considered the simple case

o f  a system o f  sp in ss  w ith  a rb i t r a r y  5 . In  th i s  case x  Uoin
high f ie ld s ,  n eg lec ting  s a tu ra tio n  and exchange, is  given by

Xuo/Xo » 0 .80  H I/2H I

where Hl  i s  given by (83b) w ith J  = S . According to  the th e r 
modynamic theory we have (compare (83))

x. a , - «.v2»:-
Obviously i t  i s  o f g rea t in te r e s t  to  examine the experimen

t a l  v a lu es  o f Xoo as a fu n c tio n  o f  Hc , as t h i s  may a llow  to
conclude wether from an experimental po in t o f view x*, i s  equal
to  x^! or to  xja * This problem w ill be considered in  P a r t 11,
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3,3* Here we can confine ourselves to the remark that at pre
sent there seems to be no convincing experimental reason for
abandoning the interpretation of ^  according to the thermody
namic theory and consequently the subsequent considerations
are based on the assumption that thermodynamic equilibrium of
the spin-system is  maintained at a ll moments.

4.3 The theory o f the relaxation  constant.
4.31 The nature o f  p.
As we have seen in the thermodynamic theory the relaxation

constant occurs as a quantity which has to be chosen in order
to obtain the best f i t  of the theoretical resu lts with the ex
perimental data. Therefore within the scope of the thermodyna
mical theory no evaluation o f p is  possib le. A more detailed
consideration of the interaction between the spin-system and
the la tt ic e  is  required for th is . Assuming that th is interac
tion  causes spontaneous transitions between the energy levels
o f  the spin-system i t  i s  not d if f ic u lt  to express 0̂  and hence
p (Cf. (119)) in  terms of the probabilities of these tran sit
ions (Gl).

I f  we ca ll A^ the probability of a transition from level h
to k, than we have in case of thermal equilibrium

V *  -  V k h  -  °* <132)
where Nh and N are the occupations of the levels; Nh and Nk
must obey the Boltzmann d istribution . Hence we have

E •• E
N m N exp (—------—)h hk r  1 2kT \  - N exp f t  ~ f t )

hk 2kT
and

A ■ A exp ------—)hk hk  ̂ 2 kT
E. -  £

A exp (-**-— — ) »
hk ' 2kT

where we have written

h *  -  x  < \  ♦ nj '‘hk •  % (Abk *

I f  the temperature of the Boltzmann d istrib u tion  changes
from T to T + A T, the surplus per second of the process going
from h to k is

— K -  E -
N A — N A m N exp (—------ jy A.. exp ( h *■)
V * h k  JV * k h  J\k  y  K2k(T*èT 2kT

E. -h----- M -

-A -  exp 2kT

Assumingl£h -  Ej \<<kT and AT «T  we get

V m, -  V »
The tota l energy (neat) transmitted per second to the la tt ic e
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i s  found by m u ltip ly in g  th i s  su rp lus w ith  (£’h — £ fc) and summa-
t io n  over a l l  values h and k . In  th i s  way we g e t

dg  ,  a:
d t IkT* kk?. - eJ

so  th a t

S ince we can w rite

-  ■ - v

Cu — L 2 fL „(EL -  £ J S
" 2fe7e hk * k ^ h k

(133)

(134)

(135)

and s in ce  Nh. i s  independent o f  the choice o f  h and k we f in a l ly

° b “ i n  p  . *”&<**-V‘ (136)
i K A - h ) 1
hk

In  th e  case  o f  f re e  sp in s  w ith  S  * % we g e t the sim ple ex
p re s s io n

p k 2ic/(4i2 + 4 a i ) ,
w hich was o b ta in ed  fo r  th e  f i r s t  tim e by G orter  and Kronig
(G10).

In  th i s  way we have reduced th e  ev a lu a tio n  o f  p to  an ev a lu 
a tio n  o f  the t r a n s i t io n  p ro b a b il i t ie s  d  .

4.32 The ca lcu la tion  o f  the tra n s itio n  p r o b a b ilitie s .
The c a lc u la tio n  o f p w ith  formula (136) i s  very com plicated,

b u t can be s im p lif ie d  somewhat by reg ard in g  the  ions as v i r t u 
a l l y  independen t - th e  i n t e r a c t io n  between th e  io n s  can be
ta k e n  i n to  acco u n t in  f i r s t  ap p ro x im a tio n  by th e  i n t e r n a l
m agnetic f ie ld  Hl , so  th a t  in  (136) one can take fo r  the  le v 
e l s  E. and E. the le v e ls  o f a f re e  io n . The c a lc u la t io n  o f then k
Ahk however rem ains very  d i f f i c u l t .  B efore p ro ceed in g  to  th e
d isc tiss io n  o f  the ev a lu a tio n  o f  the  A ., we s h a ll  make some re -hk
marks about the  n a tu re  o f the  t r a n s i t io n  p r o b a b i l i t i e s .

The energy  re q u ire d  fo r  th e  t r a n s i t i o n  from to  £ k must
be fu rn ished  by th e  l a t t i c e  v ib ra t io n s . TTiis can happen in  two
e s s e n t i a l ly  d i f f e r e n t  ways, as has been p o in ted  out by Waller
(W3) a lre a d y  in  1932. I'n th e  f i r s t  p la c e  an e l a s t i c  quantum
fo r  which h\i * E^ -  E, can be absorbed or em itted . In  th e  caseh k
o f  a b so rp tio n  th e  number o f  quanta o f  th e  l a t t i c e  in  th e  v i 
b ra tio n a l s t a t e  V d im in ishes from + 1 to  n^. The p ro b a b ili ty
fo r  th i s  d irec t process i s  given by

v  *jjt it <v>n U38)
where p(v) i s  th e  d e n s ity  o f  th e  s t a t e s  o f  th e  l a t t i c e  w ith
frequency v; + 1; nv ) i s  the m atrix  elem ent o f the  t r a n s 
i t i o n .  The average has to  be taken over a l l  d i re c t io n s  o f  p ro 
pagation  and p o la r is a t io n  o f  the e l a s t i c  v ib ra t io n .

In  th e  second p lace  a l a t t i c e  quantum 7w can be absorbed ,



waiie ano tn er quantum hv‘ i s  em itted , so th a t  h(v—v ’ ) = E —  E .
_  , ,  t i l e
T h is  p ro cess  i s  e q u iv a le n t to  Raman s c a t t e r in g  where th e  l a t -
t i c e  v ib ra t io n  quanta rep lace  the  l ig h t  quan ta . The p ro b a b il i 
t y  fo r  t h i s  k ind  o f t r a n s i t i o n  ( in d i r e c t  o r quasi-Haman p ro 
c e s s )  i s  given by th e  ex p ress io n

pCvWv') I HK + l .  «v»; v  "v* +1)P1 aver age (139)

which i s  s im ila r  to  (138).
At f i r s t  s ig h t  one might expect th a t  the  d i r e c t  p ro cesses  -

which a re  a f i r s t  o rd e r e f f e c t  - a re  th e  more freq u en t ones. On
th e  o th e r  hand however a l l  l a t t i c e  waves can p a r t i c ip a te  in  a
c e r ta in  t r a n s i t i o n  by th e  quasi-Raman e f f e c t ,  w hile th e  d i r e c t
p ro c e s se s  re q u ir e  a l a t t i c e  wave o f  th e  r i g h t  freq u en cy . Ac
co rd ing  to  F ierz  (F6) and Kronig (K ll)  the  number o f  quasi-Ra
man p ro cesses  i s  proportional to  T2 fo r  and to  T7 fo r  T« 8 ,
where ® i s  Debye’s c h a r a c te r i s t i c  tem p era tu re  o f  th e  l a t t i c e .
The number o f  d i r e c t  p rocesses i s  p ro p o r tio n a l to  T. T herefore
on ly  a t  very  low tem peratu res ( accord ing  to  an e v a lu a tio n  those
o b ta in a b le  w ith  l iq u id  helium , see  however P a r t  I I )  th e  f i r s t
o rd e r  p ro c ess  can p re p o n d e ra te , w h ile  a t  h ig h e r  tem p era tu res
th e  quasi-Haman p ro c esse s  w i l l  be more f re q u e n t .

The a c tu a l  c a lc u la t io n  o f  the  m a trix  elem en ts in  (138) and
(139) re q u ire s  a d e ta i le d  p ic tu re  o f  th e  co u p lin g  between the
sp in -sy s tem  and th e  l a t t i c e .  S ev era l mechanismshave been p ro 
posed in  th e  l i t t e r a t u r e .

In  f i r s t  in s ta n c e  th e  l a t t i c e  v ib ra t io n s  cause an a l t e r n a 
t i n g  e l e c t r i c  f i e l d  f t  th e  p o s i t io n  o f  a p a ram ag n e tic  io n .
This e l e c t r i c  f i e l d  however i s  unable  to  in f lu e n c e  pure sp in s ,
s in ce  th e  m a trix  elem ents jC 138) and (139) van ish  in  t h i s  ca se .
On th e  o th e r  hand th e  l a t t i c e  v ib r a t io n s  cause v a r ia t io n s  in
th e  m a g n e tic  f i e l d  w hich th e  io n s  e x e r t  on ea ch  o th e r  and
t h i s  e f f e c t  can induce t r a n s i t io n s  o f  th e  -sp in -system . Waller
(W3) who c o n s id e red  t h i s  mechanism fo r  pure s p in s  c a lc u la te d
th a t  p/2rt -  10 sec  a t  l iq u id  a i r  and th a t  p/27t s* 10 /H  sec
a t  l iq u id  helium  te m p e ra tu re s .

H e itle r  and T e lle r  (H14) co n sid ered  th é  case  o f  su b stan ces
h av in g  an e l e c t r i c  s p l i t t i n g .  The l a t t i c e  v ib r a t i o n s  cau se
v a r ia t io n s  o f  t h i s  s p l i t t i n g  and acco rd in g ly  t r a n s i t i o n s  o f
th e  sp in -sy s te m  a r e  in d u ced . They o n ly  co n s id e re d  th e  d i r e c t
p rocess and a r r iv e d  a t  th e  fo llow ing  formula fo r  T « 0

2 / n  o x 10"e2ft k ® _1— (140)p -* 0 .3  X iu m  4p2 H2T
HlT

T aking HP -  2000 O e rs ted , T = 1° K and ® = 100° K we f in d  p ~
100 se c . F ierz  (F6) co n sid e red  th e  in d i r e c t  p ro cess  under th e
same assum ptions as H e itle r  and T e lle r  and a r r iv e d  a t  the  fo r 

mula
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A ccording to  th i s  formula we have i f  7 » ®  p~T“2 and i f  T«® p~T~7.
I f  Tct® th e  in te g ra l  i s  o f  the  o rder one and so we g e t f o r  T  =
9 0 °  K p rs ilO ”4 se c . T h is  v a lu e  i s  c o n s id e ra b ly  sm a lle r  th an
th e  v a lu e  o b ta in e d  by H e i t l e r  and T e l l e r *s fo rm ula  fo r  th e
same tem peratu re  ( p - a i l  s e c ) ,  so th a t  ap p a ren tly  th e  in d i r e c t
p ro cesses  should  be predom inant.

I f  we compare th ese  th e o re t ic a l  c a lc u la t io n s  w ith  th e  v a l
ues ob ta ined  from experim ents we see th a t  th e re  i s  a wide d i s 
c rep an cy  between th e  two. The experim ental r e s u l t s  fo r  iro n
and chromium alum show t h a t p i s  o f  th e  o rd e r  o f  10“z s e c . a t
l iq u id  helium  tem peratu res and 10‘ e sec a t  l iq u id  a i r  temper
a tu r e s .  The d isc rep an cy  i s  even more s t r i k in g  in  th e  case  o f
t i ta n iu m  alum. As th e re  i s  no e l e c t r i c a l  s p l i t t i n g  W aller 's
th e o ry  should  be a p p lie d  and acco rd in g ly  the  r e la x a t io n  con
s t a n t  should be much la rg e r  than  fo r  the o th e r  alum s. No d i s 
p e r s io n  and a b so rp tio n  co u ld  be d e te c te d  a t  th e  f re q u e n c ie s
o rd in a r i ly  used in  the experim ents, which means th a t  the  re la x a 
t io n  c o n s ta n t  must be much s h o r te r  th an  fo r th e  o th e r  alum s.
A ll th e s e  th e o r ie s  g iv e  a much to o  long  r e la x a t io n  c o n s ta n t
and Gorter (G il)  th e re fo re  ctm cluded th a t  ap p a re n tly  an o th e r
mechanism th an  th o se  d is c u s s e d  must be a c t iv e .  A ccord ing  to
Kronig  (K ll)  t h i s  o th e r  mechanism i s  p rov ided  by th e  remains
o f  th e  sp in  o r b i t  co u p lin g . The l a t t i c e  v ib ra t io n s  in flu en ce
th e  o r b i ta l  moment o f  th e  param agnetic ions and the  sp in  o rb i t
c o u p lin g  in  h ig h e r  ap p ro x im a tio n  g iv e s  n o n -v a n ish in g  m atrix
elem en ts o f  th e  sp in  l a t t i c e  t r a n s i t i o n s .  Kronig i l l u s t r a t e d
th i s  e f f e c t  w ith  a schem atic model and a r r iv e d  a t  an accep tab le
va lu e  o f  the re la x a t io n  có iis tan ts , even in  the case o f  titan iu m
caesium  alum. Van Vleck (V13) independen tly  c a r r ie d  ou t s im i
l a r  c a lc u la t io n s  fo r  th e  s p e c ia l  ca ses  o f  chromium and t i t a 
nium alum. As th ese  c a lc u la tio n s  a re  more d e ta i le d  than Kronig's
c a lc u la t io n  we only  w ill  review  Van Vleck*s c a lc u la t io n s .

We have to  s t a r t  from th e  H am iltonian o f  th e  whole c r y s ta l ,
which i s  equal to  th e  H am iltonian o f  th e  sp in -sy stem  (form ula
(37) i f  we n e g le c t  th e  in t e r a c t io n  between th e  param agnetic
i o n s ) ,  p lu s  th e  H am ilto n ian  o f  th e  l a t t i c e  v ib r a t io n s  and a
term  d e sc rib in g  the  in te ra c t io n  between th e  o r b i ta l  moments o f
th e  m ag n e tic  io n s  and th e  l a t t i c e  v i b r a t i o n s .  T h is  can  be
w r it te n  in  th e  form

H c r y . t . 1 =  H 0 r  +  H L - / / c Af  +  H 0 L  +  H 8 0 .
H0r i s  the  o r b i ta l  energy, which a r is e s  from th e  term s Hq + V
in  (3 7 ) . The e ig en v a lu es  o f  H0r a re  th e  o r b i t a l  le v e ls .  I s
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th e  energy  o f  th e  . la t t i c e  v ib r a t io n s ,  having  th e  e ig en v a lu es
E 'n«  h v .  The term  d e s c r ib e s  th e  energy  in  th e  m agnetic
Vf ie ld ,  where M in  th e  tp ta l  m agnetic moment. —H M can be taken
diagonal as  f a r  as th e  sp in s  a re  concerned, the  o r b i ta l  magne
t i c  moment however ca u ses  n o n -d iag o n a l e lem en ts  betw een th e
d i f f e r e n t  o r b i ta l  le v e ls .  h( i s  th e  sp in  o r b i t  coup ling . F in 
a l ly  ^ 0L i s  the  in te r a c t io n  between th e  o r b i ta l  moment and the
l a t t i c e  v ib r a t io n s .  The m agnetic in te r a c t io n  between th e  mag
n e t i c ' io n s  i s  ta k e n  i n to  acco u n t in  f i r s t  ap p ro x im a tio n  by
av e rag in g  the r e s u l t ,  o b ta in ed  fo r  a c e r ta in  v a lu e  o f  ac 
co rd in g  to  a w eight f a c to r  expl.—fH .̂—H^) where i s  the
a p p lie d  f i e ld  and H th e  f i e l d  a c tin g  on one io n .

Van Vleck  now- re g a rd s  in  (142) f/g and th e  n o n -d ia 
gonal p a r t  o f  — as p e r tu rb a tio n s  and c a lc u la te s  th e  req u ired
m a tr ix  elem ents acco rd in g ly . Hie main d i f f i c u l t y  i s  the  c a lc u 
la t io n  o f  th e  m atrix  elem ents o f WQL. For a r ig o ro u s  c a lc u la 
t io n  th e  in te r a c t io n  o f  the  o r b i ta l  moment w ith  a l l  the  normal
v ib r a t io n s  o f  th e  l a t t i c e  would be re q u ire d , which however i s
im p r a c t ic a b le .  Van V leck  s im p l i f i e s  th e  c a lc u l a t io n  by e x 
p re s s in g  H k in  term s o f  th e  normal co o rd in a te s  o f  the  c lu s te r
X.6H 0  formed by the  m agnetic ion  X and th e  s ix  w ater molecules
which surround i t .  These normal co o rd in a te s  in  tu rn  can be ex
p re ssed  as l in e a r  fu n c tio n s  o f  th e  normal c o o rd in a te s  a s s o c i 
a te d  w ith  th e  l a t t i c e  waves, w hich a re  approxim ated by Debye
w aves. In  th i s  way e x p re s s io n s  fo r  th e  m a trix  elem ents o f  fl0L
can be found.

The m atrix  elem ents fo r  th e  d i r e c t  and in d i r e c t  t r a n s i t io n s
now can be found by h ig h e r o rd e r p e r tu rb a tio n  calculus.W e s h a ll
n o t go in to  d e t a i l  about, th e se  very  com plicated  c a lc u la t io n s ,
b u t we s h a l l  con fin e  o u rse lv e s  to  a d isc u ss io n  o f  the  r e s u l t s .
I t  w ill  be assumed th roughou t th a t  th e  l a t t i c e  a c ts  as a th e r 
m o sta t (compare I I ,  3 .2 ) .

a) Titanium alum. In  th i s - c a s e  i t  i s  s u f f i c ie n t  to  co n sid er
only  th o se  s t a t e s  which belong  to  th e  low est cubic p r b i ta l  term .
Assuming th a t  2flH_«A, where A i s  th e  t r ig o n a l  s p l i t t i n g  (see  p.
26) and th a t  th e  wave le n g th  o f  th e  l a t t i c e  v ib ra t io n s  i s  much
la r g e r  th an  th e  c ro ss  s e c tio n  o f  the  c lu s te r s ,  Van F leck fin d s
a f t e r  a lo n g  c a lc u l a t io n  fo r  th e  r e la x a t io n  c o n s ta n t  o f  th e
d i r e c t  p ro cess  _______  2 tc (lfc + % Hj)__________(143)

Pd i r * kTB [atf1'  + b l f  + c F  Hi +

where a, b, c, d  and B a re  c o n s ta n ts ; B i s  p ro p o rtio n a l to  X2/ A \
where X is th e  c o n s ta n t o f  th e  sp in  o r b i t  co u p lin g . Hj d e sc rib e s
the  in f lu e n c e  o f  th e  m agnetic in te r a c t io n  between th e  t ita n iu m
io n s  and i s  g iven  by (83). Taking A = 1000 an ‘  and ap p ro p ria te
v a lu e s  fo r  th e  o th e r  c o n s ta n ts  Van Vleck  f i n d s a t  T - 1.1 K
fo r  p/2n  : 5 x 10*. 1 .7  * 102 . and 1 .8  x 10 fo r  Hc 0 ,10
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and 104 O ersted  re sp . The experim ental r e s u lts  however in d ic a te
th a t  p/2K < 10“3 -sec (H ll) ,  so th a t  the discrepancy i s  la rg e . I t
sh o u ld  be rem arked however t h a t  Van V leck’s ch o ice  fo r  A i s
r a th e r  much h ig h er th an  th e  value  in d ic a te d  by experim ents on
param agnetic resonance ab so rp tio n  (A—400 cm-1 ) and th i s  w ill
reduce the values o f p w ith  a fa c to r  40, which however leaves the
th e o re tic a l  values o f  p s t i l l  a t  l e a s t  a fa c to r  1Ö4 too  la rg e .

For the  quasi-Hamm processes Van Vleck fin d s

P i„d-  2 .5  x S i . j s  (T « 0 ) .  (144)

which can be w r i t te n  in  a more u se fu l form s in c e  VJr^b/C  (C f.
(8 3 ), (6 1 a )) . We then  o b ta in

Pind = Pofr) + C flf ) /(6  + (145)
Po (T) *  10 *16 (Aa/X2) ( 1 /P )  ( 145a)

T his exp ression  g ives w ith  A = 1000 cm"1 and fo r values o f  HC»H ^
Pin <10“9 sec a t  l iq u id  a i r  tem peratures,w hich ex p la in s  the ab
sence o f param agnetic re la x a t io n  e f f e c ts  in  th e  experim ents o f
G orter, Teunissen  and D ijk s tra  (G 1 2 ). T h is co n c lu sio n  i s  n o t
in v a lid a te d  by the  b e t t e r  choice A CA400 cm"1. I t  i s  im portant to
remark th a t  consequently  th e  e f f e c t  o f second o rder p rocesses is
n o t n e g lig ib le  a t  l iq u id  helium  tem peratu res, because p0 CL 10“
s e c  a t  2 °  K. The very  s h o r t  r e la x a t io n  tim e a t  l iq u id  helium
tem peratu res th e re fo re  probably  can be ex p la in ed  by second o r 
d e r p ro cesses .

From form ula (144) i t  i s  seen th a t  th e  re la x a t io n  c o n s ta n t
i s  very s e n s i t iv e  to  th e  value o f  the  s p l i t t i n g  A; la rg e  a n i
so tropy  which causes la rg e  va lu es o f  A th e re fo re  i s  fav o rab le
fo r  producing observab le  re la x a tio n  phenomena. T his conc lusion
i s  c o r re c t fo r  a l l  io n s  having  no e l e c t r i c a l  s p l i t t i n g ,  l ik e
th e  copper io n . In  th e  case o f  ions having an e l e c t r i c a l  s p l i t t 
ing  the in flu en ce  o f la rg e r  an iso tropy  i s  d i f f e r e n t .  Here la rg e r
an iso tro p y  causes a la rg e r  e l e c t r i c a l  s p l i t t i n g  so th a t  fa/C be
comes l a r g e r .  T h is  can make th e  re la x a t io n  phenomenon unob
s e rv a b le  w ith  th e  o rd in a ry  means, because F may be too  sm all

(compare (1 1 7 )). The value o f  p can be in fluenced  in  a d i f f e r e n t
way. Often high values o f  b/C a re  accompagnied by low valu es o f
p, which should be expected in  g en e ra l, as a la rg e  value o f b/C
in d ic a te s  a la tg e  an iso tro p y , and th i s  causes a s tro n g  coupling
between th e  sp in s  and th e  l a t t i c e .  Chromium s a l t s  fo r in s tan ce
a r e  an e x c e p tio n , because la r g e r  a n iso tro p y  o n ly  e f f e c t s  th e
b/C value; p depends only on the  cubic s p l i t t i n g  (see  below).

b) Chromium alum. In  t h i s  case the  low est cubic o rb i ta l  le v 
e l  i s  s in g le  and consequently  one has to  take  in to  account ma
t r i x  elem ents o f  and between d i f f e r e n t  cubic le v e ls .  As
we have see n  th e  low est cu b ic a l term  i s  s p l i t  by a t r ig o n a l
component o f th e  c r y s ta l l in e  f ie ld  in to  two d o u b le ts . A conse-
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quence of the Jarge d istance  between the cubic lev e ls  i s  a much
la rg e r  th e o re tic a l value o f the re la x a tio n  constant than in  the
case o f titan ium  alum.

For the d ire c t  processes Van Vleck finds
Kh2 6 2 + 5 U£  + (146)

(where (X ~  A2# y rA cub; Acub i s  the cubic s p l i t t in g  between the
le v e ls  r 2 and r e ) ,  which g ives  valups o f p which agree as to
o rd e r  o f  m agnitude w ith  th e  experim ental v a lu es  ob ta ined  a t
Leyden in  the liq u id  helium region (see p a r t I I ) .  Van Vleck ex
pec ts  fo r T - 1 .4 %  p /2 rt- 0.011, 0.009, 0.0067 and 0.0030 sec in
f ie ld s  o f re sp . 0, 500, 1000 and 3000 O ersted . I t  should be r e 
marked a t  once th a t  according to  theory dp/dffc<0 while according
to  experiment we have dp/d/f >0. Moreover from formula (146) we
must conclude th a t  p w hile the  same experim ents y ie ld  a
h igher negative power of T. This behaviour i s  very d i f f ic u l t  to
understand  on the b as is  o f the f i r s t  order processes (see  next
paragraph), but i s  explained in  a n a tu ra l way by assuming th a t
quasi-üam an p ro cesses  s t i l l  a re  im portan t (se e  below ). This
po in t i s  d iscussed  in  d e ta i l  in  I I ,  3.

The negative value o f dp/dfL fo r d i re c t  processes e a s ily  can
be understood  q u a l i t a t iv e ly .  With in c re a s in g  Hc the  hea t ex
change between the  spin-systenj and l a t t i c e  i s  brought about by
quan ta  o f in c re a s in g  m agnitude, which a re  more e f f e c t iv e  fo r
th e  h e a t exchange. Moreover the  number o f l a t t i c e  v ib ra tio n s ,
a v a i la b le  fo r  the  t r a n s i t io n s  i s  p ro p o rtio n a l to  V 2 ,  both in
the  adopted Debye theory o f l a t t i c e  waves and in  the more gener
a l  theo ry  o f  Blackman (B33). Both e f f e c ts  make the  energy ex
change in  h igh f ie ld s  so much la rg e r  than in  low f ie ld s ,  th a t
although CH in creases  proportional to  (Cf. (61a)), dp/df/c<0.

For the  in d ire c t  processes-Van Vleck finds

Po (T)
b+CDc
b + pGH| (147)

where p0 i s  about proportional to  T“6 (A®ub/ \* ) .  p should be in
dependent o f  th e  t r ig o n a l  s p l i t t i n g ,  bu t depend on the  cubic
s p l i t t i n g ;  p should be independent o f the tem perature, having
th e  value 0 .50  fo r  chromium alum; fo r  iro n  alum i t  should be
between 0.22 and 0 .6 0 . The form ula (147) sometimes i s  c a lle d
th e  Brons-Van Vleck form ula. The re la t io n  o f p a n d Hc th ere fo re
shou ld  be independent o f  T, so th a t  we have p = f(T )g (H ),
T his i s  a consequence o f  th e  p la u s ib le  assum ptions th a t  the
modes o f v ib ra tio n  o f the l a t t i c e  and the c lu s te r  do not depend
on the  tem perature and th a t  fhe wave length  o f the l a t t i c e  wa
ves i s  la rg e  compared w ith  the dimensions o f the c lu s te r .  Hie
l a t t e r  assumption i s  allowed i f  the experiments are  c a rried  out
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below the Débye temperature 8. Often however the experiments
are carried out at about 100° K, which is of the order of 6l
This might explain the dependence of p on T found for all sub
stances investigated (except manganese ammonium sulphate (B26)).

According to formula (147) p will be independent of Hc if H*
«b/C and tends to a limiting value for tf»b/C. This can be
illustrated by a closer examination of (136)*In this expression
the transition probabilities A are weighted in proportion to
the square of the energy differences,so that mainly transitions
between levels with a relatively large energy difference are im
portant* It may be expected that the transition probabilities
are only slightly influenced by a field If if the corresponding
shift of the levels is small compared with the original energy
difference* This explains the constant value of p in small
fields* In very strong fields all energy differences will be
proportional to Hc; the A ’s will be independent of Hc, because
the coupling between these levels depends only on the wave
functions. These are essentially free spin wave functions which
are independent of H , Therefore at high fieldstrength p tends
to another constant value.

The experimental check of (147) for a number of chromium
salts showed that (Broer (B26))

a) in all salts examined p decreases with increasing T. None
of the salts however satisfies the predicted temperature depen
dence. For instance in the potassium alum the experimental de
crease is stronger*

b) in many cases (147) is found to be satisfied with reason
able accuracy for cbnstant T.

c) in none of the cases p« is found to be independent of the
temperatures but the order of magnitude agrees with' the predic
ted value. *■-

d) the order of magnitude of the predicted values of p is
correct.

Summarising we can say that Van Vleck’s calculations, al
though they are not satisfactory as to the explanation of sev
eral details, explain the main properties of the relaxation
Constant of chromium reasonably well in the liquid air region
of temperatures or, in other words, in the case that the in
direct processes preponderate. The main features are consequen
ces of sufficiently general assumptions for justifying a check
for salts of other metals of the iron group.

4.33 Modifications of the theory.
The arguments for the negative sign of dp/dflc in the case of

direct processes (see p.70) seem to be racier convincing. There
is however the difficulty that in nearly all experiments it was
found that dp/döc>0. As it ils not definite wether direct or
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4 «am-naman processes prevail in  the liquid helium range, i t
i s  desirable to consider alterations'in the theory of the direct
processes which might lead to a positive sign of dp/df/c .

Van Vlebk advanced three p ossib le  explanations, which we
w ill consider briefly. In the f ir s t  place i t  is  conceivable that
the density of the la tt ic e  vibrations would be independent óf Va
for low frequencies. This would make dp/dffc>0 for the d irect
process, but for the quasi-flaman process dp/dflc<D. Quite apart
from the success of the Debye theory for the theory of the pro-
porties of crysta ls, which ju s t i f ie s  to a large extent the in 
crease o f density o f the la t t ic e  vibrations proportional to V
for low frequencies, the qualitative agreement with experiment
of Van Vleck’s theory of the quasi-flaman processes indicates
that the proposed explanation hardly can be correct.

Another possible explanation advanced by Van Vléck i s  that
the assumption of thermodynamic equilibrium in the spin-system
is  not warranted. This assumption however seems to be contra
d icted  by the very good agreement between the thermodynamical
theory and exppriment on the value of 6/C. For a detailed d is 
cussion of th is point we refer to sections I, 4.22 and II , 3,3 .

A third p o s s ib ility  i s  that at low temperatures the heat
contact is  caused by conduction electrons rather than by la t 
t ic e  vibrations. Although th is could make dp/dHc<0, th is possi
b i l i t y  is  highly improbable from a physical point of view, so
that we w ill not d iscuss i t  further.

Summarising we can say that none o f the suggestions made
seems to lead to a positive value of dp/dffc for the direct pro
cesses . There is  another p o ss ib ility  however which we did not
yet discUss. ,

The theory given so far contains an inconsistency which may
be'the cause of the discrepancy between Van Vleck’s theory and
the experiments at low temperatures. The most fundamental as
sumption of the thermodynamical theory, which i s  ju s t if ie d  in
many cases by i t s  success, i s ,  that there is  thermodynamic equi
librium in the spin-system.This necessarily im pllesa su ffic ien t
ly  strong interaction between the paramagnetic ions. But in Van
Vleck’s theory th is  in teraction  i s  discarded except for i t s
average influence on the s ta t ic  magnetic f ie ld  acting on the
magnetic ions, and the ions are treated as virtual y independent
from each other. I t  w ill probably be very d if f ic u lt  to estimate
the error introduced by th is sim plification , but, as the inter
action seems to be an essential requirement for the valid ity  of
the thermodynamic theory, th is  interaction  may play an impor
tant role in the relaxation process.

Temper ley (T4) made the f ir s t  attempt to account for the pos
s ib lco n flu en ce  of the nagnetic interaction  on the relaxa^ °"
constant by considering the p o ssib ility  of having several atoms
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reversing  th e ir  sp ins sim ultaneously. T ransitions o i th is  type,
which correspond to  1 Am fc>l, a re  possib le  in  a system o f spins
having magnetic in te ra c tio n  (compare I ,  5 .43 ). Hie influence of
the  low t ra n s i t io n  p ro b a b il i t ie s  - which are  small o f a higher
ordereccmpared w ith those o f the t ra n s it io n s  Am * i  1 •  on the
magnitude o f p may be p a r t ia l ly  or e n t i r e ly  compensated by the
la rg e r energy quantum exchanged, and moreover because more l a t 
t ic e  v ib ra tio n s  w ith higher energy are  availab le . I f  th is  e f fe c t
p re v a ils  a t  tem peratures where the d ire c t  processes are  predo
minant, p should f i r s t  increase w ith increasing  f ie ld ,  u n t i l  a t
s t i l l  h igher f ie ld s  the  decrease according to  Von Vleck could
s t a r t .  This might explain  the increase  o f p w ith in creasin g  Hc
found in  a l l  substances except one (Cf. P a r t I I ) ,  i f  the maximum
f ie ld  used was not la rg e  enough fo r causing  the u ltim a te  de
crease p red ic ted  by Van Vleck, and i f  a t  l iq u id  helium temper
a tu re s  d i re c t  processes p re v a il .

I t  may be added th a t  according to  Van Vleck the p ro b ab ility
o f  Temper le y ’s e f f e c t  in  f i r s t  approxim ation i s  too small fo r
in fluencing  p to  the required  extent. I t  i s  fea s ib le  th a t higher
approxim ations are  im portant as the process o f  successive  ap
proximations i s  l ik e ly  to  converge slow ly. This however has not
y e t been considered in  d e ta i l .

* •  •  *
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C h a p t e r  V

THE THEORY OF PARAMAGNETIC RESONANCE ABSORPTION
5*1 Introduction.

In this chapter we will give an outline of the theory of
paramagnetic resonance absorption, or in other words, the the
ory of the spectrum of the possible transitions between the
levels of the spin-system. To begin with we shall consider the
spectrum of a highly dilute substance where we neglect the in
teraction with tKe lattice. Next we will discuss the influence
of the interaction with the lattice on the spectrum and finally
we shall consider the influence of magnetic and exchange inter
action.

5.2 Resonance absorption in dilate substances.
5.21 Absorption of free spins.

In Chapter III we briefly discussed the allowed transitions
between the levels of a system of free spins in a constant mag
netic field H c with S  «= 1/2. The essential features were that
only transitions between adjacent levels in perpendicular con
stant and alternating field are possible. The allowed transit
ions correspond, to a transition of one of the spins between its
two energy levels and therefore the essential7 features of the
absorption can be found by considering just one spin.

Clearly these transitions can be induced by applying elec
tromagnetic radiation of the correct frequency. For experimental
reasons one applies radiation of a given frequency V and chang
es the value of the constant magnetic field until absorption
occurs: then fL satisfies the resonance condition

gf3flc * hi. <148)
Taking g - 2 - as is the case for. pure electronic spins - and
the well known ealues for h and 3 this relation can be written

flc\ - 10710, U 48®)
where the wave length X is assured in cm and the magnetic field
in Oersted. In a field of 3000 Oersted \ = 3.5 cm and V - 8000
Mc/sec; the absorption therefore lies in the micro wave region.

The situation is vèry similar in the case of free spins wit
S>l/2. In a magnetic field we have the energy levels g3*fl' , where
« has the values 5. S-l. ... -S. When an alternating field at
right angles to the constant, field is applied transitions in m
with A m  = + 1 are allowed and the resonance condition (1481 ap
plies.

5.22 Absorption in the absence of a magnetic field.
a) In Chapter II we mentioned that the energy levels of the
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ions of the iron group - both in absence or presence of a con-
stant magnetic field - in general deviate from those of free
spins* Consequently the resonance spectra in most cases are
more complicated.

We shall consider first the case that H  - 0. It was found
that in many cases splittings óf these levels of the order of 1
cm-1 or even smaller occur* Consequently, if there are allow
ed transitions between the normal levels, absorption lines in
general allow a number of magnetic dipole transitions. Electric
dipole transitions are forbidden by Laportè’s parity rule;
the parity of the normal levels is the same since they originate
from the same configuration of the free ion. Electric quadru-
pole transitions can be shown to have negligible intensity com
pared with the magnetic dipole transitions.

b) The selection rules can be found with a simple group the
oretical argument. According to this theory magnetic dipole
transitions are allowed between levels nt and n only if
contains the identical representation Tj.; Fa is the represen
tation of the magnetic moment operator which' transforms under a
rotation over an angle cp as an axial, vector. Kittel and Luttin-
ger (K3) made a list of the selection rules for a number of
synmetries of the crystalline field. We shall not quote the re
sults but we refer to their paper.

5.23 Absorption in the presence of a magnetic field.
In most cases the resonance spectrum to be expected deviates

appreciably from the simple spectrum of free spins. Several
reasons can be given for this. In the first place the energy
levels of the actual paramagnetic ions deviate from those of
free spins and often depend on the directions of the constant
field (Cf.I, Ch.2). Secondly often the elementary cell contains
a number of magnetic ions of the same kind, for which the direc
tion of the symmetry axes of the crystalline field relative to
the crystal axes is different. Therefore the spectrum observed
in general is a superposition of the spectra of the different
ions, corresponding to different directions of the magnetic
field relative to the sixes of the crystalline field. And third
ly the selection rules of the transitions often deviate from
•those of free spins as a consequence of the cbmbined action of
the crystalline field and the spin-orbit coupling. Examples can
be found in Kittel and Ltittinger's paper (K3) and in Part III.
In general therefore the resonance absorption spectra are rather
complicated and often the interpretation is difficult.

It may be remembered that the level pictures given in chap
ter II are broadly speaking in agreement with the available
data on the susceptibility and specific heat of many salts.
There exist however inconsistencies as has been pointed out by
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Van Vleck (V5), Freed (F2)f and Penney and Kynch (P5). The stu
dy of the resonance spectra can provide us with more direct and
more complete knowledge about the energy levels of magnetic
ions in crystals and has already been.fruitful in this respect.
Examples of substances of which the observed spectra could be
analysed, and which showed a fair agreement with the theoretic
al expectations of chapter II are: potassium chromium alum (B17,
W2) and nickel fluosilicate (PI). The experiments carried out
so far confirm the theory of Chapter II in its broad outline
(B7), but on the other hand discrepancies have been found (Cf.
Part III).

5.3 Thermal broadening of magnetic resonance lines.
5.31 Introduction.

Until so far in this chapter we neglected the possible
influence of the interactions between the ions themselves
and the interaction between the ions and the thermal motion
of the lattice. An adequate theory of the line shape and line
width of magnetic resonance lines should take into account
both types of interactions. A general treatment on these lines
has not been given, but only considerations, which are valid,
either for the case that the interaction between the ions and
the thermal motion of the lattice is much smaller than the in
teraction between the ions - so that the line shape practically
is determined by the mutual interaction of the ions -5 or for
the case that the thermal interaction is much larger than the
mutual interaction, So that the line shape practically is de
termined by the interaction between the ions and the lattice.
The first Case will be discussed in section 5.4 and the second
case in this section.

5.32 The formulae of Frohlich-Van Vleck-Weisskopf.
These formulae have been derived byFróhlich for the shape of

collision-broadened spectral lines in the special cases of rigid
dipoles oscillating about an equilibrium position (F3) and of
harmonic oscillators (F4). Van Vleck and Weisskopf (V8) cnti-
sised and revised Lorentz’s theory of collision broadening (Cf.
H6) and arrived at the same formula for the line shape, although
their treatment differs from that of Frohlich. All three auth
ors used a classical derivation; recently Karplus and Schwinger
(K5) gave a quantum mechanical derivation, which we shall fol-
1 ow in its main out]ine.

To this end we consider a dilute paramagnetic substance m
which the identical spins with 5 = 1/2 interact with the ther
mal motion of the lattice and which is subjected to a magnetic
field of the form (95), while iy.li. The problem is to calculate
the optical absorption coefficient a in I = IQ exp(-Olx), where
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I  i s  the in te n s ity  in  a plane wave and * i s  the d istan ce  over
which the wave has tra v e lle d , reckoned from a given po in t, a i s
given by the well known re la tio n

a =8 n^Vy^’/ c  (nepers per cm) (149)
where c i s  the v e lo c ity  o f l.ight.

The problem i s  therefo re  reduced to  the ca lcu la tio n  o f x" aB
a function o f the frequency o f the a lte rn a tin g  f ie ld .  I f  we ne
g le c t  the mutual in te ra c tio n , th is  problem can be solved by in 
troducing the density  m atrix o f an ion p . . Then the mean magnetic
moment of an ion, ■ , i s  given by

■A * Sp  l« ip]» (150)
I f  thermodynamical equ ilib rium  would be m aintained a t  a ll. mo
ments the density  m atrix  would be given by

p0 « C exp{-H/kT) C •  Sp[exp(-M./'iT)] , (151)
where the Hamiltonian ^  can be w ritte n  in  the form

H, * Hq + y  cos w t ;  (152)
th e  f i r s t  term i s  the H am iltonian o f  an ion  w ithou t a p p lied
a l te rn a t in g  f ie ld ,  the  second term d esc rib es  the in fluence  óf
the  a l te rn a tin g  f ie ld .  The change of the d ensity  m atrix  in  the
course o f time i s  determined by

iftpo “ HPo “* PoH? ( 153J
In  the  a c tu a l  s i t u a t io n  thermodynamical e q u ilib r iu m  i s  n o t
m aintained a l l  the time, but there  i s  a tendency - due to  the in 
te ra c tio n  w ith the l a t t i c e  v ib ra tio n s  -  to  reach equibnum . We
w ill  now suppose th a t  the r a te  o f change o f p - the actual den
s i t y  m atrix  -  i s  p ro p o rtio n a l to  the in stan ten eo u s d e v ia tio n
from p0 o r ,  m athem atica lly  exp ressed , i s  equal t o -A (p-p0)«
T his assumption im plies th a t there  i s  one s p in - la t t i c e  re la x a 
t io n  tim e. Adding th is  r a te  o f change of p to  the  ra te  of change
due to  the ‘motion* o f the magnetic moments we get

p = (-i/fc) (Hp-PH) -  A (p-po). (154)
which i s  the equation we sh a ll  use for the eva lua tion  q f p and
hence o f x”* may b® added th a t  t h i s  equation  i s  the  exact
quantum mechanical analogue of F röhlich’s equation (7) (F4). I t
i s  more convenient to  in tro d u ce  the  q u a n tity  D = p-Po. which
obeys +

D = (-i/A )(H  D -  DH.) -  AD -  p0. (155)
This becomes in  the  r e p re s e n ta tio n  in  which th e  unpertu rbed
Hamiltonian l^0 i s  diagonal
(d /d  t  + iwo + A)Dk l -  -(po ) ki- (  i/ft)2(V'kJDJ x -D kJ V, J c o s u t.056)

where
7**>o ■ g $ H c .

We have assumed th a t  the ra d ia tio n  f ie ld  i s  weak, which im
p l ie s  th a t  the  d en s ity  m atrix  d i f f e r s  l i t t l e  from th a t  o f the
system without' app lied  a l te rn a t in g  magnetic f ie ld  a t  the same
tem perature (p ° ) . In the rep resen ta tion  used we have



.  fopr-Ho/feTJl „ exp (-E JkT )  6kl
SP ( e x p f-^ /k T ) ]  V expf-E JkT)

We now can n e g le c t th e  second terra a t  the  r ig h t  hand s id e  o f
(156). As the  energy o f the system in  the ra d ia tio n  f ie ld  w ill
he small compared w ill kT, we can w rite  in  a s u f f ic ie n t  approxi
mation

( P o \ Pk ökl +
and we f in a l ly  ob tain  fo r (156)

(3/31 + iw0 + A)Z),

(Pk ~  P°) {Vk j K  u0) cos u  t ,

(157)
-  “ (Pk “  P"/ (V^i/^Mo) s in  u y .

Hie steady s ta te  so lu tio n  o f th is  equation i s
+DU (*>■&•>/ ((iM«Jo+iA)](p® -  p°) (V’k l/^0Jo) exp (—iait)

»A)} (p“- p “) (Vk 1/fiu>0) exP (*wt),

Taking in to  account th a t  D-p^-Po. the equations (100a), (101a),
(148) and assuming th a t  th e  tem pera tu re  i s  s u f f ic ie n t ly  high
f o r  r e p la c in g  th e  e x p o n e n tia ls  by th e  f i r s t  term s o f  th e i r
s e r ie s  expansion, we f in a l ly  ob ta in

X' -  (v  /3)T-fog + Av2  + Vo(V+Vo)] (158a)
*° L (y-v0) + Av (v+Vq) 0 + Av2 J

vAv vAv
(v-v0 ) 2 + Av (v+v0) 2 + Av4 •] (158b)

Here we have w ritte n  Av = A/2n  and v = 2 J m |®/3kT. These equa
t io n s  follow  from (106) by the s u b s ti tu tio n  p = 1/Av and may be
c a lle d  the Fr'ohlich-Van Vleck-W eisskopf formulae.

D iscussion .
I t  w ill  be c le a r  from the  given d e r iv a tio n  o f  th e  formulae

(158) th a t  they are  v a lid  fo r any case in  which the fundamental
equation (154) i s  sa tie sf ied ,. independent o f whether we have e lec
t r i c  or magnetic resonance absorp tion  in  so lid s , l iq u id s  or ga
se s . The physica l im p lica tions o f the v a lid ity  o f (154) w ill be
d iscussed  in  some sp ec ia l cases .

Let us consider f i r s t  the case th a t  v »Av.Then fo r frequen
c ie s  n o t too  f a r  from th e  resonance frequency V0 the  second
term a t  the r ig h t  hand s id e  o f (158b) can be neg lec ted  and the
shape o f  th e  a b so rp tio n  l in e  i s  determ ined  by the  s t r u c tu r e
T a r t - /it*

Av/{(v-v0 ) 2 + Av2] .
This i s  e x ac tly  the expression  Lorentz  (L I, H6) derived  fo r the
lin e  shape o f a sp e c tra l l in e  in  the o p tic a l region - fo r which
V0»Av - in  a gas, in  which the  c o ll is io n s  between the molecules
cause a broadening. Loren tz  assumed th a t  the chance o f a time
t  e la p s in g  between the  c o l l is io n s  i s  given by an exponential
p ro b ab ility  d is t r ib u t io n  o f the form
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(1 /l) expi-t/x),
where T is the mean time between collisions» The ‘line breadth
constant* Av - which is equal to half the width at half intens
ity * is related to the mean time between collisions according to
Av =1/2 7tt. If however Vo —  Av Lorentz's expression is no longer
valid and the complete expressions (158) have to-be used*

In the limiting case of v0 = 0 formulae (158) become equal
to the corresponding Debye formulae (104). The ‘non-resonant*
Debye absorption and dispersion therefore are resonant absorp
tion and dispersion with resonance frequency zero. We can con
clude that the linebreadth constant is related to the relaxa
tion time x = p/27i according to Av =l/2-nrt (In a gas the relaxa
tion time is equal to the mean time between the collisions.).
It is easily seen that the factor A in (154) is equal to 1/x.

It.is instructive to compare the collision damped oscillator,
which we consider in this section, with the friction damped os
cillator (Cf. (106)). To this end in fig. 8 have been plotted

log u>/ut

Fig. 8
• ) Friction da-ped oscillator, b) Collision dsnped oscillator.
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X ’/Xo and X ”/Xo for both types of oscillator as a function of
log w/w0 = (°g v/vQ, where vQ is the resonance frequency of the
undamped oscillator, for different values of t:go0 = pvQ. From
the x”/Xo versus log u)/(a>0 plots it is obvious that the maximum
of x”/x0 shifts for decreasing values of t w 0 to higher values
of i»/u)0 for the collision damped oscillator, but to lower values
of u/<o0 for the friction damped oscillator.

In experiments on resonance absorption where the constant
magnetic field - and consequently the resonance frequency - is
varied the maximum of the absorption shifts to a lower value of
Jf , say fl , in the case of a collision damped oscillator,, but to
a higher value for a friction damped oscillator. If we define
V by the relation h>m - , the maximum absorption no longer
is determined by V * V-f but for the collision damped os
cillator by the relation

(vBW 2 - -  [(l/pV;+l] + 2 [u /p 2v 2) + M  (159)
which is readily derived from (108), assuming that p = 2TCT does
not depend on H _• It is easily seen that v^/v = 1 only for
1/p V * 0 (or p = oo) but decreases for - necessarily positive -
values of l/p2V 2, finally giving VB/v = 0 for l/p2V2 = 3. Rela
tion (159) can be used for estimating p if g and v0 (or H ) are
known (Cf. Part III).

We finally remark that inspection of the x'/Xn versus
(oo/a>0 ) plots of fig. 8 shows the mentioned tendency towards a
Debye curve for decreasing values of TW0 in the case.of the
collision damped oscillator. This tendency is absent in the
case of the friction damped oscillator.

5.4 The Magnetic and exchange broadening of magnetic resonance
lines.

5.41 Introduction.
As we have seen in section 3.21 a system of independent spins

with S  sb 1/2 has a- set of discrete energy levels which are high
ly degenerate. The same statement is correct for the levels of
any system of independent magnetic moments in a crystal.

In this section we have to discuss the influence of a mutual
interaction on the magnetic resonance absorption lines. The
best way in principle for studying this effect would be to cal
culate the energy levels after introduction of the mutual in
teraction. Then taking into account the occupation of the levels
the absorption as a function of frequency (for given values of
H c and T) could be calculated in a straight forward way. As a
consequence of the complexity of the problem - it would mean
the solution of a secular problem of the order of about 1022 -
this problem however is impracticable.

It is possible however to solve the problem at least parti
ally along the following lines. First of all we may remark that
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the  in te ra c t io n  spreads the  d is c re te  le v e ls  o f  the  system w ith 
o u t in te ra c t io n  p r a c t ic a l ly  over a continuum. T h is i s  a conse
quence o f the la rg e  number o f  le v e ls  and makes an approxim ative
tre a tm e n t p o s s ib le .  L e t us now c o n s id e r  th e  a b s o rp tio n  in  a
m agnetic  f i e l d  w ith  g iven  frequency  V. Then we have to  d ea l
w ith processes o f  abso rp tion  and s tim u la ted  em ission . The s u r
p lus number o f  abso rp tion  p rocesses i s  p ro p o rtio n a l to  th e  d i f 
fe rences in  occupation  between th e  le v e ls  p a r t ic ip a t in g  in  the
process and i s  th e re fo re  p ro p o rtio n a l to  hv/feT ( i f  h v « k T ,  a s  i s
the  case in  a l l  cases occuring  in  p r a c t ic e ) .  The n e t  ab so rp tio n
i s  p ro p o r tio n a l to  (h v ^ /fe T ..‘F u r th e r ,  th e  a b s o rp tio n  w i l l  be
p ro p o rtio n a l to  th e  average square o f  th e  non-diagonal elem ents
Mk l  o f  th e  m ag n etic  moment co rre sp o n d in g  to  th e  freq u en cy  V.
I f  V i s  v a r ie d  thle a b so rp tio n  w il l  vary  co n tin u o u sly  and w il l
be e s s e n t ia l ly  determ ined by th e  d i s t r ib u t io n  fu n c tio n  / ( v )  o f
th e  ^ k l « A ccording to  B roer  (B18) we have fo r  th e  a b so rp tio n
p e r  second p e r cm*

A # -  (8n*v2/feT) / ( v ) ,  (160)
where - * |Wkl| 2 .  (161)

The summation in c lu d e s  a l l  l e v e l s  w ith in  th e  e f f e c t i v e  l in e
b read th  Av o f  th e  le v e ls .  T h is  w idth  i s  caused by th e  in te r a c 
t io n  w ith  the  l a t t i c e  v ib ra tio n s  and i s  assumed to  be much smal
l e r  then the  lin e b re a d th  due to  th e  mutual in te r a c t io n  between
th e  m agnetic io n s ; on ‘th e  o th e r  hand i t  should  be la rg e  enough
so  th a t  a la rg e  number o f  d i s c r e te  s t a t e s  k , I a re  in c lu d ed  in
th e  sum. The problem  th e r e fo r e  i s  reduced  to  d e te rm in in g  th e
d is t r ib u t io n  fu n c tio n  / ( v ) .

5.42 The eva lu a tio n  o f  the d i s t r ib u t io n  fu n c tio n .
For reasons we mentioned in  th e  p reced in g  s e c tio n  i t  i s  n o t

f e a s ib ly  to  c a lc u la te  / ( v )  d i r e c t ly .  I t  i s  however p o s s ib le  to
c a lc u la te  th e  moments o f  / ( v ) ,  where th e  n th  moment i s  d efin ed

< Vn > Vn /(v )d v . (162)
I f  a l l  the  moments a re  known the  fu n c tio n  /(v ) can be co n s tru c 
ted  in  any degree o f  approxim ation. The c a lc u la t io n s  in  p ra c t ic e
a re  on ly  c a r r ie d  o u t u n t i l  th e  f i f t h  moment, b u t t h i s  a lre a d y
g ives v a lu ab le  in fo rm ation  about / ( v ) .  O ften  the  average moments
a re  computed, which a re  d efin ed  by <vn>av = <vn>/ <V°>.

In  p r in c ip le  two methods can be used  fo r  the  e v a lu a tio n  o f
th e  <vn> 's .  In  th e  f i r s t  p lace  we have th e  d iagonal sum method,
developed  by W aller, Van V leck  and B roer  (W3, V9, V10, B18).
They f in d  the  r e la t io n s  (n e g le c tin g  term s in  hv/kT)

<v°> = Sp [Af2 J
<v2> = Sp |li2J/47i? (163)
<v«> = Sp [ApJ /16tc*.

81



These moments can be e v a lu a te d  u s in g  th e  g en e ra l r e la t io n  fo r
the  tim e d e r iv a t iv e  o f  a quantum mechanical o p e ra to r

i t iM = HLM - U K ,  (164)
and assum ing t h a t  th e re  i s  no c r y s t a l l i n e  s p l i t t i n g ,  b u t th a t
m ag n etic  and exchange c o u p lin g  betw een th e  io n s  i s  p r e s e n t .
Then th e  H am ilto n ian  i s  g iv en  by (69) and (70) w ith  m. * ffcj
w hile  th e  f i r s t  term  o f  (69) i s  w r i t t e n  2  H* = ê 3 ^ a zi 11118
term d e sc r ib e s  th e  Zeeman energy ( th e  energy due to  the presence
o f  th e  c o n s ta n t m agnetic f i e l d  d ire c te d  along  th e  2 - a x is ) .  Un
f o r tu n a te ly  i t  i s  h a rd ly  f e a s ib le  to  c a lc u la te  h ig h e r moments
th an  th e  fo u r th ,  so t h a t  th e  in fo rm a tio n  o b ta in e d  in  t h i s  way
rem ains l im ite d .

In  th e  second p lace  we have th e  p e r tu rb a t io n  method in  which
th e  in t e r a c t io n  i s  t r e a te d  a s  a p e r tu r b a t io n .  I t  i s  n o t a l t o 
g e th e r t r i v i a l  th a t  a p e r tu rb a t io n  c a lc u lu s  can be ap p lied  h ere ,
because th e  p e r tu rb a tio n  energy w il l  be o f the  o rd e r ; the
s p l i t t i n g  o f an energy le v e l must be o f  th e  same o rd e r and c e r 
t a i n l y  w i l l  be l a r g e r  th an  th e  o r ig in a l  d is ta n c e  betw een th e
le v e ls  fo r  a system  o f  many sp in s .  Broer  (B18) p o in ted  ou t how
ev e r th a t  th é  m a trix  elem ents o f th e  m agnetic moment d i f f e r  ap
p re c ia b ly  froé, ze ro  on ly  when th e  energy d if f e re n c e  hV between
two s t a t e s  k and 1 s a t i s f y  th e  r e la t io n  hv <=*pH*; o r  hv -P (A c
H ) o r M tóS  (2H + H , ) .  T h is  th e o re t ic a l  j u s t i f i c a t i o n  i s  sup
p o rte d  by th e  r e s u l t s  o f  th e  p e r tu rb a tio n  .th eo ry , which a re  in
agreem ent w ith  th e  ex perim en tal f a c t s .  •

The p e r tu rb a t io n  method has been used y roer ■
more d e t a i l  by P ryce  and S te v e n s  (P 6 ) . B roer  co n s id e re d  some
g e n e ra l  a s p e c ts  o f  th e  in f lu e n c e  o f  th e  m utual i n t e r a c t io n
w hile  th e  l a t t e r  au th o rs  e s p e c ia l ly  con sid ered  th e  i n f l ™  1 “
reso n an ce  a b s o rp tio n  l i n e s .  The r e s u l t s  w i l l  be quo ted  in  th eZx. s e c tio n  w ith o u t d e t a i l s  .b o u t the u s u a lly  ~ n r
c a l c u l a t i o n s .  F o r d e t a i l s  «bou t t h i s  we r e f e r  to  th e  p a p e rs

m en tio n ed .

c  A?  Review  o f  t h e  t h e o r e t i c a l  r e s u l t s .
a) In o rd e r  to  o b ta in  a g e n e ra l  im p re ss io n  ab o u t th e  in -

f lu en c e  o f  in te r a c t io n  we s h a l l  co n s id e r th e  ca se  o f  a system
o f id e n t ic a l  sp in s  o r  in  o th e r  w ord. U r n .  hay ing  “ « £ £ £ ?
s p l i t t i n g .  I f  we n e g le c t  th e  i n t e r a c t i o n ,  th e  J l s t r , b “ “  .
fu n c tio n  ƒ (v) in  th e  case  HQ « O i s  very  sh a rp ly  peaked a t  VÜ in the case of ^ rp e n d ic u 'la r  c o n t a n t  and
sh a rp ly  peaked around V = gpHcA  and i s  ze ro  fo r  a l l  frequen
c ï r l n  Se case  o f  p a r a l le l  f i e ld s .  I b i s  fo llo w s ft»  the -
s i d e r a t i o n s  o f  s e c t io n  3 .2 1  fo r  s p in s  w ith  S -  1/ 2 » b u t  ™
same i s  v a l id  fo r  sp in s  w ith  S > l/2 . As a consequence o f  th e  in
te ra c t io n  o f  th e  s p in ,  w ith  th e  ) . t « c e  v ib ra t io n s  t h . ^ . h s »
th e  / ( V )  v ersu s  V curve have a f i n i t e ,  b u t,
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here, for our present purpose negligible width. Ibis picture is
changed in many ways if we introduce the mutual interaction. We
shall assume here that the interaction is purely magnetic and
neglect the influence of exchange interaction for the present.
Then according to Broer (B18) * who discussed the first two mo
ments of ƒ( v ) -

a) if H = 0 the peak of ƒ(v) is broadened to a width of the
order @H /h.

b) in perpendicular fields the peak around v 3 VH is broaden
ed to the same width, while moreover much fainter peaks around
V 3 0 and V = 2v occur; all peaks having a width of the order
PH /h. (According to Miss Wright (W4) in still higher approxima
tion faint peaks at higher multiples of VH must bp expected
too.) These transitions correspond to Am = + 2, + 3, ...» which
are forbidden for free spins. Jn the case of spins with two
kinds of transition with lAml> 1 are possible. First one spin
can make a transition withIA m|>l and secondly two or more spins
can make a transition simultaneously. In the case of 5  = % only
the latter type of transition is possible.]

The area under the f(v) curve is independent of Hc and the
absorption of the lines at V 3 0 and V 3 2v decreases in high
fields ) proportional to (Hl/Hc) •

c) in parallel fields absorption occurs at frequencies V =0,
V 3 VH and V 3 2v h« Now the area under the ƒ(v) curve decreases
in high constant fields proportionally to l/f/*and the adsorp
tion at v 3 0 vanishes proportionally to (H^H ; the other
lines decrease in proportion to {H,/He)2.The width of all peaks
is of the order |3Hl/h.

In this thesis we are chiefly interested in the resonance
absorption line. This special line will be discussed below in
detail, where we shall consider both the effect of magnetic and
exchange interaction on the line shape. Here we only mention
the influence of exchange on the line shape of the other lines.

According to Miss Wright in the case f/ rr 0 the line is nar
rowed by exchange. In perpendicular fields all lines, except
the resonance line at V 3 V^, are broadened, while in parallel
fields all lines, including the line at V 3 V H, are broadened.

The lines at v = 2 v H, 3vH both in parallel and perpendicular
fields hardly have been studied experimentally, but the low
frequency side of the line at V 3 0, which is responsible for
the spin-spin relaxation, has been studied and still is being
studied experimentally, both in the cases of electrical split
tings and in the case of no electrical splittings. For details
of the experimental results ,we refer to Gorter's book (Gl) and
for the theory to the papers of Broer (B18) and Miss Wright (W4).
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5.44 The resonance absorption lin e .
a) I d e n t i c a l  s p in s .  The c a se  o f  i d e n t i c a l  s p in s  h as  been

co n sid ered  in  d e t a i l  by Van Vleck (V10) fo r  h igh  tem p era tu res ,
where th e  form ulae (163) a re  v a l id .  Van Vleck  d e r iv e d  e x p re s 
s io n s  fo r  th e  mean square and mean fo u r th  power o f the  d e v ia tio n
o f  th e  resonance  freq u en c y . The f i r s t  q u a n t i ty  i s  r e l a t e d  to
<V2>«v acco rd in g  to

<Av2> :(v-g|?Hc /h ) ‘- <V2> - g  W / h \
The correspond ing  ex p re ss io n  fo r  <Av4>av i s  e a s i ly  found.

I f  the  c ry s ta l  has cub ic  sym netry Van V leck  f in d s
<Av2>a = (3/8)g4 34 h“ 2 [a+ 6  (A4  + Xf + A3 ] S(«S + 1) , (165)

where Ai, A2> A3 a re  th e  d i r e c t io n  co s in es  o f  th e  ap p lied  f ie ld
r e la t iv e  to  th e  cu b ic  ax es . Hie c o n s ta n ts  a , 6, a re  independent
o f ' t h e  A’ s ,  b u t depend on th e  ty p e  o f  cu b ic  s t r u c t u r e .  For a
powder o f  a su b s tan ce  h av in g  a sim ple  cu b ic  l a t t i c e  Van Vleck
f in d s  (166)

(3/5)g4P*h“2 S(S+1) 2 r ‘ ® = (3/10)g2P2h"2flf.
i> j<Av2 >

I t  may be n o ted  th a t  t h i s  ex p ress io n  i s  independent o f  exchange,
which th e r e fo r e  does n o t c o n t r ib u te  to  <Av >avJ exchange how
e v e r  c o n t r ib u te s  to  <Av4>av (se e  below ).
T h is  e x p re s s io n  has been d e r iv e d  w ith  a H am iltonian  from which
th e  term s w hich g iv e  r i s e  to  th e  ab so rp tio n  l in e s  a t  V = 0 and
V = 2v , . . .  have been dropped. I b i s  i s  n ecessa ry  fo r  o b ta in in g
a r e s u l t  w hich a c tu a l ly  a p p l ie s  to  th e  re so n a n t l i n e ,  because
th e  s u b s id ia ry  l in e s  d i f f e r  so  much in  frequency  from the  main
l i n e  t h a t ,  a lth o u g h  th ey  a re  much f a in t e r ,  t h e i r  c o n tr ib u t io n
to  <Av2> would be o f  th e  same o rd e r as th a t  o f  th e  main l in e .

Van V leck  a l s o  computed th e  mean fo u r th  power o f  th e  f r e 
quency and found th a t  exchange c o n tr ib u te s  to  t h i s  moment. T his
n e c e s s a r i ly  means t h a t  th e  l in e  ta p e rs  o f f  l e s s  sh a rp ly  in  the
w ings th a n  in  th e  c a se  o f  p u re  m ag n e tic  i n t e r a c t i o n ,  b u t a t
th e  same tim e i s  peaked  more s h a rp ly  n e a r  th e  c e n tr e  o f  th e
l i n e ,  so  t h a t  th e  v a lu e  o f  <A 2>av rem ains u n a lte re d .  T his ex
change n a rro w in g  i s  n o t l i k e l y  to  o ccu r in  n u c le a r  resonance
l in e s  in  c r y s t a l s ,  b u t has been observed  in  se v e ra l  co n c en tra 
te d  param agnetic  su b s tan ce s  in  which th e  resonance l in e s  a r i s e
from e le c t r o n ic  s p in s .  An in t e r e s t i n g  example i s  copper su lp h a
t e  which has been s tu d ie d  in  d e ta i l  a t  room tem peratu re by Bag-
guley a n d 'Grif f i ths  (B 19). . .

I t  may be n o ted  th a t  in  th e  case  o f  pure m agnetic in te r a c t io n
th e  l in e  shape i s  abou t G au ssian . A G aussian  d i s t r i b u t io n  hav
in g  th e  c o r re c t  va lu e

/(V ) “ A

o f  <Av2> i s  g iven by

< v 2 >

a v
f t  e x p t- (v -g m c / h ) 2/2<Av2>av] ;  (167)

th e  co rresp o n d in g  fo u r th  moment
a s im p le  c u b ic  l a t t i c e  and S

i s  3 (<Av2> ) 2.  In  th e  case o f. my •
1/2  th e  G au ssian  d i s t r i b u t i o n
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y ie ld s  (<AV4> „ ) *  « 1.32 (<Av*> )*  w hile  in  the  case o f pure
m agnetic in te r a c t io n  we have (<Av4> )'* = 1.25 (<Av2> )% Th
d e v ia tio n  from a G aussian  d i s t r ib u t io n  i s  th e r e f o r e “n o t g re a t
in  t h i s  c a se ; th e  a c tu a l  cu rve  i s  somewhat b lu n te d  compared
w ith  th e  G aussian  one.

I t  f i n a l l y  may be added, th a t  P ryce  and S te v e n s  (P6) a ls o
c o n s id e red  th e  f i r s t  moment, which i s .  a m easure fo r  th e  mean
d isp lacem en t o f  th e  l i n e .  They found th a t  in  th e  p re s e n t ap 
proxim ation  o f  high tem peratu re  th a t  th e  ce n tre  o f  the l in e  i s
n o t d isp lace d  by th e  in te r a c t io n .

b) Two kinds o f  sp in s . Van Vleck a lso  considered  th e  case o f
two k in d s  o f  s p in s ,  c h a r a c te r i s e d  by d i f f e r e n t  g -v a lu e s  and
p o ss ib ly  by d i f f e r e n t  values o f  <S. I t  i s  assumed th a t  the  g -v a
lu es  d i f f e r  so much th a t  th e  resonances o f  the two v a r ie t ie s  o f
sp in s  do n o t o v e r la p f t ie  must expect th e  normal resonance l in e s
f o t  the  two types o f  sp in s  and moreover q u ite  a v a r ie ty  o f sub
s id ia r y  l i n e s .  Van V leck  c a lc u la te d  th e  second and fo u r th  mo
ment o f  th e  reso n an ce  l i n e  o f  one o f  th e  k in d s  o f  s p in s .  We
s h a l l  n o t q u o te  th e  co m p lic a te d  expressions d e r iv e d  by Van
Vleck, bu t we s h a ll  only mention the  s a l i e n t  fe a tu re s  o f the  r e 
s u l t .

1) A ll o th e r  th in g s  being  equal th e  m agnetic co u p lin g  b e t 
ween d is s im i la r  sp in s  i s  le s s  e f f e c t iv e  than  between l ik e  ones
in  broadening  th e  l i n e s .  The c o n tr ib u tio n  o f  d i s s im i la r  sp in s
to  the average square w idth <Av2> .„  i s  -  a p a r t  from d if fe re n c e s
in  th e  v a lu es  o f  g and 5  -  on ly  4 /9  tim es th e  c o n tr ib u tio n  o f
id e n t i c a l  s p in s .  T h is  r e s u l t  e a s i l y  can be in t e r p r e t e d  as a
consequence o f  'resonance*  between th e  s p in s .  For s e e in g  th i s
l e t  us co n sid er two sp in s  in  a co n stan t m agnetic f i e ld .  C la s s ic 
a l l y  they  p recess  about th e  d i r e c t io n  o f  H and th e  f i e l d  they
e x e r t  on each o th e r i s  a su p e rp o sitio n  o f  a stead y  f i e ld  and a
r o t a t i n g  f i e l d .  I f  th e  s p in s  a r e  i d e n t i c a l  th e  p re c e s s io n a l
freq u en c ie s  a r e . th e  same and th e  ro ta t in g  f i e ld  o f  one sp in  is
ab le  to  tu rn  over th e  o th e r  one. Tjhis e f f e c t  reduces th e  l i f e 
tim e o f th e  sp in s  in  th e  g iven s t a t e s  and th e re fo re  makes the
m agnetic i n t e r a c t io n  more e f f e c t iv e  in  th e  case  o f id e n t i c a l
sp in s  than  o th e rw ise . A d e ta i le d  c a lc u la t io n  g iv e s  th e  f a c to r
m entioned.

2) Exchange between d is s im i la r  sp in s  c ó n tr ib u te s  to  <Av2> .v
and th e re fo re  tends to  broaden th e  l in e ,  co n tra ry  to  the e f f e c t
fo r  id e n tic a l  sp ins. Pryce and S teven s  considered  th i s  e f f ê c t  in
some d e ta i l  fo r  sp in s  w ith  5  = For d e ta i l s  we r e f e r  to  th e i r
paper.

3) Both m agnetic and exchange in te r a c t io n  between the sp in s
o f  one type in flu en ce  only the  fo u rth  -  n o t the  second - moment
o f  th e  resonance l in e  o f  th e  o th e r  type and consequently  cause
a narrow ing o f th e  l in e .
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4 ; Exchange in tera ctio n  between one type o f  sp ins contributes
only to  the fourth moment o f  the l in e  o f  th is  type, even i f  the
d ipolar broadening i s  mainly caused by the in tera c tio n  with the
sp ins o f the other type.

I t  may f in a l ly  be added that the e f f e c t s  1) and 2) both act
on < A v2>„ and therefore do not n ecessa r ily  imply that the Gaus
sian  approximation i s  a bad one. The e f f e c t s  3) and 4) on the
other hand imply - i f  they are n o ticea b le  - that the d ev ia tion
from a Gaussian shape i s  s ig n if ic a n t .

5 .45  The influence o f  tem perature.
In the con sideration s given so far on the magnetic and exchange
broadening o f  resonance l in e s  we confined ourselves to  the case
o f  high temperatures where terms in  1/kT  in  the expressions for
<Vn> can be n e g le c te d  (C f. (1 6 3 ) ) .  In the temperature region
where th is  no longer i s  allowed in  general the <Vn> arq depen
dent on the temperature and moreover o ften  on the shape o f  the
sample. This i s  a consequence o f the fa c t that the higher terms
in  the expansion  o f  <vn> to  powers o f  1/T  in v o lv e  summations
over terms which depend on rather low powers o f  the d ista n ces
between the m agnetic io n s (Pryce  and S teven s  (P6))«

We are e s p e c ia l ly  in te r e s te d  in to  the p o ss ib le  displacem ent
o f  the resonance l in e  with decreasing temperature. This problem'
has been co n sid ered  in  some d e t a i l  by Dr K .W .H.Stevens  in  a
p riv a te  communication to  P rofessor G orter,  for the case o f  ions
having a sp in  Vi and coupled on ly  w ith magnetic cou p lin g . Tlien
the in tera c tio n  between two ions i s  given  by (70) and the mean
displacem ent o f  the l in e  to  the Order 1/kT  i s  found to  be equal
to

(3/2)gpHc (C/kT) ®,
where $ xs given by (8 6 ) . Therefore a displacem ent in  the f i r s t
order o f  1/kT  has to  be expected  fo r  a l l  shapes-which d i f f e r
from a sphere.

In f i r s t  approxim ation o n ly  exchange in te r a c t io n  between
d is s im ila r  io n s can s h i f t  the l in e ,  the s h i f t  due to  exchange
in tera c tio n  between lik e  ions i s  zero in  th is  approximation. As
fa r  as we are aware no c a lc u la t io n s  have been published about
th e ca se  o f  s tro n g  m agnetic and exchange in te r a c t io n  as for
in stan ce i s  present in  ferrom agnetic or anti-ferrom agnetic sub
s ta n ces . The theory in  th ip  case obviously  w il l  encounter many
d i f f i c u l t i e s .



P A R T  II

EXPERIMENTS ON SPIN LATTICE RELAXATION
C h a p t e r  I

EXPERIMENTAL METHODS
1.1 Introduction.

An experimental check of the preceding considerations on
spinj-lattice relaxation involves the study of x ’ and x” as a
function of frequency v, temperature T and constant magnetic
field Hc, possible followed by a calculation of the relaxatie»)
constant aé a function of Hc and Ti

It may be noted that in principle a study of the adjustment
of the magnetic moment to anew equilibrium value after a sudden
change of Hc should give the same information. For practical
reasons however a method using an alternating magnetic field
has to be preferred and therefore the theory in I, Ch. 4 was
developed for this case.

The technique actually required strongly depends on the fre
quency range in which considerable dispersion and absorption
occurs and it is possible to classify the experimental tech
niques accordingly.

a) The methods used at frequencies between 0.1 and 78 Mc/sec
®re described in detail by Gorter in his monograph (Gl), where
many references to the existing litterature can be found. We
therefore can refrain from a detailed discussion, x* can be de
termined by placing the sample in the tank coil of an oscillator
and by measuring the change of frequency of this oscillator,
caused by changes of x’ due to variations of H and T. x’ can be
measured by placing the sample in a sufficiently strong alter
nating field and by determining the rate of heating of the sam
ple. It must be noted that x’ and x” are measured separately.
This sometimes has the dis-advantage that the results of both
types of measurement on samples of the same substance do not
entirely agree, especially when they are not treated exactly
the same as regards evacuating and sealing. A method of measur
ing x.’ x" simultaneously would remove this difficulty, but
probably is difficult to develop in this frequency range.

b) At low frequencies (below 500 c/sec) two methods are feas
ible; as far as we are aware only one has been applied to spin
lattice relaxation.

^*e first method consists in measuring the saturation of a
resonance absorption line under increasing power input. This--
method for instance has been used by Bloembergen^■ Torrey and
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Pound (B22) fo r  th e  measurement o f n u c lea r m agnetic re la x a tio n
tim es and by Bleaney and Penrose (B23) fo r  m easuring the therm al
re la x a t io n  time in  anmonia gas a t  low p re s su re s .

We w ill  d isc u ss  b r i e f ly  th e  ca$'e o f  param agnetic su b stan ces,
where we s h a l l  co n fin e  o u rse lv e s  to  th e  case  o f  sp in s  w ith  S  =
/4. Then th e  i n t e n s i t y  o f  a b so rp tio n  depends on th e  d if fe re n c e
irt occupation  o f  th e  two le v e ls  o f  th e  s p in s .  In  a s tead y  con-
d i t io n  t h i s  d i f f e r e n c e  may be deno ted  by na and when a ra d io 
freq u en cy  f i e l d  i s  a p p lie d  by n. I f  now th e  p r o b a b i l i ty  o f  A
t r a n s i t i o n  by th e  r a d ia t io n  f i e l d  i s  A th en  th e  r a te  o f  change
o f  n due to  t h i s  in f lu e n c e  i s  g iv en  b y -2 A n . The f a c to r  2 a c 
coun ts  fo r  th e  f a c t  th a t  fo r  each t r a n s i t i o n  n changes w ith  2 .
On th e  o th e r  hand th e re  i s  an opposing  tendency  -  due to  th e
in te ra c t io n  between the  sp in s  and th e  l a t t i c e  v ib ra t io n s  - which
ten d s  to  reduce th e  d if fe re n c e  n -  nQ. The r a te  o f  change o f  n
due to  t h i s  e f f e c t  i s  supposed to  be p ro p o r tio n a l to  (n0 -  n ),
o r  equal to  ( 1 /T ) ( n 0 _  n ) , where X = p/2rt i s  th e  s p i n - l a t t i c e
re la x a tio n  tim e . Thp to t a l  r a te  o f  change o f  n i s  given by

—  = - 2  An 4- ( l / x ’Mn -  n ) .
a t

In  a s tead y  s t a t e  t h i s  i s  ze ro  and we g e t
n /n Q = 1/(1 + 2A  x ). (168)

The r a t i o  n /nQ i s  equal to  th e  r a t i o  between th e  ac tu a l absorp
t io n  s t r e n g th  and th e  a b so rp tio n  s t r e n g th  a t  power lev e l ze ro .

In  th e  case  o f  sp in s  w ith  5  = lA i t  can be shown th a t
A * % Y2 *»2 X’ cp(v),

where h = th e  am p litu d e  o f  th e  r a d ia t io n  f i e l d ,  y i s  th e  mae*
n e to g y r ic  r a t i o  (y = g 0 /f r ) , T ’ i s  th e  s p in - s p in  r e l a x a t io n
tim e , which i s  a m easure o f  th e  re c ip ro c a l  w id th  o f  th e  l in e ;
<p(v) a c c o u n ts  f o r  th e  f i n i t e  w id th  o f  th e  a b s o r p t io n  l i n e
i n  th e  fo llo w in g  way. As a consequence o f  th e  f i n i t e  w id th  o f
th e  l in e  th e  su rp lu s  number n fo rm ally  can be regarded  as being
d i s t r ib u te d  over a frequency range acco rd ing  to  a fu n c tio n  <p(v)
determ ined  by oo

n (v )  = nqp(v) I  <p(v) cfv = 1 .
I f  i s  fu r th e r  assumed th a t  th e  frequency o f  th e  r a d ia t io n  f i e ld
/i -  Jh(v)ch  i s  so w ell d e f in e d  th a t  cp(v) can be taken  c o n s tan t
over th e  frequency reg io n  where h i s  d i f f e r e n t  from ze ro . I t  i s
n o t d i f f i c u l t  to  s a t i s f y  t h i s  co n d itio n  in  th e  m icro wave range.

The ab so rp tio n  th e re fo re  i s  p ro p o r tio n a l to
n /n Q = <p(v)/(l + Y2 h2xx*<p(v)). (169)

In  the  case  o f  a narrow  a b so rp tio n  l in e  <p(v) a t  th e  resonance
freq u en cy  i s  n o t v e ry  much d i f f e r e n t  from one; th en  th e  i n 
t e n s i t y  o f  a b s o rp tio n  r a p id ly  d ec re a se s  i f  h becomes so la rg e
t h a t  y2/i2XX,£ i l .

In  th e  case  o f  a r a th e r  d i l u te  su b stan ce  l ik e  an alum we have
x ’ r ^ l O -8 sec and fo r  e le c t r o n ic  sp in s  y = 1.76 x 107 O ersted-1
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sec"1 , so that if T = 10"8 sec the mean energy density required
for making y2h2TT ’ = 1 becomes hz /&K = 10“4 ergs/cm [or hc±
0,05 Oersted], so that per sec per cm3 c * h2/firt = 3 x 10e ergs
has to be applied. If therefore the volume of the crystal is
0.01»cm3 the power required is 3 * 10"3 Watts. If T = 1 sec the
power required is only 3 * 10"e Watts. Power inputs of this or
der easily can be produced in the microwave range.

The application of (169) for determining x requires the
knowledge of y, h and x ’. It is however possible to determine
the ratio of the product XT’ at two temperatures by comparing
the absorption as a function of the applied power (or h) for
these temperatures. X* can be calculated from the line width
and, except at very low temperatures, is independent of T. It
therefore is comparatively simple to determine the ratio of the
spin lattice relaxation time for a given value of Hc at two
temperatures.

Complications may arise in cases where several spin-lattice
relaxation times come into play (in the case of spins with S  —
%  there can be only one relaxatirfi time; cf. G2). We shall not
discuss this point further.

It finally may be noted that this method in principle can be
applied to cases where the relaxation time is too long (X> 0.1
sec) for being measured with the bridge method (see below).

An alternative method for investigating spin-lattice relaxa
tion phenomena at low frequency is the study of x ’ an<  ̂X ” with
a suitable low frequency alternating current bridge. We will
describe a very useful bridge in the next section (1,2). This
method has the advantage that x ’ X” are determined simulta
neously. Therefore the interpretation of the measurements no
longer depends on the assumption that the relaxation phenomena
can be interpreted with one relaxation constant. In the next
chapter we will discuss cases where this assumption is not valid.

1.2 The bridge method.
1.21 Theory.

a) The basic idea underlying the use of an a.c. bridge for
measurements on paramagnetic relaxation can be elucidated in
the following way. Let us consider a mutual inductance with an
alternating current flowing through the primary. In the case of
an ideal mutual inductance the secondary voltage is exactly in
quadrature with the primary current. This however is never the
case in practice and the secondary voltage always has a - usu
ally small - component in phase with the primary current.

If a paramagnetic substance, which may have a complex sus
ceptibility due to relaxation, is placed inside the mutual in
ductance both the real and imaginary part of the coefficient of
mutual inductance will change. Hiese changes are a measure for
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the magnitude of the real and imaginary part of the susceptibi
lity, and therefore the measurement of x’ and x” can be reduced
to a determination of the two components of the coefficient of
mutual inductance.

Ibis can conveniently be carried out with an a.c. bridge. A
bridge suitable for this purpose has to satisfy several require
ments ; the most important in our cases are

1) x’ and x”, can be measured simultaneously and with suffi
cient accuracy. The second requirement implies that the detector
is sufficiently sensitive and moreover that ‘impurity* effects
of the bridge elements (see below) are either negligible or can
be taken into account.

2) The balance condition is rapidly attained. This condition
is fulfilled if the bridge can be balanced by two independent
adjustments of the bridge elements.

The bridge we actually used satisfied these requirements and
is originally developed by Hartshorn (H7); it has previously
been used by De Haas and Du Pré (H10). The circuit is drawn in
fig. 9. is the mutual inductance containing the sample and
is placed in the cryostat; ^  is a variable mutual inductance
and R is a resistance. Thp current through the detector D can
be made zero by proper adjustment of M2 and R.

In order to find the balance condition we write the relation
between primary current I and the secondary voltage Vu of a
mutual inductance in the form

Vu = [-iw(M + O  + o]lp. (170)
where Gd is 271 times the frequency and Af is the coefficient of

Fig. 9 The a. c. bridge.
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mutual inductance for the lim iting  case of frequent zero; It
therefore is  rea l. The quantities C and a in general depend on
the -frequency and describe the deviation of the actual mutual
inductance from an 'ideal mutual inductance for which £ = 0 = 0;
0 describes the component of V, which is  in phase with I • The
phase defect ó is  given by tg 6— O/iM (see fig . 10) and usually

is  small (6 «  0. 01).
I f  Mi does not contain a sample - which

P is  denoted by the suffix  °- the ballance
condition becomes

-iuM§ + Rc (171)
[-iw (M?+£®) +xj°] + [-iw (m£+£°) +a°] +R°=0. (172)
Separation in to  real and imaginary p a rt
gives the independent balai.ee conditions

------- * Ys
M ? +  +  £ °  +  £ °

o? + 0° + R° =
(173)
(174)

Fie. 10 Balance of the bridge can be a tta in ed  by
two independent adjustments (11$ and R) and the convergence
towards balance therefore is  rapid.

I f  now a sample is  placed in Mj the coeffic ien t of mutual
inductance becomes

Mi = M? (1 + ƒ*), (175)
where ƒ is  a fac to r depending on the geometry of the system
and x in general can be complex as a consequence of relaxation.

We w ill now introduce some important sim plifications to be
ju s tif ie d  la te r . In the f i r s t  place we shpll assume that ƒ is
real and secondly that 0± «  uK1. Consequently we can write

Mi = M? + (1/£)X, (176)
where J / B  = / ( A f i  +  £ i ), which is  rea l.

Balance of course only can be obtained by renewed adjustment
of ^2 and R, and we have the new balance condition

-iO*! -ilMi t  R = €*, (177)
or
-iuEk° + C?+(l/£)x'l + [o i-(w /£ )x i + [-iw (l/2 + C2) +0 2] +£=0.0-78)

Application of (172) and separation in to  real and imaginary
parts yields

X’ = £ [ ( * £ - J(2) + ( £ - 0 ]
X" -  (B M  [(fl -  R°) + (02 -  a2) ] . (179)

In  p rac tice  we neglected the terms ({£ -  £2) and (a2 -  0°)
(third simplification) and we always used the simple expressions

X’ s B(f^^-Mi)  (180a)
X” = (B/u) ( f t - R  ) .  (180b)

I t  must be remembered that B depends on the frequency. This
however has no e ffec t on the ultim ate resu lts  as we are only
interested into the ra tios x7xo X7xo* According to  (180a)
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and (180b) y’ and y” can be derived from two independent bridge
adjustments which is an important advantage of the Hartshorn
bridge.

Finally it may be noted that the use of (175) instead of
(176) leads to the expressions

y’ = B[($-U2) + fê-C*)] -  (fl/u) (o?/ul£) (181a)
y” = (B/w)[(R-fl°) + (a2-Oa)] + B(£-U2) (of/uMS), (181b)

where the second terms at the right hand side of both equations
describe the influence of the impurity of Mi. These equations
clearly show the importance of measuring coils with a low impu
rity. Special care therefore has been taken in order to reduce
the impurity so much that the second term in (181a) and (181b)
is negligible.

b) It is desirable to extend these considerations with a
discussion of the interpretatie»! of the quantities £ and 0. Ac
cording to Butterworth (B24) and Hartshorn (H8) (compare also
Hague (H9)) the factors causing deviatiexis from an ideal mutual
inductance are (1) self and intercapacities of the windings;
(2) eddy current losses in the copper of the windings, terminals
(in our case also the magnet coil producing the constant magne
tic field); (3) leakage and dielectric losses; (4) resistance
inadvertently included in common with both windings when these
are connected at a common point.. Each of these factors gives
rise to quantities £ and 0 which are characterised by their de
pendence on (<)• Usually a number of factors is acting simulta
neously, which causes a more intricate dependence of C and a
on (0 than if only one factor were acting. It is,often still
possible to find the sources of the imperfection of a given mu
tual inductance by analysing the dependence of C and 0 on w.

According to theory common resistance simply gives C = 0;
while 0 is finite but independent from b). Eddy currents give
£ = u C* and O - , where .£* and o* are constants depending
on the geometry and the material of the conductors. Capacities
and leakage can be taken into account simultaneously; according
to Butterworth and Hartshorn as regards these effects a mutual
inductance having a common point C is equivalent with the cir
cuit drawn in fig. 11-

fa
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Here the intercapacitance is denoted by Cls and the self capaci
tances of the primary AC and the secondary BC by C4 and C2 res
pectively» The conductances g12, g* and g2 describe the leakage
between the primary and secondary, and along the primary and
secondary respectively» It can be shown by a long calculation
that at low frequencies

C = - C 12 Hi -gi2 [Rx ( V W )  + « 2 ^!-^)] - M l  + 8^ 2)^ +
+ u M M i  + C2L2 ) + C12 (Li+W) (L2+Af)]

a = -g12 «1^2 + Cufili (La-**) + f?2 (Li+W)} +
+ g12(L1 +M){LZW) + {giU+gzL^M]. (182)

In general the dependence on (1) is rather complicated because
the g’s may contain u. If the g’s can be neglected (only capa
cities are present) £ contains a constant term and a term qua
dratic in u, while a only contains a quidratic term. Leakage
can be described by constant g’s and therefore only can add a
constant term to a if there is leakage between the primary and
the secondary. Dielectric losses can be described with g’s de
pending on iii (in a limited frequency range g ~Mr, 0<O<l).
Therefore in this case £ contains a constant term and a term
proportional to u)®, while C contains a term proportional to
and a term proportional to (it*®. In general therefore both C
and o can be expected to be rather intricate functions of (*)•
From the magnitude of the coefficients of the different powers
of («) is sometimes can be concluded which terms in £ and o are
predominant in a given frequency region. This will be done in
the next section for some coils used in our experiments. The
results justify the use of the formulae (180) for frequencies
below about 500 c/sec.

In the treatment given we neglected the influence of the
earth capacitance. This can be justified by the remark that, if
point A in fig. 9 is connected to earth, earth capacitances in
first approximation merely shunt the self and inter capacities,
and therefore are automatically included in the treatment given.

1.22 Apparatus.
In this section we propose to discuss the different bridge

elements used in our experiments.
a) The variable mutual inductance. For our purpose we requir

ed a variable mutual inductance which could be adjusted conti
nuously from zero to about 5 mH. This figure is determined by
the desired accuracy in measuring x and the sensitivity of the
available detector.

The mutual inductance was made in the laboratory according to
the following pattern. The primary simply was a long solenoid
(length 70 cm, diameter 3 cm) of copper wire (diameter 0.06 cm)
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w ith  va rn ish  and s i l k  in s u la t io n ,  wound on a g la s s  tube. The
secondary was wound on a w ider g la s s  tube and surrounded the
prim ary in  the m iddle; i t  was b u ild  up from groups o f 100, 10
and 1 tu rn s  o f  a s tra n d e d  rope o f  ten  in s u la te d  th in  copper
w ire s . By s tra n d in g  the  w ires  the  mutual inductance  between
a ll  s tran d s  o f one group and the prim ary i s  almost exactly  the
same and the  t o ta l  mutual inductance  i s  p ro p o rtio n a l to  the
number o f  tu rn s . On the o th er hand s tra n d in g  in troduces consi
derab le  capacitance between the s tra n d s . This i s  l ia b le  to  give
considerab le  im purity  a t  h igher audio frequenc ies, but d id  not
cause tro u b le s  in  our experim ents.

By the use o f th ree  decimal d ia ls  any number o f  tu rn s could
be jo in ed  in  s e r ie s  and th e i r  mutual inductance added, thus a l 
lowing to  change the mutual inductance in  s tep s  o f  one tu rn . A
subdivision in  ten th s  o f  one tu rn  was obtained by the following
simple a r t i f i c e  (De Klerk  (K 6)). One e x tra  tu rn  o f the rope of
s tra n d s  was p laced a t  the  m iddle and a second one near the
end o f the prim ary, in  such a way th a t  the f lu x  through th is
tu rn  was j u s t  n ine  te n th s  o f the f lu x  through the  tu rn  in  the
m iddle. Two decimal d ia ls  mounted on one s h a f t  allowed to  con
n ec t equal numbers o f s tra n d s  o f both tu rn s in  s e r ie s  w ith mu
tu a l inductances opposed. In  o rder to  reduce the in te rca p a c ity
between the prim ary and th e  secondary  an e a rth e d  sc reen  was
placed between them.

Fig. 12 T h e  v e r i o a e t e r

A sim ple  v a rio m e te r  ran g in g
from  —0 .1  to  +0.1 tu rn  allow ed
a continuous ad justm ent. I t  was
made from a c irc u la r  d isk  o f ebo
n i t e  which c a rr ie d  th e  p rim ary
w indings P and the  secondary S;
S consisted  ó f a s in g le  open tu rn ,
tapped  in  the  middel ( f i g .  12 ),
The o th e r  secondary lead  passed
th ro u g h  th e  c e n tre  o f the  d isk
and made con tac t w ith the second
ary  tu rn  a t  the s i id in g  con tac t C.
In the case o f proper construction
the  mutual inductance i s  p ro p o rt
ional to  the shaded a rea  o r to  the
angle <p. This was confirmed w ith
a high degree o f accuracy fo r the
instrum ent used. A sca le  d iv is io n
allowed readings t o ,0.001 tu rn  o f
the main mutual inductance which
corresponds about to  the mean ac
curacy o f the detector*
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C a l i b r a t i o n .  The c a l ib r a t io n  was c a r r ie d  out in  two
s te p s .  In  th e  f i r s t  p l a c e fthe  d i f f e r e n t  groups o f tu rn s  had to
be compared in  o rd e r to  check th e  r a t i o  o f the  mutual inductance
o f  the d i f f e r e n t  groups. T his was done by comparing the maximum
mutual inductance o f one d ia l  w ith  one u n i t  o f  th e  nex t h ig h er
d i a l ,  assum ing th a t  th e  s t r a n d s  o f  one d ia l  had e x a c t ly  Jthe
same mutual in d u c tan ce . The very  sm all d e v ia tio n s  from the  ex
p ec ted  decimal ra t io n s  ware taken in to  account in  the  c a lc in a 
t io n s  o f  x* and X”  •

Secondly we s tu d ie d  C and 0 by com paring M2  w ith  a T in sley
stan d ard  mutual inductance o f  0 .2  mff.The r e s u l t s  a re  c o lle c te d
in  Table VI where U and £  are  p resen ted  in  u n i ts  4.53 \iH, .which
i s  the mutual inductance o f  one tu rn  o f  the  secondary.

Table VI

A.C. B R ID G E
U ■ 0 .2  mH * 42.415 tu rn s  (1 turn = 4.53 \iH)

Frequency (c /s e c ) 175 225 275 325 375 425 475

£  ( in  tu rn s ) 0.019 0.037 0.039 0.073 0.082 0.136 0.173

£/M x 104 4 .5 8.7 9.2 17 19 32 41
0  (ohms) x 104 0 .39 0.53 0.65 0.91 1.21 1.65 2.13
o/iM  x 104 1.8 2 .0 2 .1 2 .3 2 .7 3 .2 3 .8

I t  i s  assuned th a t  both  £  and a  o f  the  s tan d ard  can be neg lec ted .
O f cou rse  o b je c tio n s  may be r a is e d  a g a in s t  t h i s  p ro ced u re . We
b e liev e  however th a t  probably the  o rd e r o f  magnitude o f  £  and a
i s  c o r re c t.  T his i s  a l l  we re q u ire  fo r  concluding  th a t  th e  10*11118

(£ 2 -£ ° )  and (o2 -0 ° )  in  (179) can be n e g le c te d .  In  th e  f i r s t
p la c e  each o f  th e  £ ’ s  and o ’ s i s  much sm a lle r  th an  x’ and x”«
and in  the  second p lace  £  and a w ill  be n e a r ly  independen t o f
th e  s e t t i n g  o f  Mjj. C onsequently  th e  t h i r d  s im p li f ic a t io n  (se e
page 91) i s  allowed even i f  x* ^  x” a re  sm aller than 0 .1  tu rn .

We moreover found th a t  (a ) £  i s  p ro p o rtio n a l to  d 2 and (b) a
v a r ie s  more r a p id ly  th an  w2 . T h is  m ust be due to  d i e l e c t r i c
lo s s e s ,  which a re  l ik e ly  to  occu r because th e  c o i l s  were wound
on g la s s  and th e  w ires had s i l k  in s u la t io n .  Both substances ab
sorb  m oistu re and th i s  can give n o tic e a b le  lo s s e s .  Improvements
e a s i ly  could  have been arranged  bu t were n o t ' n ecessa ry  fo r  our
measurements.

ij-L njxruT JxriJiJxruT JT JT JT Jxrun-r

"L ruT JU T -r -u T jrn jx n JT JT J"U "L T

Fig. 13 The p h a s e  p o t e n t i o m e t e r .
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b) Hie phase potentiom eter  ( t i g .  13) rep lacéd  th e  re s is ta n c e
R in  f ig .  9 . We req u ired  va lu es o f  R between 10" and 10” 1 ohm,
fo r  which th e  p o ten tio m ete r was more ac cu ra te  than  a s l id e  w ire .
The f ix e d  r e s i s t a n c e  c a r r i e d  th e  p rim ary  c u r r e n t  and was
shunted by an o th er fix ed  re s is ta n c e  r 2 and a v a r ia b le  r e s is t a n 
ce  r  in. s e r ie s .  The v o ltag e  re q u ire d  in  th e  secondary was taken
from th e  ends o f  r 2 and co u ld  be commuted. I t  i s  e a s i l y  seen
t h a t

V = RIp = ra/rj+r^+r) Jp, (183)
where R = r±r2 / ( r i+ r 2+r) i s  th e  r e s is ta n c e  -which an eq u iv a len t
s l id e  w ire should  have. The p o ten tio m e te r i s  c a l ib r a te d  by mea
s u r in g  V, w h ile  I  was a known d i r e c t  c u r r e n t .  We found R *
0 .5 8 6 /(2 .79-w ), where R and r  a re  expressed  in  ohms.

I t  may be n o ted  th a t  in  p r in c ip le  i t i s  p o s s ib le  to  use th e  po
te n tio m e te r  by tak in g  r  c o n s ta n t and r 2 v a r ia b le .  T h is  could  be
advantageous i f  r2« ( r 1+r); th en  th e  denom inator in  (183) would
be p r a c t i c a l l y  c o n s ta n t and we would have Kw2 . E sp e c ia lly  when
r 2 i s  sm all th e  c o n ta c t  r e s i s t a n c e  o f  th e  v a r ia b le  r e s is ta n c e
however e n te r s  c r i t i c a l l y  and th e re fo re  we p re fe rre d  th e  a r ra n 
gement w ith  v a r ia b le  r .

c) The a lte rn a tin g  current Tp was provided  by a P h ilip s  b e a t-
frequency  g en e ra to r o r  a P e e k e iRC g en e ra to r in  s e r ie s  w ith  a 5
w a tt a m p l i f ie r .  T h e ,RC g e n e ra to r  was s u p e r io r  as to  constancy
o f  frequency  and to  d i s t o r t i o n .  I t  was p o s s ib le  to  make I p as
High as 0 .2  amps w ith  s u f f i c i e n t ly  low d i s t o r t i o n .

The freq u en cy  ad ju s tm en t was made e i t h e r  by com paring th e
frequency  w ith  mains frequency by means o f a cathodé ray  o s c i l 
lo sco p e  o r by com paring h ig h e r  harm onics w ith  a tu n in g  fo rk ;
th e  f re q u e n c ie s  used  were alw ays d i f f e r e n t  from th e  harm onics
o f  th e  m ains frequency  in  o rd e r  to  reduce th e  p o s s ib le  i n f  o -
ence o f  p ic k  up from th e  m ains. '

d) The s e le c tiv e  d e tec to r  c o n s is te d  o f  a two s tag e  b a t te ry - le d
a m p lif ie r  w ith  r e s is ta n c e  coup ling  and a tu n ab le  v ib ra t io n  g a l
vanom eter. The f i r s t  valve  was a P h i l i p s  CF 50, which i s  ch arac
t e r i s e d  by a very  low n o ise  le v e l  and a h ig h  a m p lif ic a tio n  fa c 
t o r .  The second va lv e  was a P h i l ip s  EF 6 coupled  to  th e  galva
nom eter w ith  a s u i ta b le  tra n s fo rm e r. In  o rd e r to  p rev en t o s c il*
l a t i o n s  th e  in p u t  had to  be sc reen e d  v ery  c a r e f u l ly  and each
v a lv e  was g iven  a s e p a ra te  anode b a t t e r y .  M oreover th e  am pli
f i e r  was p laced  a t  a f a i r  d is ta n c e  (4m) from _th e  b rid g e .

Two galvanom eters were used; fo r  freq u en c ie s  between 100 and
500 c / s e c  a moving m agnet galvanom eter and fo r  low er freq u en 
c ie s  a moving c o i l  in stru m en t w ith  b i f i l a r  su sp en sio n . Although
th e  s e n s i t i v i t y  o f  th e  galvanom eters was n o t v e r y h i ^ t h e o e r
a l l  s e n s i t i v i t y  o f  th e  d e t e c to r  was s u f f i c i e n t  (v o l ta g e s

ab°The1d e t e c t i r  111 owed th e  measurement o f  M, w ith  a s e n s i t iv i ty



o f  about 0.001 turn for a primary current o f 0.1 amp and for
V = 175 c/sec;the sen s it iv ity  o f the measurement of R was about
10 6 ohm. The s e n s it iv i ty  o f the d etector decreased at lower
frequencies; the lowest frequency which could be used was 25
c /s e c . At a l l  frequencies the influence o f noise was entirely
n eg lig ib le .

e) The cryos ta t  c o i l s .  The mutual inductance or ig in a lly
used by De Haas and Du Pré (H10) simply consisted o f two coaxial
cylindrical c o ils ,  these c o ils  however had a large impurity and
accordingly the determination of x" was very inaccurate. I t  was
found that the large impurity mainly was caused by eddy cur
rents in the conductors, lik e  the magnet co il and the silverin g
o f  the Dewar v e sse ls  surrounding the c o i l s .  I t  was therefore
in tic ip a ted  that c o i l s  having a sm aller stray magnetic f ie ld
would have a smaller impurity and would allo«/ a more accurate
determination o f x" •

C oils having a very small stray magnetic f ie ld  have been de
signed and used by Casimir, B i j l  and Du Pré (C2), and indeed
had a much smaller impurity than the previous c o i l s .  The main
improvement o f the new c o ils  was the primary, which now con sist
ed o f two coaxial c o i l s  g iv ing opposite magnetic f ie ld s .  The
dimensions were chosen in  such a way that the d ipole  moments
compensated each other. Then each o f  the ends o f the system
acts as a magnetic quadrupole and at large distances the system
acts as a magnetic octupole. Inside the c o i ls  however the re
su lting  magnetic f ie ld  i s  d ifferen t from zero as i s  ea s ily  seen
in  the following way.

The magnitude o f the dipole moment P and the magnetic f ie ld
h in the centre o f a cylindrical solenoid are resp. given by

P = 0.1 K in lr2(0 cm) h «* 0.471 in l / (4 r2 + I2/^  (0 ),
where i i s  the current in amps, I i s  the length, r i s  the radius
and n i s  the number o f turns per cm. Two coaxial c o ils  o f  equal
length have equal dipole moments i f

ni ri  “ n2r22 (184)
(with obvious n otation ), while on the other hand i t  i s  e a s ily
seen from the above formulae that the f ie ld  strengths in  the
centre are not equal, except in the tr iv ia l  case o f  id en tica l
c o i l s .

The f ir s t  system of c o ils  constructed according to the prin
c ip le  ju st mentioned i s  drawn in  f ig . 14 and consisted o f three
coaxial c o ils ,  two primaries and P2 , and a secondary S; a ll
c o ils  are wound on g lass tube. The secondary was wound in  three
sections, the upper and lower section each having h a lf the num
ber o f turns o f the section  in the middle. The three section s
are connected in  such a way that they tend to  compensate each
other* This never occurs completely, bat in any case the to ta l
mutual inductance i s  much smaller than the mutual inductance o f
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Figw 14 The cryostat

one of the sections apart. In this way the
possible, influence of pick up from homog
eneous stray fields (for instance from the
mains) is very much reduced. Moreover the
number of turns of Mq required for compens
ation of 5  is much smaller than otherwise,
which may improve the reproducibility of
the bridge balance.

The sample to be investigated was placed
in the spherical glass container C; C  was
connected to a long glass tube which was
stuck at D with Dekhotinsky cément to the
inside of the tube, which carried the whole
system. At K the system was attached to
the cap of the cryostat.

This set of coils was satisfactory in
different respects. In the first place
change of sample was reasonably easy, al
though it required cutting the glass above
D and sealing after the replacement of the
sample. In the second place tg 6 was very
small (see Table VII). Otaly in the limiting
case that is larger than 100 x” the ex
tra terms at the right hand side of (181)
become noticeable. Therefore in all our
experiments the second simplification in
the derivation of (180) (see page 91) is
justified.

coils (first set).

T A B L E  VII
Cryostat coils (first set)

T = 4.0 °K M = 39.230 turns *) (1 turn 2.77 nH)
Frequency 16.7 25.0 37.5 64 85 102 128 170 256
C(in turns) (0.026) (0.017) 0.032 0.040 0.073 0.095 0.108 0.139 0.193
C/JL.-x 104 (0.66) (0.43) .0.81 1.00 1.86 2.42 2.75 3.53 4.9Ó
a(ohms)*104 0.086 0.20 0.49 1.24 2.00 2.77 3.89 5.79 9.96
a/u) M x 104 7 12 19 30 34 39 44 50 57

From Table VII is furthermore can be concluded that for fre
quencies higher than 128 c/sec both C and O vary with the square
*) These e'.asureeents were carried out with Cesimir and De Klerk1 a bridge (C4)
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of the frequency; at lowèr frequencies however with a lower pow
er of V. This suggests that part of the impurity must be due to
leakage. It is very unlikely that the cryostat coils-when at a
temperature as low as 4 °K « would show other impurities than
those due to capacitance and eddy currents. Consequently the
leakage must have been outside the cryostat, presumably in the
leads.

In an other respect however these coils were not entirely
satisfactory, because after about 5 runs at liquid helium tem
peratures the impurity increased at least a factor 10 and it
was impossible to obtain stable bridge settings; then the secon
dary had to be rewound. This trouble was a consequence of our
imperfect technique of winding which consisted in winding - with
out special precautions - many layers of thin copper wire (dia
meter 0.05 cm) with silk insulation.

We therefore decided to adopt another technique of winding
which had been proved to be succesful in other experiments (B
25). All coils now were wound on tubes of fused quartz, which
were connected to each other with thin quartz rods so as to
give a system of coaxial tubes. The two other tubes carried the
primary coils which were of the same design as the previous
coils. A third tube inside these tubes carried the secondary
and the sample was placed in»% container of casein plastic
.which would be slipped with its top over the lower end of a
fourth tube of quartz placed in the centre of the system. With
this arrangement replacement of the sample'was quite simple.

The secondary coils were wound of enameled copper wire (dia
meter 0.05 cm) under a microscope of low magnification in order
to make sure that the turns would be as close to each other as
possible. Each layer was varnished with shellack and was allowed
to dry before the next layer was wound. The coils made in this
way have been intensively used for more than two years without
being rewound; the impurity only very slightly increased during
this time.

The quality of the system can be judged from Table VIII and
is found to be even better than the first set, as the values of
a  are smal ler now.

Table VIII
Cryostat coils (second set)

T  m 4.0 °K M  = 404.830 turns (1 turn ■ 4.53 pH)

Frequency 25 37 62 83 133 175 325 475
C  (in turns)
C/A# x 10*
ö(ohms) x 104
a/ji X 10*

(0.025)
(0.062)
0.53
2

(0.018)
(0.044)
0.94
2

0.035
0.087
2.14
3

0.057
0.140
3.61
4

0.137
0.34
8.65
6

0.233
0.57
15
7

0.84
2.08
51.5
14

1.81
4.50
112
21
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Both £  and 0 are proportional to V2 and therefore the impurity
must be due entirely to capacitance and eddy currents, which is
just what one must, expect.

We safely can conclude that both systems of coils were very
satisfactory for out purpose. Oily in the casje of very low sus
ceptibility (for instance of very dilute salts) coils having more
turns are required.

We still have to justify that ƒ in equation (175) can be
taken real. This can be done by considering the flux through
the secondary coil (see fig. 15). Hie flux in the empty coil O F

Fig. 15
c cm tains a component OA at right angle with the primary current
and a component O B  in phase, with the primary current. If now a
paramagnetic sample showing relaxation is placed inside the
coils an extra fluxOF' passes through the secondary.<?his flux
is the sum of contributions OA' and O B ’, both having the same
phase difference <p with-04 and OB resp. Assuming that OB is en
tirely due to eddy ‘current losses in neighbouring conductors
(magnet coil) and that the whole space is .filled with paramag
netic substance, we would have

OA ’/OA = OB’/OB,
or in other words 0F ‘ should have a phase difference q> with OF.
Consequently ƒ should be real. Of course the substance is only
present inside the secondary and accordingly

OAf/OA > OB'/JOB,
so that the phase difference between OF and OF’ is not exactly
equal to q>. This deviation certainly is smaller than 6 - even
in the case that OB werf’kmly due to eddy currents - and conse
quently ƒ is complex with an argument smaller than 6. The maxi
mum error in the argument of *, caused by taking ƒ real, is much
smaller than 8 and therefore can be neglected.

Summarising we can say that the bridge described and the
measuring coils fulfil the'requirements for making possible
the-use of the simple formulae (180).

f. The co n sta n t magnetic f i e l d  was produced with an iron
free solenoid constructed by Professor Keesom. The field obtain
ed was 22.46 Oersted per amp. The water cooling was sufficient
for permitting the use of 400 amps during 5 minutes, which cor
responds to a magnetic field of about 9000 Oersted. Tne maximum
current used in our experiments was 200 amps.
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C h a p t e r  II

E X P E R I ME N T A L  R E S U L T S

2.1  In tr o d u c t io n .
In  t h i s  c h a p te r  we w il l  p re s e n t th e  r e s u l t s  o f  experim ents

on param agnetic  r e la x a t io n  a t  very  low tem p era tu res  o b ta in ed
w ith  the  b rid g e  method, d iscu ssed  in  C hapter I .  Before proceed*
in g  to  the  review  o f  th e  r e s u l t s  them selves we b r i e f ly  d iscu ss
th e  method o f  c a lc u la t io n .

I t  i s  e a s i ly  seen th a t  the  com putation o f x ' and x ” from the
b rid g e  s e t t in g s  w ith  th e  form ulae (180) re q u ire s  the  knowledge
o f  B, and R°. We a r b i t r a r i l y  chose 1/B equal to  th e  mutual
in d u c ta n c e  betw een one tu rn  o f  th e  secondary  o f  and th e
p rim ary ; x ’ ^  X*’ th en  a r e  ex p re sse d  in  tu rn>  o f  M2 .

A<2 most e a s i ly  i s  found by an a ly s in g  the va lu es o f  lf2 found
a t  d i f f e r e n t  tem peratures in  zero  co n stan t f i e ld .  The s u s c e p ti
b i l i t y  o f  th e  substance in  which we a re  in te r e s te d  h ere  always
s a t i s f i e s  a Curie-Weiss law a t  th e  tem p era tu res  where th e  ex
perim ents a re  c a r r ie d  o u t. We than  have X = Xo = (where
C and A are  co n s tan ts )  and consequently  -  i f  we n e g le c t  the  im
p u r i ty  o f -

Ms «= a£ (,(i  + / c / f r - A ) ) .  (185)
By p lo t t in g  Jl  ̂ as a fu n c tio n  o f  T —A, w ith  p ro p e rly  chosen value
o f  A, a s t r a i g h t  l in e  w ith  s lo p e  U2  fC = C/B i s  o b ta in e d  and
e x tra p o la t io n  to  T * «  g iv es  Af2 . B i s  equal to  the  v a lu e -o f  R
re q u ire d  fo r  o b ta in in g  b a lan ce  o f  th e  b rid g e  in  absence o f  a
c o n s ta n t m agnetic f i e l d  and i s  a t  very  low tem p era tu res  in d e 
penden t o f T.

The f i r s t  s te p  in  th e  in te r p r e ta t io n  o f  th e  measurements i s
a check o f  th e  thermodynamic form ulae (1 1 7 ). T h is  can be done
by examining a x ’ / x 0 v ersu s  lo g  V p lo t ,  and a x ’VXo versus log  V
p lo t .  E s s e n tia l  in  th e  f i r s t  p lo t  i s  th e  s lo p e  o f  th e  tan g en t
in  th e . p o in t fo r  which x ' = % (Xq ~ “ determ ined by pv = 1
-  and in  th e  second p lo t  th e  w id th  a t  h a l f  th e  maximum v a lu e ,
d e te rm in e d  by pv « 1 as w e ll .  In  case  o f  agreem ent' w ith  th e
th e o r e t ic a l  v a lu es  o f  th e  s lo p e  and th e  w id th  (se e  p . 58) the
v a lu es  o f  p a re  re a d ily  found. An a l te r n a t iv e  method i s  to  ex
amine th e  x ”  v e rsu s  x* p l o t ,  which -  as  w il l  be remembered -
sh o u ld  be a c i r c u la r  a rc  w ith  th e  c e n tre  on th e  x ’ a x is .  TTiis
method however i s  le s s  r e l i a b le  th an  th e  o th e r  one, because i t
i s  u su a lly  n o t p o ss ib le  to  draw th e  c i r c l e s  in  an e n t i r e ly  unam
b iguous way. In  g en e ra l th e r e fo r e  th e  f i r s t  method h asv to  be
p r e f e r r e d .

Ckily in  case o f agreement w ith  th é -more f le x ib le  Cole fortnu-
la e  (129) th e  x "  v e rsu s  x* p lo t  i s  q u i te  u s e fu l  fo r  determ r
in in g  th e  d ev ia tio n  from th e  thermodynamic form ulae; th ese  dev-
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i a t i o n s  r e a d i ly  can be e x p re sse d  in  th e  w id th  p%/pav o f  th e
d i s t r i b u t io n  o f  r e la x a t io n  c o n s ta n ts .  The average v a lu e  o f  th e
r e la x a t io n  c o n s ta n t  p >v can be de term ined  in  th e  saihe way as
above. I t  may be added th a t  bo th  in  th e  case o f  th e  thermodyna
mic and th e  Cole form ulae th e  versus lo g  V and th e  x ”Ax>
v ersu s  lo g  V cu rve , on ly  d i f f e r in g  by the  value o f p o r p >v can
be made to  co in c id e  by s h i f t i n g  them along  th e  log  V a x is .

The n ex t s te p  i s  a check o f  th e  Casinir-Du Pre formula (122).
T h is  can be done by p l o t t i n g  1/(1 -  F) as  a fu n c tio n  o f  Hc . I f
s a t u r a t i o n  i s  n e g l ig ib le  th e  r e s u l t  i s  a s t r a i g h t  l i n e  w ith
s lo p e  C/b. From the  value  o f  b/C o b ta in ed  in  th i s  way o f te n  the
e l e c t r i c a l  s p l i t t i n g  can be e s tim a ted .

F in a l ly  th e  v a lu es  o f  p o r  p a have to  be compared w ith  the
th e o re t ic a l  e x p e c ta t io n s .  Because our experim ents a re  confined
to  very low tem p era tu res  th e  r e s u l t s  shou ld  be compared in  any
case  w ith  th e  th e o r ie s  developed  fo r  t h i s  tem p era tu re  re g io n .
I t  w il l  be remembered th a t  acco rd in g  to  Fan Vleck  p shou ld  be
p ro p o r tio n a l to  H"2 T "1 in  th e  l iq u id  helium  range, w hile  Tem
per ley  p re d ic te d  th a t  p shou ld  in c re a s e  w ith  in c re a s in g  f i e l d
b e fo re  th e  d e c re a se  a c co rd in g  to  Van Vleck  cou ld  s t a r t .

We w i l l  s e e  below  t h a t  th e  r e s u l t s  su g g e s t t h a t  i t  makes
sen se  to  compare th e  r e s u l t s  o b ta in ed  a t  very  low tem p era tu res
w ith  Van F le c k ’s c a lc u la t io n s  fo r  h ig h e r  tem p era tu res  as  w e ll .
T h is  in v o lv es  a check o f  th e  Brons-Van Vleck form ula( 147), which
can  be done in  two w ays. F i r s t  we can w r i te  ( 147) in  th e  form

1/p * p/po + (l-p)/po [l/(l+ *  )!•  (186)
I f  th e re fo re  th e  1/p v e rsu s  1/(1 + *2 ) p lo t  i ?  a s t r a i g h t  l in e
(147) i s  s a t i s f i e d ,  and p  and pQ e a s i l y  can be c a lc u la te d .  An
a l t e r n a t iv e  way i s  to  p lo t  (1 + x2)/p  -  which i s  p ro p o r tio n a l
t o  th e  h e a t c o n ta c t  O, between th e  sp in -sy s tem  and th e  l a t t i c e
- versus x  .  In  case  o f  agreem ent w ith  (147) a s t r a ig h t  l in e  i s
found. ( I t  may be remembered th a t Van Vleck c a lc u la te d  a,and found
f o r  h ig h  te m p e ra tu re s  Ot  -  3+W c (3. Y do n o t depend on Hc ),
w hich  im m ed ia te ly  le a d s  to  fo rm u la  (147)). T h is  method i s  a
somewhat more d i r e c t  check o f  Fan F le c k 's  c a lc u la t io n s  and th e re 
fo re  i s  adopted  in  th e  n ex t s e c tio n .

2.2 R e su lts .
2.21 R e v ie w .

In  t h i s  s e c t io n  we re p re s e n t  th e  r e s u l t s  o f  measurements on
a number o f  su b s ta n c e s . In  o rd e r to  save space most o f  th e  r e 
s u l t s  a re  c o l le c te d  in  t a b l e s .  Some ty p ic a l  ca ses  however a re
i l l u s t r a t e d  by d iagram s as w e ll .

We examined the  fo llow ing  substances
Chromium potassium  alum (3 sam ples)
I ro n  ammonium alum (3 sam ples)
Manganese ammonium su lp h a te

*) Where x ï H/Hn (C t. page 59).
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Manganese su lphate
Copper potassivon su lp h ate
Gadolinium su lp h ate
D ilu te  chromium potassium  alum, (1 :13 )
D ilu te  iro n  amnonium alum, (1 :16) and (1:60)«

Che sample o f each substance was in v e s t ig a te d  u n le ss  o th e r 
w ise s ta te d ;  each substance w ill  be d iscu ssed  s e p a ra te ly .

2 .22  Chromium potassium alum Cr K(S04 )2 •' 12HS0.
a) Sample A (C2) c o n s is te d  o f  w ell grown c r y s ta l s  o b ta in ed

by r e c r y s t a l l i s a t i o n  o f  a sam ple o f  chromium p o tass iu m  alum
Brocades p u r i s s . . Dr K.F.W aldkotter k in d ly  c a r r ie d  ou t an ana
l y s i s  and found fo r  th e  chromium c o n te n t 10.0 % ( th e o r e t i c a l
valite 10.4 %). Aluminium, th e  most; usual im purity , could n o t i e
d e te c te d . Probably th e  w ater co n ten t was s l ig h t ly  too  h ig h .

Both x^/Xo an<) x”/Xo s a t i s f a c t o r i l y  agreed w ith  th e  therm o
dynamic form ulae and th e  v a lu es  o f  x» f OUI,d by e x t r a p o la t io n
along th e  x”/x0 v ersu s  X*/Xo P̂ot agreed s a t i s f a c to r y  w ith  th e
Casimir-Du Pré formula (123). We found b/C * 0.81 x 10? O ersted  ;
assum iiig, th a t  on ly  m agnetic  i n te r a c t io n  between th e  io n s  i s
p re s e n t ,  t h i s  corresponds accord ing  to  (93) to  o * 0.181 cm *

The v a lu es  o f  p , o b ta in ed  from bo th  th e  d is p e rs io n  and ab
s o rp tio n  a re  included  in  T able XI ( f i f t h  row) and w il l  be d i s 
cussed  to g e th e r  w ith  th e  d a ta  o f  th e  second sam ple.

T A B L E  IX

p (sec ) « i o 3 C r K(S0,J o .  12 HoO Sam ple A,B

H (0)
456 694 790 1040 1140 1390 1570 1735 2250 2430 2950 3370 3940T(°K)

4 .0 4 • ( 2 .1 )

flD. ^•cm

CDr-w•CM • 3 .5 6 • 4 .0 3 5 .1 ° 5 .2 * 5 .9 6 6 .7 ° 7 .4 2
3 .0 0 - 5 .6 8 6 .0 s 6 .6 -  - 8 .6 ° - 9 .4 3 1 2 .6 12 .5 13 .6 15 .3 1 6 .6
2 .5 8 • 9 . l ' 9 .8 11*0 m 14 .1 - 1 5 .8 1 9 .5 2 0 .4 2 2 .4 2 3 .5 2 4 .8
2 .2 0 m - 1 4 .8 • • - - 2 8 .8 - - 3 5 .9 3 8 .0

2.05® : 15 .0 - 1 7 .6 - 2 1 .2 - 2 7 .4 - 3 4 .7 - - - -

1 .9 5 - - 2 0 .0 - - . - - 3 6 .3 - • 4 4 .1 48

4) va lu es o f  sample A.

b) Sample B (K7) was p rep ared  s e p a ra te ly  by r e c r y s t a l l i s in g
a sample o f  th e  same o r ig in  as sample A. Again x ’ /Xo x ”/Xo
ag reed  w ell w ith  th e  therm odynam ic fo rm u lae . From th e  x ’ /Xo
d a ta  we c a lc u la te d  F and we found a s a t i s f a c to ry  agreement w ith
th e  formula (123); we found 6/C  * 0 .75 x 10e O ersted2.

The v a lu es  o f  p a re  c o l le c te d  in  T able IX and f i g .  16, t o 
g e th e r  w ith  those o f  sample A. There i s  very good agreement b e t
ween th e  v a lu es  o f  p o f  bo th  sam ples and we found th a t  between
1 .9  and 4. 1°  K p i s  approx im ate ly  p ro p o r tio n a l to  T" fo r  a l l
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16 C hrom ium  a lu m  (A ^ B ) .  p a s  a f u n c t i o n  o f  H ^ .

v a lu es  o f  HQ, The dependence o f  p  on Hc s l i g h t l y  d e v ia te s  from
th e  Brons-Van Vleck  fo rm u la  (147)» T h is  i s  e a s i l y  seen  from
f i g .  17, where we p lo t te d  (1 + x 2 )/10  p  as a fu n c tio n  o f  * .

The cu rves o b ta in ed  only  s l i g h t 
ly  d e v ia te  from a s t r a ig h t  l in e .

c )  Sam ple C was a v a i l a b le
in  th e  la b o ra to ry  and probably
was le s s  pure than  the  samples
A- and B. T h is  tim e x*/Xo ®nd
x ”/Xo d ev ia te d  from the  thermo
dynam ic fo rm u lae , b u t ag reed
s a t i s f a c t o r i l y  w ith  th e  Cole
fo rm u lae  (1 2 9 ) . We c o l l e c te d
p  and Qu ip  f o r  d i f f e r e n t“ mv " i t
v a lu es  o f  Hc and T in  T ab le  X;
th e  v a lu e s  o f  p  a t e  a b o u t

r  I V

one f i f t h  o f  th e  v a lu e s  o f  p

o f  th e  sam p les  A and B* The
dependence on Hc and T however
a r e  p r a c t i c a l l y  th e  same in
a l l  th re e  c a s e s .  The v a lu e  o f
Pa'Pmv s l i gh t l Y in c re a se s  w ith
in c r e a s in g  f i e l d s t r e n g t h  b u t

pic, 17 s i  * f u n c t i o n  o f  i  • I r o n  *tum A  T 3 . 0 0  K
104 V T 2. 58 °K ^Chromium a lu m  X V 3. 00 K + T  2 . 5 1  K.



seems to  be alm ost independent o f  th e  tem p era tu re . For b/C we
found b/C = 0.75 x 10e O ersted2.

T A B L E  X
CrKOOj2.12H20 Sample C
H(0)
T W - 355 710 1065 1775 2480 3100

pxl03see 2.68 1.2 1.6 1.9 2.9 3.6 4.2
2.20 - 2.3 3.6 5.5 7.1 8.0
1.34 10 12.5 15 22 * 29 34

VP-* 2.68 • 1.31 1.23 1.2® 1.2® 1.34
2.20 - l . l 7 l . l 8 1.31 1.28 1.31
1.34 1.1 1.0 l . l 9 1.27 1.2® 1.27

d) Summarising we can remark th a t
1) th e  le s s  pure sample shows d ev ia tio n s  from the  thermodyna

mic form ulae and has a much s h o r te r  r e la x a t io n  c o n s ta n t than
th e  p u re r  samples»

2 ) th e  dependence o f  p a n d p ^ ^ o n  ƒƒ and T i s  th e  same in
a l 1 c a s e s ,  ,  ~

3) the  value o f b/C does n o t seem t o ’be in flu en ced  by s l ig h t
im p u ritie s  o r im p erfec tio n s  in  th e  c r y s ta l s .  The most r e l i a b le
value i s

b/C  * 0.75 x 10® O ersted 2,
which corresponds to  a s p l i t t i n g  (£■  0 .0204° K (C f.H 5),C -  1.88)

,-6 = 0.175 cm”1 ( C f (9 2 )) ,
i f  only  m agnetic in te r a c t io n  between th e  chromium io n s i s  p re 
s e n t .  Broer (B26) found at h ig h er tem peratu res b/C -  0 .65 x 108
O ersted2, o r 6 /k  * 0 .241° K, 6 ■ 0.169 cm”1.

2.23 Iron ammonium alum FeNH^(SOA)2 .1211^0.
T his substance has been s tu d ie d  by Du Pré (P7) in  the  l i m i t - '

in g  case  o f  h ig h  f re q u e n c ie s  between 1 and 4° K. Our e x p e r i 
ments aimed to  examine the  ab so rp tio n  and d isp e rs io n  in  g re a te r
d e ta i l  by ex tending  th e  ranges o f  frequency and co n stan t magnet
i c  f i e ld .  Three d i f f e r e n t  samples have been in v e s tig a te d  (K7).

a) Sample A was p rep ared  by r e c r y s t a l l i s a t io n  from iro n  am
monium alum Kahlbaum p u r i s s . .  In  low f i e l d s  x '/X o  an<  ̂ X*VXo
c lo s e ly  ag reed  w ith  th e  thermodynamic form ulae, b u t a t  h ig h e r
f i e ld s  C o le 's  form ulae gave a b e t t e r  d e s c r ip t io n .  T h is  i s  i l 
lu s t r a te d  by the  va lu es o f  f^ /P BV in  Table XI. There i s  an in 
d ic a t io n  th a t  p / p  in c re a s e s  w ith  d e c re a s in g  te m p e ra tu re .
From th e  d isp e rs io n  d a ta  we c a lc u la te d  b/C = 0 ..2 5 x l0 6 O ersted2 ,
u sin g  formula (9 3 ).
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T-1.61 °K

T -  3.61 °K

S000 04000300020001000
-------- H e

Fig» 18 I r o n  a lu a  ( A ) ,  p a a  a fu n c tio n  o f  H .

T A B L E  XI

Fe(NH4 )2 (S04 )2 , 12H20 Sample A

H(0) .
225 450 ,  675 1120 1685 2250 3370 4500

n ° K ) 113

p x lO 3 3.61 . m (1 .4 6) 2 .4 ° GO 7 .5 8
sec 3 .00 . • ( o . 9 8 : (1 .5 ° ) 3 .0 1 5.7* 9 .9 ° 18 .° 26.®

2 .5 1 • 1 .5 s 2 .1 ° 3 .3 8 5 .7 8 11.* (19 .1 ) (4 2 .° ) -

1.89 4.2® 4 .4 e 6 .5 8 8 .7 ° 1 8 .7 •  ' - - -

1.61 9.0® 12.2 1 5 .° (36) - - - -

8 . 4 7 3
3 .61
3.00

m
(1 .0 ° ) ( l a l ! ) l . l 4

( l . l  )

1 .2 1,
i - 2 .
1.3

1*2»
1.3

1 -3 .
1 .4

2 .51 - 1 .2 6 I * 1* ,  ~7 1.2 - - -

1.89 - - l . i 1 .1 1 .1 * • • •

The v a lu es  o f  p a re  c o l le c te d  in  fig»  18 and T ab le XI and
a re  much sm a lle r  th an  th e  v a lu es  e s tim a ted  by Du Pre» The d ev i
a t io n s  from th e  Brons-Van Vleck form ula (147) a re  marked, as  p >v
co n tin u a lly  in c re a se d  w ith  in c re a s in g  f i e l d  s t r e n g th , r a th e r  than
approach ing  a c o n s ta n t l i m i t .  T h is  i s  c o rro b o ra te d  by f i g .  17.
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Between 1 .6  and 3 .0  °K p i ? » w ï"4 , w hile  a t  h ig h er tem peratures
p seems to  vary even more ra p id ly  w ith  tem perature.

b) We in v e s t ig a te d  two o th e r  sampled (B and C ), which were
ob ta ined  by r e c r y s t a l l i s a t io n  from A nalar, a n a ly t ic a l  re ag en t.
H ie d e v ia tio n s  from the  thermodynamic formulae are  much la rg e r
than fo r  sample A, bu t th e re  i s  s a t i s f a c to ry  agreement w ith  the
Cole form ulae; th i s  i s  i l l u s t r a t e d  by f ig .  19.

02 0.4 0.6 08 02 0.4. l8 13

v 100 1000v  100 100 0

v  100 10001000V 100

Fig. 19 A bsorption and d isp e rs io n . L eft: Manganese ammonium su lpha te ;
T=14.3 °K. Curves accord ing  th e  thernodynanic formulae (117).
R igh t: Iro n  alun (B) ; T-4.08 °K. Curves according to  C ole’ s
form ulae (129)*
Por bo th  substances: 0 450 0  B 1120 9 V3 370 9

4-6 70 0 0  2250 0

The dependence on Hc and T o f  p „ /p .v o f  bo th  samples B and C
markedly d i f f e r s  from the  behaviour o f  sample A, but agree among
each  o th e r .  In  h ig h  f i e l d s  p^/pmv c l e a r ly  d e c re a se s  w ith  i n 
c rea s in g  Hc , b u t in  low f ie ld s  t h i s  seems to  be rev ersed , w hile
P#/Pav ^as a maxi n,um f ° r  in te rm ed ia te  f i e ld s .  The f i e ld  s tre n g th
correspond ing  to  th i s  maximum p o ss ib ly  in c re a se s  w ith  in c re a s 
ing  T (see  Table X II) .
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The values o f p >v in  Table XII a re  a l l  about th ree  times as
largp  as those o f  sample A, although the values o f the samples

.B and C do not agree very wel 1 among each o th e r . The dependence
on Hq i s  much th e  same fo r  a l l  sam ples; p o f  the  samples B
and C i s  nearly  p roportional to  T~B,

T A B L E  XII

Fe NH4(S04)2.12H20
M 0)

113 225 450 675 1120 1685 2250 3370 4500T(<fc)
Sample P.vXl° 3 4 .0 8 ’ - - ■ 1 .82 2.2® 5.'72 l l . 8 15.9 27 36

B sec 2.98 - - 8 .5° 14.® 29 (83) (133) (180)

PjS /  P« v 4.08 - -  _ 4 .02 3 .5 8 a.4® 2 .83 2 .5° 2 .32 1.6®
2.98 - - 2 .12 1 .4 1 2 .2 4 - 1.6s 1 .47) (1 .3s )

Sample P .Xvl0S 2.96 - 2 .9 4.6 7.5 15.5 3 1 .7 (46) (71) (100)
C sec 2.32 11 13.1 19.2 2 6 .7 58 (100) - -

P#/Pav 2.96 - • 2 .0 8 1 .98 1 .74 1 .8 1 1 .6 7 (1 .4 7) (1 .3 4)
2.32 1.2) 1.4s 1 .63 1 .63 1 .5s W .27) - - -

The value o f b/C o f  the samples B and C agrees very well the
value found fo r sample A.

c) Summarising we can remark th a t
1) the  samples B and C - which may be le s s  pure than sample

A - show much s tro n g er d ev ia tio n s  from the thermodynamic formu
la e  than sample A and had much la rg e r  va lues o f the re la x a tio n
c o n s ta n t. The behaviour o f  p / p . v was very  d i f f e r e n t  in  both
cases .

2) the  dependence o f p >v on and T i s  very much the same
fo r  a l l  samples

3) a l l  samples gave the same value o f b/C
b/C = 0.25 x 10® O ersted2,

which corresponds to  a s p l i t t in g . ( C  * 0.0472° K (C f. H5), C 3
4.33)

b /k  = 0.185° K 6 * 0,126 cm-1 *
assuming th a t  only m a g n e tic .in te ra c tio n  between the  iro n  ions
is ;  p resen t. Our value o f b/C c lo se ly  agrees w ith B roer ' s value
a t  77 and 90° K b/C -  0.27 x 10° O ersted2 (B26).

2.24 Manganese s a l ts  (B27).
a) Manganese ammonium sulphate Mn/NH^JsfSO^.&izO-
The sample^ in v e s t ig a te d  was p repared  from MnSQ4.4H20  and

(NH4 ) 2S04 (bo th  A nalar a n a ly t ic a l  rea g e n t)  aiuj.was examined
both a,t liq u id  helium and liq u id  hydrogen tem peratures. The re 
la x a tio n  *cohstan ts were so la rg e  th a t  in  the  frequency range
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available absorption and dispersion only at liquid hydrogen
temperatures could be measured in detail* We found- excellent
agreement with the thermodynamic formulae between 1.4 and 20 K
as can be seen from fig* 19* Our value of b/C (b/C = 0*64 x 10
Oersted2) agreed excellently with Broer's (B26) value obtained
at higher temperatures*

The values ofpagreed with the Brons-Van Vleck formula (147)
with temperature independentp (Table XIII and fig* 20). Broer
found p = 0.50 which is slightly larger than our value p = 0.43.

T A B L E  XIII
M n ( N U 2 .(S0J2.6H20

T°K , P po x 103sec p<*»x I0asec

20.3 0.43 1.06 2.47
14.3 0.43 5.86 13.6
4.21 0.44 50.3 117

Between 14°Kand 20° K
p is very nearly propor
tional to T~G, at lower
temperatures (about 4° K)
p is proportional to a
lower negative power of T
(-2 to -3).

b) Manganese sulphate
MnS04 .4Bs0.

We studied a purissimum
sample of Kahlbaum in the
liquid hydrogen range.The
absorption and dispersion
satisfied the thermodyna
mic formulae (117) very
well. We calculated b/C~
6.2 x 10® Oersted2, which
agrees with Gorter and

Fig. 20 Manganese ammonium sulphate.  ̂ Teunissen s value obtained
(i-fsa)/io®p as a function of x . a j. higher temperatures
© T '14. 3 °K XT=20.3 K /r’O \

\ U J  / •
Contrary to manganese ammonium sulphate the values of p did

not satisfy the Brons-Van Vleck formula (147) .(compare fig. 21)*
they are collected in Table XIV. In the temperature range used
p is nearly proportional to T~B*

c) Summarising we can say that
1) both manganese salts behave similary as regards x*/Xq  an<̂

x*yv , showing excellent agreement with the thermodynamic forflftï-
lae.
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2 ) th e  b/C  v a lu e s  i n  b o th
c a se s  ag ree  w ith  th e  v a lu e s  ob
ta in e d  a t  h ig h er tem p era tu res .

3) bo th  substances have re la x a -
a t io n  c o n s tan ts  o f  about th e  same
m ag n itu d e , v a ry in g  w i th  T"*6 a t
c o n s tan t HQ in  th e  l iq u id  hydro
gen re g io n . The dependence on H
a t  co n s tan t T however i s  d i f f e r 
e n t ,  a s  o n ly  th e  d o u b le  s a l t
a g re e s  w ith  th e  Brons-Van Vleck
formula w ith  co n stan t value o f p.

2.25 Copper potassium sulphate
CuKa (S04 )2 . 6HnO.

The sample used was p rep ared
from copper su lp h a te  and p o ta s 
sium su lp h a te , both  Kahlbaum ' fo r
a n a ly s is * • The amount o f  copper
(14.19% ) was s l i g h t ly  lower than
the th e o re t ic a l  value  o f  14.39 %,
which probab ly  i s  due to  a s l i g h t 
ly  too  h igh  w ater c o n te n t.

We found th a t  X*/xQ and x"/Xo agree<l w ell w ith  th e  Cole f o r 
m ulae.

F i g .  21 M a n g a n e s e  s u l p h a t e , ( » x 2) / 1 0 3 f
a s  a  f u n c t i o n  o f  x  . XT* 14* 4

A T * 1 8 . 4  °K ® T * 2 0 . 3  °K.

T A B L E  XIV
MnS04 .4H20 P x  103 sec

7 ° K ' \ 670 1120 1685 2250 3370 4030

2 0 .5 1.37 1.52 1.82 2 .13 2 .64 2.78
18.4 2.56 2.82 3 .30 3 .90 4 .90 5.12
1 4 .4 9 .3 10.5 12.5 14.5 18.2 19.0

F 0.070 0.165 0.315 0.445 0.640 0.705

T A B L E  XV

CuK,(S04 ) 2 .0 ^ 0  T = 4.015 °K

H p x l0 3sec P» / p av F

113 (25) - 0.125
225 30 1 .6 * 0.340
340 40 1.5* 0.540
450 45 1.4° 0.670
675 60 1 .31 0.810

110



From the  F -values in  Table XV we c a lc u la te d  b/C ■ 0,10 x 106
Oersted2, which agrees s a t i s f a c to r i ly  w ith Broer and Kemper man's
value b/C “ 0.12 * 106 O ersted2 , ob tained  a t  h igher tempara-
tu re s  (B28). I t  should be remembered th a t  as a consequence of
the low value o f the C urie-constan t o f the substance the r e la 
t iv e  accuracy o f the measurements i s  lower than of the measure--
ments on the substances m entioned,before.

The values o f the re laxation  constan t are so large  th a t only
a t  the  h ig h e s t tem perature  ( T -  4 .015° K) th e  va lues o f p >v
could be estim ated by ex trap o la tio n  with the Cole formulae. The
re s u lts  a ré  co llec ted  in  TableXV. I t  i s  seen th a t  p -T increases
w ith in creasin g  f ie ld  s tre n g th  but a d e ta ile d  an a ly s is  o f th is
dependence cannot be madé. We found d e a f  in d ica tio n s  th a t  p av
increases rap id ly  with decreasing tem perature; P jj/p ,v decreases
with increasing  f ie ld  s tren g th .

I t  must be added th a t  o ld e r  measurements (B29) in d ic a te d
much sh o rte r  re lax a tio n  constan ts and moreover th a t  b/C should
depend on T. No such dependence o f ' 6/C on T has been found in
the p resen t experiments and we believe the old re s u l ts  to  be in
e r ro r .

T A B L E  XVI
GcLjOSOJ3 • 8H2O

T = 4 .15° K T .  3.

OOO

H Px103 sec ptt/p „ px103sec P*/P.v F •
1120 25 2 , 0® ( 100) - 0.170
1685 29 2 . 14 ( 120) ( 1. 8 ) 0.442
2250 37 1.94 (150) (1. 6 ) 0.575
3370 45 1.5® (190) (1 .5) 0.720
4030 55 1 .39 (230) ( 1. 6 ) 0.800

2.26  Gadolinium sulphate Gd^fSO+ja.8H2O.
This substance has been stud ied  by De Haas and Du Pré  (H10)

between 1 and 4° K in  m agnetic f ie ld s  up to  2000 O ersted  and
w ith frequencies between 25 and 60 c sec . We examined a sample
o f  the same batch o f c ry s ta ls  in  wider ranges of magnetic f ie ld
and fcequency.

We found th a t  x ’/ x  x ”/Xo appreciab ly  dev ia ted  from the
thermodynamic formulae, bu t th a t  the Cole formulae are  reason
ab ly  w ell s a t i s f i e d .  From the v a lu es  o f  F we c a lc u la te d  the
o vera ll s p l i t t in g  6q; th is  is  sligh tly^  more ‘complicated than in
the  o ther cases because, due to  the r e la t iv e ly  large value o f 60,
the  next term in  the s e r i e s ,expansion (65) Has to  be taken in to
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account, as has been noted by Van D ijk  and Auer (D2). According
to  these au tho rs we have to  take in s te a d  o f the  f i r s t  term of
(65) fo r the s p e c if ic  due to  the s p l i t t in g s

Cu = (Nk) (33/256)(b0/ k T r  [ i - ( 2 / l l ) (6 J k T j ] . (187)
In stead  o f the simple Casimir -  Du Pré formula (123) a somewhat
more complicated expression has to  be used» Taking fo r the mag*
n e t i c  s p e c i f ic  h e a t (82) w ith  Q = 14 .4  (we n e g le c t  p o ss ib le
exchange), £  i* 0.189°K (Cf» H5) and C = 7.82 we found

6/fc = 1»36°K or 8 = 0.95 cm-1,
which agrees w ith the value 6/fe = 1.36°K derived  w ith (94) and
(123) from experim ents on re la x a tio n  a t  77 and 9 0 ^  {b/C ■ 3 .9
10® O ersted2 , De V rije r , Volger and Gorter (V ll))and  from c a l 
o r ic  measurements (b/G = 3 .8  x 10 O ersted , Kan D ijk  and Auer
(D2); b/G = 3 .9  x 10® O ersted2, Giauque and MacDougall (G5)).
I f  the second term  in (187) i s  n eg lec ted  lower values o f b/C
a re  found in  the  l iq u id  helium  range . I t  i s  e a s i ly  seen th a t
th i s  exp la in s  the  low value b/C ~ 3 .0  x 10 O ersted obtained
by De Haas and Du Pré(HlO) a t  1 .34° K, who used th e C a s im ir -
Du Pré formula (123).

We c o l le c te d  th e  v a lu es  o f  p >v and P ,j/PaT f ° r  d i f f e r e n t
va lues o f  Hc a t  two tem pera tu res in  Table XVI; the  values o f
p a t  3 .0 0 °  K on ly  could  be o b ta in e d  by e x tr a p o la t io n  and
th e re fo re  a re  r a th e r  u n c e r ta in . A ccording to  th e  r e s u l t s  a t
4 .1 5 °  K Pu /p .v  decreases w ith in c reas in g  Hc ; the dependence on
T probably i s  sm all.

The re la x a tio n  co n stan ts  p . v do n o t seem to  agree w ith the
Brons-Van V leck  form ula; we e s tim a ted  th a t  pmv~ T  in  the
tem peratu re  range used . The p rev ious values o f  p«v (H10) had
only  a p rov isona l c h a ra c te r , and were much sm alle r (a  fa c to r
o f  a t  l e a s t  10) than  th e  p re s e n t  v a lu e s . A more sy s te m a tic
study  o f  the  re la x a t io n  c o n s ta n ts  would have been d e s ira b le ,
b u t cou ld  n o t be c a r r ie d  o u t as a consequence o f  th e  la rg e
values o f p av.

2.27 D ilu te  chromium potassium allum  (1:131)(B30).
The c ry s ta ls  used were ob tained  from a so lu tio n  con ta in ing

chromium potassium alum and aluminium potassium alum. O ily small
c r y s t a l s  were used in  o rd er to  o b ta in  a sample which was as
homogeneous as p o ss ib le . Dr K.F .W aIdkM ter k ind ly  c a r r ie d  out
an an a ly s is  and found fo r the  r a t io  between the number of chrom
ium and aluminium ions 1:13. . . . .

Taking in to  account th a t  the s u s c e p tib i l i ty  o f the substance
i s  so small the agreement o f X7 x o  X’VXo Wlth the
namic formulae i s  very s a t is fa c to ry .  In  f ie ld s  up to  about 800
O ersted  the Casimir-Du Pré formula i s  s a t i s f ie d  very w e ll,g iv -

. i n g  b/C = 0.82 x 10® O ersted2. N eglecting  the  in te ra c tio n  b e t-

112



ween the chromium ions wte found fo r the s p l i t t in g  using formula
(92)

6/k =. 0.281°K or 6 = 0.195 cm-1 ,
which i s  somewhat la rg e r  than the value found fo r the u nd ilu te
s a l t .

At higher f ie ld s tren g th s  marked dev ia tions from (I23)oocurred,
e s p e c ia l ly  a t  lower tem p era tu res . In  a p rev ious p u b lic a tio n
(B30) these  d ev ia tio n s  were in te rp re te d  as an in d ic a tio n  th a t
thermodynamical equ ilib rium  in  the sp in-system  d id  no longer
e x is t .  A ca re fu l re-exam ination o f the d a ta  however in d ica ted
th a t  th is  conclusion probably was prem ature. This i s  a conse
quence o f  th e  f a c t  th a t  v a lu es  o f F in  in c re a s in g  m agnetic
f ie ld  become gradually  more se n s itiv e  to  small u n c e rta in tie s  in
th e  values o f Afe and C/B (compare (185)). As a m atter o f fa c t
th e s e  u n c e r t a in t ie s  can account fo r  th e  d e v ia t io n s  o f  th e
CasiMir-Du Pré formula found.

T A B L E  XVII

(Cr, AL) K (S04)2.121KjO (1:13) p x 108 sec

3/ / /
 >

aa

332 458 548 656 895 .1110 1340 1575 1795 2290

1.21 - • 750 •  • • 415 • 320
2.05 320 280 (290) 250 220 180 170 - - -
2.53 280 260 (260) 190 165 155 155 145 130 -
3.02 - - • • 82 - • 107 - 107
4.04 - - - - 47 - - 61 - 53

In  T a b le  XVII and
f i g .  22 we c o l l e c te d
the  values o f p ob tain 
ed , which a r e 'a l l  much
la rg e r  than the  values
o f  th e  u n d i lu te  su b 
s ta n c e . In  c o n tra ry  to
a l l  o ther cases stud ied
p d e c re a s e s  w ith  i n 
c re a s in g  Hc ex cep t a t
4 .0 4  and 3 .0 2 °  K. I t
must be added th a t  the
values a t  the two high
e s t  tem peratures - ob
ta in e d  from  com plete
d isp ers io n  and absorp t
io n  cu rves  - a re  more
re l ia b le  than the o ther

F ig. 22 D i l u t e  ch rom ium  alum ( 1: 13).
P  a s  a  f u n c t i o n  o f  H .r  c
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values which are only estimated. Although the latter values may
be appreciable in error, we believe it to be unlikely that the
dependence on Hc found is qualitatively incorrect and that the
order of magnitude is wrong. On the other hand it would be
premature to try to draw quantitative conclusions.

For the dependence of p on T we estimated P T 2.

2.28 Dilute iron ammonium alum.
Two samples of different degree of dilution haven been ex

amined by L.C.v.d'.Mare I, phys. cand.; both samples were avail
able in the laboratory.

a ) The first sanqale was a mixed crystal between ironanmoniun
and aluminium anmonium alum in which the ratio between the num
ber of iron and aluminium ions was 1*16.

In this case the relaxation constants were so large that
they only at the highest temperature uped (3.93° K) could be
estimated. At lower temperatures determination of p was not
possible. The results are collected in Table XVIII.

T A B L E  XVIII
Iron ammonium alum (l: 16) T *= 3.93° K.

HU) 225 449 674 900 1125
p x103 sec 36 41 47 (53) (77)

As usual p increases with increasing fieldstrength. For b/C we
found b/C * 0.26 x 10e Oersted2, which is within the limits of
accuracy the same as for the normal alum. A calculation of the
splitting is difficult, because it hardly can be accounted for
the magnetic interaction in a satisfactory way. Certainly the
magnetic interaction must be weaker in the average and accor
dingly the splitting must be somewhat greater than in the nor-

malb) The second sample was a similar mixed crystal in which
the ratio between the iron and aluminium ions was 1:60. ^ « r e 
laxation constants were so large (p>0.1 sec even at 4 K) that
an estimate of p was impossible and we had to content oursel^s
with a determination of b/C. We found b/C - 0.18 x 10 Oersted ,
neglecting the very small interaction between the iron ions we
find for the corresponding splitting

6/fe - 0.213°K or 6 * 0.149 cm ,
which is somewhat larger than for the undilute salt.

Finally we tried to do measurements at liquid hydrogen tem-
oeratures hoping that in that region measurements would be

l consequence of the high degree of drlutron no
dispersion and absorption could be measured.
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C h a p t e r  III
DISCUSSION OF THE RESULTS

3.1 Introduction.
In this chapter we propose.to discuss the experimental re

sults described in the preceding chapter. TTiis will be carried
out along the following lines. First we will discuss the ther
modynamic formulae, then the b/C values and splittings derived
from them. And finally the relaxation constants.

3.2 The thermodynamic fornulae.
It will be clear from the preceding chapter that between 1

and 4° K X*/Xq ant̂  X ”/Xo as a functi°n of V at constant Hc and
T of most samples investigated showed marked deviations from
the behaviour predicted by the thermodynamical theory (Cf.
(117)). All substances we studied have been exaihined at temper
atures above 77° K as well, and at these temperatures a very sa
tisfactory agreement with the thermodynamic theory was found
(compare Gl). Summarising we can say that - with the possible
exception of the dilute alums, which have not yet been investi
gated in sufficient detail - the substances we investigated sa
tisfy the qualitative rule:

‘At liquid helium temperatures (1-4° K) the spin-lattice
dispersion and absorption satisfies the thermodynamic theory
less well than at higher temperatures. The degree of deviation
depends chi the substance and moreover can be different for dif
ferent samples of the same substance.'

This formulation includes the measurements on the manganese
salts between 14 and 20° K; both substances agreed very well
with the thermodynamic formulae, but the double sulphate shows
a slight deviation at 2.17° K (Cf. Benzie and Cooke (B31) who
investigated a sample of the same origin as ours).

a) As regards an explanation of these deviations from the
thermodynamic formulae we want to remark that apparently at
least one of the basic assumptions underlying this theory is not
satisfied. In the first place the assumption that internal
thermodynamical equilibrium of the spin-system is maintained
all the time may not be correct. It seems to be feasible that a
lack of thermodynamical equilibrium of the spin-system may cause
the dispersion and absorption to deviate from thfe predictions
of the thermodynamic formulae (117). On the other hand we have
seen in I, Ch. V, that the dispersion and absorption given by
(117) is characterised by one relaxation constant, irrespective
of thermodynamical equilibrium is maintained or not. It is not
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possible at present to check the above assumption of the ther
modynamic theory by examining the dispersion and absorption.More
useful is a consideration of v , which will be given in section
3.3.

It may be added that if lack of thermodynamic equilibrium
causes the deviations from the formulae (117) our interpreta
tion of these deviations in terms of a distribution of relaxation
constants may be wrong.

b) In the second place the assumption that the sample is
isotropic may not be satisfied. It will be remembered that our
samples consisted of small crystals packed with random orien
tation in a glass container. If the relaxation constant depends
on the direction of the magnetic field relative to the crystal
axes a distribution of relaxation constants may be found. It is
conceivable that an anisotropy of relaxation constants is much
more pronounced in the case of direct processes than for quasi-
Rarnn processes, which might explain the deviations from the
formulae (117) found between 1 and 4° K. At 77 and 90° K, where
the quasi-flaman processes are predominant, no anisotropy of the
relaxation constant could be detected in iron and chromium alum
(T3). Measurement of the relaxation constant of small (see be
low) single crystals for different directions of the constant
magnetic field could test this suggestion. Substances having
only oné paramagnetic ion in the elementary cell (for instance
the fluosilicates of the divalent metals of the iron group, see
1,2.22) would be very suitable for this purpose. We must leave
open the question to what extent anisotropy of the relaxation
constant could explain the particular distribution of relaxa
tion constants (130) suggested by the Cole formulae and the de
pendence of the distribution on Hc and T.

c) Thirdly the sample may not be homogeneous, or more pre
cisely consists of crystals which are not perfectly homogeneous.
The microscopic meaning of the word 'inhomogeneous* is, that
the actual crystal lattice of the substance investigated is not
the ideal lattice but that imperfections are present.

From an experimental point of view the strong influence
of small differences in purity - it may be either in chemical
ot physical sense - is obvious. This influence however is of a
rather complicated nature as will become clear from the fol o-
wing remarks about the two alums examined.

The first experiments in the liquid helium range indicated
that pure samples had larger relaxation constants than the less
pure ones. For instance after recrystal1isation a sample showed
a longer relaxation constant than before. Our present evidence
however showed that the actual situation probably is more com-

PllInt the case of iron alum the relaxation constants of the
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On h h ^  d r t  Sd8geSt and C a re  PUrer thah  A-On th e  o th e r  hand A showed a b e t t e r  agreem ent w ith  the  thermo
dynamica] form ulae than  B and C and th i s  might ra th e r  in d ic a te
th a t  sample A would be th e  p u re s t .  No d e f in i t e  co n c lu sio n  can
be drawn th e r e fo r e .  In  th e  case  o f chromium alum sample A and
D have the la rg e s t  re la x a tio n  co n s tan ts  and s a t i s f y  the  thermody
namic fo rm u la e ,(1 1 7 ), r a th e r  w e ll .  I t  shou ld  be added however
t h a t  p re lim in a ry  ex p e rim en ts  w ith  a fo u r th  sam ple in d ic a te d
s tro n g  d e v ia t io n s  from t)»e therm odynam ic fo rm ulae b u t s t i l l
l a rg e r  v a lu es  o f  th e  re la x a t io n  c o n s ta n t th an  sample A and B.
B oth  th e  m agnitude and th e  dependencé o f  p / p  on H and T
seem to  be very  s e n s i t iv e  to  in c id e n ta l  im p e rfe c tio n s . Compare
f o r  in s ta n c e  the  d isc rep an cy  between th e  deoendence o f  p /p
on Hc and T  o f  th e  sam ples A and B o r C o f  iro n  alum. *

We can conclude th a t  presumably very  small im p u ritie s  have a
marked e f f e c t  on the d isp e rs io n  and ab so rp tio n  a t  very  low tem
p e ra tu re s ,  bu t we a re  n o t ab le  to  make any d e ta i le d  d ed u c tio n s .
A d isc u ss io n  o f  th e  p o s s ib le  in f lu e n c e  o f  th e  d i f f e r e n t  im per
fe c t io n s  which a re  known to  occu r in  c r y s ta l s  th e re fo re  seems
to  be prem ature. We w ill  only  mention th a t  th e re  are  in d ic a tio n s
th a t  c r y s ta ls  o f  the  alums we in v e s t ig a te d  show im p erfe c tio n s ,
even i f  th e  c r y s ta l s  a re  w ell grown and a re  p e r f e c t ly  c l e a r .
Such c r y s ta ls  o f  iro n  alum are  p r a c t i c a l ly  always s tro n g ly  dou
b le  r e f r a c t iv e  a lth o u g h  t h i s  su b s tan ce  forms cu b ic  c r y s t a l s .
Moreover accord ing  to  a p r iv a te  communication o f  Dr C.K i t te  I to
th e  a u th o r , th e  h e a t  c o n d u c tiv i ty  o f  chromium p o tassiu m  alum
(C f. (B 25)) su g g e s ts  t h a t  th e re  i s  a pronounced d o m a in -lik e
s t r u c tu r e  in  t h i s  su b s tan ce  a t  low tem p e ra tu re s . The d iam ete r
o f  th e  dom ains, which a c t  as s c a t t e r i n g  c e n te r s  f o r  th e  h e a t
waves in  th e  c r y s t a l ,  i s  a t  l e a s t  1 0 "5 cm. I t  w i l l  be c l e a r
th a t  on ly  i f  many more experim ental d a ta  a re  a v a ila b le  one may
hope to  gain  u nderstand ing  o f  the  in flu en ce  o f  im perfec tions on
th e  s p i n - l a t t i c e  d is p e rs io n  and ab so rp tio n  a t  very  low tem per
a tu re s .

d) We f in a l ly  havé to  make a remark about the l a t t i c e  temper
a tu re .  As has been p o in ted  out by Van Vleck (V12) from a theore
t i c a l  p o in t o f  view i t  i s  n o t c e r ta in  th a t  th e  l a t t i c e  a c ts  as
a th e rm o sta t w ith  th e  tem perature o f  the  b a th , because the l a t 
t i c e  tem p e ra tu re  in  th e  i n t e r i o r  o f  a c r y s ta l  may n o t be th e
same as n ea r th e  s u rfa c e  which i s  in  c o n ta c t w ith  the  co o lin g
l iq u id  and m oreover th e  h e a t  c o n ta c t  between th e  c r y s ta l  and
th e  b a th  may be po o r. These p o s s i b l i t i e s  seem to  be ru le d  ou t
by Du P r ê 's  experim ents (P8) w ith  samples o f  the  same substance
bu t w ith  d i f f e r e n t  - though sm all - s iz e  o f  c r y s ta ls ;  no in f lu 
ence o f  th e  s iz e  o f  th e  c r y s ta l s  on the d isp e rs io n  was found.
I t  shou ld  be remarked however th a t  th e se  experim ents on ly  can
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öe regarded as preiiminary and that the present experimental
means would allow a more accurate test of Van Vleck’s theore
tical conclusions about the lattice 'thermostat*. It therefore
seems worth while to repeate Du Pré’s experiments»

e) Sumnarising we can say that in our opinion at present no
simple and general explanation can be given of the deviations
from the thermodynamic formulae (117)» Possibly future research
can throw 1ight upon this problem, and perhaps is most promis
ing along the following lines»

In the first place investigation of the possible anisotropy
of the relaxation constant may be fruitful at very low temper
atures where the first order processes can be expected to be
predominant. Possibly a method has to be devised which allows
the measurement of longer relaxation times than with our set
up,'because lower temperatures probably are required for this
(see below).

In the second place a systematic study of many samples with
known impurities may reveal the details of the influence of
these impurities on the relaxation phenomena at very low tem
peratures. The problem probably will be to know the amount and
kind of impurities present in a given sample. Chemical impuri
ties probably are easiest to deal with, but possibly physical
methods like X-ray analysis may help to determine certain phy
sical imperfections in the crystals. In order to reduce the
amount of auxiliary research it will be advisable to use small
samples. This may require an appreciable refinement of the ex
perimental' technique used hitherto.

In the third place a systematic investigation of the possible
influence of the size of the crystals of the sample may allow
a check of Van Vleck’s conclusions about the lattice ‘thermo
stat*. . . . ..

In general it will be advisable to investigate m  the first
place substances in which the splittings in a magnetic field
(for instance found by resonance experiments) can be explained
by the theory from I, Ch. IIjNiSiFe.óH^O may be a useful sub
stance (compare I, 2.23, 2.24).

3.3 The adiabatic susceptibility.
a) In the preceding chapter we have seen that the different

samples of one substance had the same value of b/C calculated
with the formula (123) or in other words the same value of x.
for given Hc and T. Apparently ^  is not nearly as sensitive to
small impurities as the dispersion and absorption, and the
magnitude of the relaxation constants. This allows the conclu
sion that apparently the splittings and the static part of the
interaction between the paramagnetic ions - which determine -
are not very sensitive to impurities. Impurities therefore in
the first place influence the processes governing the energy



exchange between the  sp in-system  and th e  l a t t i c e  and an indepen
d en t d isc u ss ie »  o f  i s  p o ss ib le .

b) As has been p o in te d  o u t in  I ,  Ch. IV and th e  p reced in g
s e c tio n  the  in te r p r e ta t io n  o f  y ^  depends on w ether one assumes
therm odynam ical e q u ilib r iu m  o r  n o t .  I t  i s  n o t a p r i o r i  c le a r
which assum ption i s  c o r re c t  and th e r e fo r e  we w ill  co n s id e r in
how f a r  o th e r  ex p e rim en ta l ev idence  a llo w s us to  draw a con
c lu s io n  about th i s  p o in t .  T his in  p r in c ip le  can be c a r r ie d  out
along the  fo llow ing  l in e s .

In  the f i r s t  p lace  i t  i s  p o ss ib le  t o  check the  Casimir-Du Pré
formula (123), o r the  more general form ula (122) i f  a demagne
t i s a t i o n  f a c to r  and s a tu r a t io n  have to  be tak en  in to  accoun t.
A ccord ing  to  ou r own e x p e rien ce  th e s e  form ulae a re  s a t i s f i e d
v e ry  w ell in  f i e l d s  up to  a t  l e a s t  a few tim es Hy, . At h ig h e r
f i e l d s  d e v ia t io n s  o f te n  occur b u t th e se  a re  always w ith in  th e
l im its  o f  accuracy o f  th e  measurement. I t  must be remarked th a t
th e  d e te rm in a tio n  o f  sm all v a lu e s  o f  y ^  becomes in c re a s in g ly
s e n s i t iv e  to  th e  u n c e r ta in ty  in  (compare (185)) and th e  mea
surem ents o f  v in  h igh  f ie ld s  th e re fo re  a re  very  in acc u ra te .

Table XIX

b/C x 10 ' 6 O ersted2

R elax a tio n C al. R ef.
Substance 1 /4 °  K 77° K

Chromium potassium  alum 0.75 0.65 0.86 C3
0 .69 V13

Iro n  ammonium alum 0.25 0.27 0.24 C4
Manganese ammonium su lp h a te 0 .64 0.64 - -
Manganese su lp h a te 6 .2 6 .2 - -
Copper potassium  su lp h a te 0 .10 0 .12 0.12 K9
Gadolinium su lp h a te 3 .9 3 .9 3*. 8 D2

3 .9 G5

The n ex t s te p  i s  to  c a lc u la te  b/C, assum ing th e  v a l id i ty  o f
(123) and to  compare th e  r e s u l t  w ith  b/C v a lu e s  o b ta in ed  from
c a lo r i c  m easurem ents. T h is  can be done fo r  th e  su b s ta n c e s  we
in v e s t ig a te d  w ith  th e  a id  o f T ab le  XIX were we c o l le c te d  the
v a lu es  o f  b/C, o b ta in e d  from r e la x a t io n  experim en ts between 1
and 4 °  K, and a t  77° K - which were m entioned in  the  p reced ing
ch a p te r .- to g e th e r  w ith  th e  b/C v a lu es  o b ta in ed  from a d ia b a tic
denragnetisation  and s p e c if ic  h ea t measurements; th e  l a s t  column
c o n ta in s  the  re fe re n ces  o f th e  r e s u l t s  o f  th e  p rev ious column.

E xcep t fo r  chromium alum th e  agreem ent i s  e x c e l l e n t .  The
agreem en t found r a th e r  su g g e s t th e  v a l i d i t y  o f  th e  form ulae
(122) and (123), and consequently  th e  c o rre c tn e ss  o f  the assump-
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cion that thermodynamical equilibrium in the spin-system is
established all the time. Chromium potassium alua is not a very
suitable substance for the present purpose because according to
Bleaney (B32) not all chromium ions’have the same electrical
splitting at low temperatures, which seems to be connected with
a transition point at about 80°K. (The splittings found are how
ever difficult to reconcile with the data on 6/C). This is not
the case with chromium caesium alum and with chromium methylamine
alum. It seems to be worth while to carry out the measurements
with these alums.

A further possibility for checking the values of 6/C ip to
compare the splittings .calculated from them with splittings
found from resonance experiments. This procedure is made more
difficult by the fact that 6/C contains contributions from the
electrical splittings, the interactions between the paramagnetic
ions and possibly from hyperfine splittings, (kily in the cases
that all these extra contributions can be either accurately
calculated or neglected, this procedure may be expected to have
success. Consequently this procedure seems to be promising in
the first place for highly dilute salts, where the interactions
can be neglected. As far as we are aware for no dilute salt
sufficiently data are available for carrying out the comparison.
Not even in the case of the very dilute iron anmonium alum of
which we examined both the relaxation (Cf. preceding chapter)
and the resonance absorption (Cf. Ill, Ch. II). The reason is
that from the resonance experiments we carried out the electri
cal splitting cannot be derived, as will be discussed in III,
Ch. II.

In cases where the interactions between the paramagnetic
ions are not negligible one has the difficulty that at most the
magnetic interaction can be accounted for with a reasonable de
gree of accuracy on a pyrely theoretical basis. If both the
electrical and hyperfine splitting are known from experiments
on resonance absorption, direct measurements of the specific
heat may allow to calculate the contribution due to exchange.
Then a calculation of the electrical splitting from the 6/C
values-obtained from relaxation measurements - is possible. We do
not know cases where this could be carried out at present.

Summarising we can say that the available data on 6/C values
determined by relaxation and direct measurements agree, and
that consequently the first assumption underlying the thermody
namic theory seems to be valid. The other possibility for check
ing the b/C values cannot be carried out at present, but seems
to be possible in future.

3.4 The relaxation constant.
a) In the preceding chapter we have seen that - for tne
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dilute alums studied - the relaxation constants are strongly
affected by impurities in the sample. A more detailed analysis
shows that in the first place the magnitude is affected, but
that the dependence of p or p on H and T is nearly the same
for different samples of one substance of in other words is not
sensitive to small impurities. One therefore must expect that
it makes sense to compare the experimental data of p with the
theoretical expectations even if the deviations from the ther
modynamic formulae are considerable.

b) According to Van Vleck's calculations the relation between
p and Hc - both for the direct and quasi-Raman processes - is
independent o'f T. In a temperature region where one of these
processes prevails we can write p ■ f(T)g(Hc), where ƒ and g
only depend on the argument in brackets. This condition will be
satisfied for temperatures well below the Debye temperature.
For temperatures above 77° K the above relation between p and
H and T is only approximately fulfilled (compare for instance
Broer (B26)), except for manganese ammonium sulphate where it is
satisfied very well. The same is valid for temperatures in the
liquid helium range, but there the relation p = f(T)g(Hc) is
better fulfilled. The deviations from this relation at higher
temperatures possibly can be explained by the fact that in that
case the temperature is no longer very small compared with the
Debye temperature; if this explanation is correct the better
agreement at very low temperatures is easily understood.

c) As we have seen in I, Ch. IV according to Van Vleck's
calculations p(at constant H ) should be proportional to T*1
at temperatures, where direct absorption and emission processes
prevail; at temperatures where the quasi-Hainan processes pre
vail p should be proportional to T~7 if T«B, and proportional
to T~z if Tt»B, where B is the Debye temperature. Van Vleck's
calculations on-ly indicate that for chromium alum p<us7" for
temperatures of the order of B,

T A B L E  XX
Exponent of T of variation of p for H

1-4° K 14-20° K
Chromium potassium alum -3 -

Iron ammonium alum -5 -
Manganese amnonium sulphate -2.5 -5
Manganese sulphate ms -5

In order to check these expectations we collected in Table XX
the exponents of the power of T describing the variation of p as
a function of T at constant Hc = derived from our experiments
for a few substances. Although the powers of T vary rather
much among each other for all temperatures, at higher temper-
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a tu re s  p in c re a se s  w ith  d e c rea s in g  T, w ith  th e  one p u zz lin g  ex
c e p tio n  o f  g ad o lin iu m  s u lp h a te ,  o f  w hich p d e c re a s e s  f o r  d e 
c re a s in g  T between 90 and 77° K. E xcept fo r  t h i s  su b stan ce , in
a l l  ca se s  l i s t e d  h e re  and fo r  a l l  o th e r  ca ses  in v e s t ig a te d  by
o th e r  a u th o rs  (C f% G l) th e  in c re a s e  o f  p w ith  d e c re a s in g  tem
p e ra tu re  q u a l i t a t i v e ly  ag rees  w ith  th e  e x p e c ta tio n s  o f  a l l  th e
th e o r ie s  quoted  in  I ,  Ch. IV.

In  th e  l i q u id  h e liu m  ran g e  however p v a r ie s  much q u ic k e r
w ith  T th an  p re d ic te d  by Van Vleck fo r  d i r e c t  p ro c e s se s , which

where expected  to  be predomin
a n t  a t  th e s e  te m p e ra tu re s . As
to  th e  h ig h e r  te m p e ra tu re s  we
r e f e r  to  th e  d is c u s s io n  g iven
by Broer (B26) who p o in ts  ou t
t h a t  Van V le c k ’s th e o ry  does
n o t  g iv e  a s a t i s f a c t o r y  d e s 
c r ip t i o n  o f  th e  dependence o f
p on T. The d e v ia t io n  a t  very
low tem p e ra tu re s  p ro b ab ly  can
be ex p la in ed  by th e  two p o s s i
b i l i t i e s :  ( 1 )  c o n t r a r y  Van
V leek 's  e x p e c ta tio n s  quasi-H a-
man p ro cesses  s t i l l  c o n tr ib u te
a p p re c ia b ly  to  th e  r e la x a t io n

F ig . 23 p ro c e ss  a t  liq u id  helium  tem per-
p eB a function of t at con.tant a tu res, (2 ) the predicted[nega
te  for. different substances. t i v e  f i r s t  power o f  T i s  in

e r r o r .  From f ig .2 3  i t  can be concluded th a t  a t  very  low temper
a tu r e s  th e  v a r ia t io n  o f  p w ith  T becomes le s s  ra p id .  T h is  pos
s ib ly  means t h a t  w ith  d e c re a s in g  te m p e ra tu re  th e  d i r e c t  p ro 
c e s s e s  become r e la t iv e ly  more im portan t. For a check o f th is  idea
s t i l l  lower tem p era tu res  would be re q u ire d . ,

c) The id e a  t h a t  even a t  l iq u id  helium  tem p era tu re s  q u a s i-
Homan- p ro cesses  a re  im portan t i s  co rro b o ra ted  by th e  dependence
o f  p on H a t  c o n s ta n t T. In  th e  l iq u id  hydrogen range th e  Van
Vleck-Brons form ula (147) i s  s a t i s f i e d  very  w ell fo r  manganese
anmonium su lp h a te . T h is  r a th e r  su g g ests  th a t  in  t h i s  tem peratu re
ran g e  th e  quasi-Ham an p ro c e s se s  s t i l l  a re  predom inant in  t h i s
su b stance ,w h ich  probab ly  i s  th e  case  as w ell fo r  o th e r  su b s tan 
c e s .  The dependence o f  p on T o f  t h i s  s a l t  a t  ab o u t 4 K i s
s t i l l  so  n e a t  th e  dependence between 14 and 20° K, th a t  p roba
b ly  even h ere  th e  quasi-Haman p ro cesses  a re  im p o rtan t. Moreover
th e  dependence o f  p on H. fo r  chromium potassium  alum so  n e a rly
s a t i s f i e s  th e  Brons-Van Vleck  form ula (147) t h a t  one must con
c lu d e  th a t  in  t h i s  c a se  as w ell quasi-Homan p ro c e s se s  a re  im
p o r ta n t  in  th e  l iq u id  he lium  re g io n .  A lso  fo r  th e  o th e r  sub
s ta n c e s  l i s t e d  in  T ab le  XX ( i r o n  ammonium alum and manganese
s u lp h a te )  t h i s  c o n c lu s io n  i s  l i k e ly  to  be c o r r e c t ,  as i s  sug

A  Mn S 0 4 4 H2 0  Nh* 2 4 9 0  0

□ NH4Fb(S0 )a.12Ha0 H ‘ 10  0 0

O  KCr<S04)a.12Ha0 Hh- 0 7 O #



g ested  by th e  dependence o f  p on T. In  th ese  cases marked d ev i
a t io n s  from th e  Brons-Van Vleck form ula were found, bu t in  our
op in io n  th i s  p robably  does n o t a f f e c t  our co n c lu sio n  about the
q u a s i-Raman p ro c e sse s , as  the in te ra c tio n ,b e tw e e n  the  paramag
n e t i c  ions may havfe a s tro n g  in f lu e n c e  on th e  r e la x a t io n  con
s ta n ts  and e s p e c ia l ly  on th e  dependence on Hc , I t  must be noted
th a t  i f  quasi-jRaman p ro c e sse s  a re  im p o rtan t a t  - liq u id  helium
tem peratu res a n a tu ra l  ex p lan a tio n  i s  a v a ila b le  fo r  ex p la in in g
th e  in c re a s e  o f  p w ith  in c re a s in g  Hc , which from Van V leck ’s
p o in t o f  view would be very  p u zz lin g , i f  only d i r e c t  p ro cesses
would be im p o rtan t.

The dependence o f p on Hc fo r  d i r e c t  p ro c e sse s  on ly  can be
s tu d ie s  a t  s t i l l  low er tem p era tu res  than  we u sed . T h is  would
re q u ire  a m odified experim ental technique allow ing  th e  m easure
ment o f  very  long re la x a t io n  c o n s ta n ts . Measurement o f  th e  s a 
tu ra t io n  o f  a param agnetic resonance l in e  w ith - in c re a s in g  power
in p u t may be a s o lu tio n  o f  th i s  problem (compare I I ,  1 .1 ) ,

d) We f in a l ly  have to  d isc u ss  the  experim ents on th e  d i lu te
s a l t s .  U n fo rtu n a te ly  th ese  measurements a re  n o t as com plete as
would be d e s i r a b le .  T h is  i s  m ainly a consequence o f  th e  la rg e
v a lu es  o f  the re la x a tio n  co n stan ts , which in  most cases  were too
lo n g  fo r  b e in g  d e te rm in e d  w ith  a re a s o n a b le  a c c u ra c y . I t  i s
however p o s s ib le  to  draw th e  c o n c lu s io n  t h a t  th e  r e la x a t io n
c o n s ta n ts  in c re a s e  w ith  in c re a s in g  d i l u t i o n .  T h is  in c re a s e  a t
f i r s t  s ig h t  may be a consequence o f changes in  th e  c r y s ta l l i n e
f i e l d  and m oreover o f  th e  sm a lle r  m agnetic  i n t e r a c t i o n .  The
f i r s t  p o s s i b i l i t y  seems to  be ru led ' ou t by th e  r e s u l t s  on th e
d i lu te  chromium alum. As a m atte r o f  f a c t  the  la rg e r  b/C value
o f  the d i lu te  substance in d ic a te s  th a t  the  symmetry o f th e  c ry s 
t a l  l in e  f i e ld  i s  lower in  th e  d i l u te  th an  in  th e  normal alum.
We have seen however i n . I ,  4 .32  th a t  p i s  determ ined m ainly by
th e  cubic o r b i ta l  s p l i t t i n g  which h a rd ly  can be very  d i f f e r e n t
in  bo th  alum s. We th e r e fo r e  a re  in c l in e d  to  b e l ie v e  t h a t  th e
in c re a se  o f p w ith  in c re a s in g  d i lu t io n ,  i s  m ainly a consequence
o f  the  d ecreasin g  m agnetic in te r a c t io n .

A ccord ing  to  Van Vleck  in c r e a s in g  d i l u t i o n  sh o u ld  make p
la rg e r  i f  d i r e c t  p ro cesses  p re v a i l ,  b u t sm a lle r  i f  quasi-llam an
p ro c esses  p re v a il (compare I ,  4 .3 2 ) ,  s in c e  d i lu t io n  d im in ish es
f / j .  T herefo re  the e f f e c t  o f  d i lu t io n  found ex p erim en ta lly  ra th e r
would su g g es t th e  predom inance o f  th e  d i r e c t  p ro c e s s e s . T h is
seems to  be c o r ro b o ra te d  by th e  dependence o f  p on f/ o f  the
d i l u t e  chromium alum . On th e  o th e r  hand th e  experim ents w ith
th e  d i lu te  chromium alum a re  n o t very  a c c u ra te  and we b e lie v e
i t  to  be p rem ature to  a t ta c h  to  much im portance to  them. Ottly
measurement o f  th e  dependence o f p on H fo r  o th e r  d i lu te  sub
s tan ce s  would allow  us to  conclude w ether d i r e c t  p ro cesses  p re 
v a i l  o r n o t .  T h e re fo re  such ex p e rim en ts  a re  very  much needed.
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Fig* 24 Manganese ammonium su lp h a te ,  p  as a fu nc tion
o f  T a t co n s tan t  if .c

As has been rem arked a lre a d y  th e s e  m easurem ents co u ld  n o t be
c a r r ie d  o u t w ith  our apparatus*

As a m a tte r  o f  f a c t  we b e lie v e  th a t  th e  argum ents lead in g  to
th e  co n c lu s io n  th a t  the  q u a s i-Raman p ro c esse s  a re  im p o rtan t a t
l iq u id  helium  tem p era tu res , a re  more có n v in c in g  th an  th e  a rg u 
m ents su g g e s tin g  th a t  d i r e c t  p ro c e s s e s  p r e v a i l .  T h e re fo re  we
adopt th e  (p ro v is io n a l)  op in io n  th a t  quasi-fiam an p ro c e sse s  a re
s t i l l  im p o rtan t in  th e  l iq u id  helium  ran g e . I f  t h i s  co n c lu sio n
i s  c o r re c t  - which can be checked by s tu d y in g  th e  dependence o f
p on Hc f o r  th e  d i l u t e  su b s tan ce s  -  th e re  rem ains the  problem
t h a t  in c r e a s in g  d i l u t i o n  in c r e a s e s  th e  r e l a x a t io n  c o n s ta n t .
T h is  may im ply th a t  th e  d e s c r ip t i o n  o f  th e  in f lu e n c e  o f  th e
m agnetic in te r a c t io n  on th e  re la x a t io n  c o n s tan t w ith  a ( s t a t i c )
in te rn a l  m agnetic f i e ld  i s  n o t c o r r e c t .

A ccording to  th e  adopted  p o in t o f  view s t i l l  low er tem per
a tu re s  would be re q u ired  fo r  checking Van V leck ’s  and Tem perley*s
c a lc u la t io n s  fo r  th e  d i r e c t  p ro c e sse s . I t  w i l l  be in e v i t a b le
t o  develop  a new ex p erim en ta l tech n iq u e  a llo w in g  th e  m easure
ment o f  longer re la x a t io n  c o n s ta n ts  (se e  p . 97) bo th  fo r  being
a b le  to  work a t  lower tem peratu res and fo r  m easuring th e  depen
dence o f  p on Hc fo r  th e  d i l u te  su b stan ces .

* * * *
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P A R T  III
EXPERIMENTS ON PARAMAGNETIC RESONANCE

ABSORPTION
C h a p t e r  I

EXPERIMENTAL METHOD
1.1 Introduction.

In section 1,5.2 we pointed out that for the direct measure
ment of the absorption spectra of paramagnetic ions in a crys
tal, which is subjected to a magnetic field of some thousand
Oersted,electromagnetic radiation of a wave length of the order
of some cm is required. In this Part we will describe a few ex
periments on this subject and'especially in this chapter we
will consider the experimental aspects of the problem.

The experimental technique used in this region of the gamut
of electromagnetic waves differs in several respects from the
technique used in the optical region, where usually continuous
radiation is applied to the substance investigated and the ab
sorption lines are determined with some form of spectroscope;
three reasons can be given for this.

In the first place the wave length is macroscopic rather
than microscopic. This means that gratings, mirrors etc. which
could be used for this wave length region must have rather un
wieldy sizes. On the other hand wave lengths of this order
allow the use of the much more elegant and convenient wave
guide techniques, which we shall briefly discuss below. As a
matter.of fact most experiments on absorption in the microwave
region have’ been carried out using wave guide methods; an
exception a-re for instance the pioneer experiments of Cleeton
and Williams (C5) on the inversion-spectrum of ammonia.

In the second place there are sources of radiation available
(especially the reflex klystron) which give a virtually mono
chromatic radiation. No instrument of the nature of a spectro
scope therefore is required to separate the different wave
1engths.

In the third place the absorption coefficients - defined in
section 1,5.32 - are very small as the absorption is proport
ional to the square of the frequency of the transition (compare
(160)). It is not difficult to estimate a for a paramagnetic
resonance line in an average case.

According to the Kramers-Krdnig relations (102), taking V0 =
0, we have for the static susceptibility
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x’(0) = (2/ tc) J.XlV) dv.
I f  we assume th a t  th e re  i s  one a b s o rp tio n  J in e  a t  a frequency
V w ith  a h a lfw id th  Av t h i s  becomes roughly

x’ (0 )M x”(v) /v]Av
o r

x”(v) ££ X* (0)(y/Av)r (188)
The s u s c e p t i b i l i t y  in  a re so n an ce  a b s o rp tio n  l i n e  th e r e f o r e
w i l l  be ro u g h ly  v/Av = H//SH tim es th e  s t a t i c  s u s c e p t i b i l i t y .
T h is r e la t io n  i s  very  u se fu l fo r  e s t im a tin g  x ” in  the  c a lc u la 
t io n  o f  a  (C f. G9).

The s t a t i c  volume s u s c e p t i b i l i t y  o f  a param agnetic  alum i s
o f  th e  o rd e r  10 a t  room tem p era tu re ; th e  l in e  w id th  which i s
assumed to  be due to  th e  m agnetic  i n t e r a c t io n  i s  o f th e  o rd e r
500 O e rs ted . At a w avelength o f  3 cm th e  resonance value o f the
c o n s ta n t m agnetic f i e l d  i s  abou t 3000 O e rs ted , so th a t  we have
v/Av 6 and x”— 6 .10"6, Then i t  i s  e a s i ly  seen th a t  S 2 ^ 1 ,5  x
10 3 n ep e rs  cm  ̂ o r  1 .3  x 10“2 db cm”1. T h erefo re  th e  absorption
p e r  cm p a th  i s  some te n th s  o f  a p e rcen t and a pa th  len g th  o f  s e v e r
a l  m e te rs  would be re q u ire d  fo r  an a b so rp tio n  o f  50%; even a t
3 °K sev e ra l cm would be re q u ire d , as th e  ab so rp tio n  i s  in v e rs 
e ly  p ro p o r tio n a l to  th e  tem pera tu re .

I t  w il l  be obvious , th a t th e  measurement o f  th e se  very  sm all
a b s o rp tio n  c o e f f i c i e n t s  in  th e  o rd in a ry  way w il l  in v o lv e  many
d i f f i c u l t i e s  as a consequence o f  the  la rg e  p a th  len g th  re q u ired ,
ev en  a t  low te m p e ra tu re s .  A much b e t t e r  m ethod i s  to  u se  a
r e s o n a n t  c a v i ty  a s  w i l l  be d is c u s s e d  below .

A d e ta i le d  d is c u s s io n  o f  m icro wave tech n iq u es  l i e s  o u ts id e
th e  scope o f  t h i s  t h e s i s .  M oreover s e v e ra l  books ab o u t t h i s
s u b je c t  a re  a v a i l a b l e .  F or d e t a i l s  we r e f e r  to  th e  books o f
H uxley  (H12), Ramo and Whinnery (R l) ,  Sarbacher  and Edson (S5)
and to  th e  ‘P roceed ings o f  th e  R ad io lo ca tio n  C o n v en tio n ', March
-May 1946 (P 9 ) . We s h a l l  c o n f in e  o u r s e lv e s  to  a v e ry  b r i e f
d isc u ss io n  o f th e  main point-s.

1.2 The micro wave apparatus.
1 .2 1  Y/ave G u id es • The m ost u s e fu l  means fo r  t r a n s p o r t in g

m icro  waves a re  w av eg u id es . They a re  c h a r a c te r i s e d  by a low
a tte n u a tio n  and moreover the  waves a re  e n t i r e ly  con fined  to  the
i n t e r i o r  o f  th e  g u id e , so t h a t  no lo s s e s  by r a d ia t io n  o ccu r.
For th ese  reasons they  a re  e x te n s iv e ly  used in  micro-wave work.
C oaxial l in e s  have much th e  same p r o p e r t ie s ,  b u t e s p e c ia l ly  a t
th e  sm a lle r  wave len g th s  (3 and 1 cm) th e  lo s s e s ,  in  a co a x ia l
c a b le  a re  much la rg e r  than  in  a wave g u id e . A wave gu ide i s  a
s i n g l e  h o llo w  c o n d u c to r  in  w hich e le c t ro m a g n e t ic  waves can
t r a v e l .  In  a wave guide o f g iven  dim ensions p ro p ag atio n  o f many
waves w ith  d i f f e r e n t  modes o f  p ro p a g a tio n  and d i f f e r e n t  wave
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length is possible» Each mode is characterised by its own part
icular configuration of electric and magnetic field. Charact
eristic for a given wave guide is that for each mode a critical
wave length - determined entirely by the dimensions of the wave
guide ahd the special mode - exists, above which no trans
mission of waves of this mode takes place, or more precisely
the wave is subject to a very rapid exponential decay. There is
always a mode - called principal mode - having a larger critic
al wave length than all the others and accordingly there is for
a given wave guide a wave length region in which only the prin
cipal mode can be propagated. This situation is usually prefer
red for practical reasons. If for instance a discontinuity
causes the excitation of other modes they cannot be propagated
as a consequence of their rapid decay. %

The most convenient shape is rectangular with the narrow
dimension smaller than half the wave length and the wide dimen
sion between one-half and one wavelength. Then only the princi
pal mode can be propagated, which is characterised by an elec
tric field parallel to the narrow side, while the magnetic
field forms closed loops in planes parallel to the wide side;
the electric field in this type of wave is transverse, but the
magnetic field has a longitudinal component. Waves of this
types are called TE (Transverse Electric) or H waves. The wave
guide we used for our experiments with waves of 3 cm wave length
was of this type and had the internal dimensions 1 x % in. or
2.54 * 1.27 cm.

Owing to the finite conductivity of the walls the wave
inside the guide is attenuated in a rate which depends on the
dimensions and the material of the wave guide, the mode of pro
pagation and on the wave length. In the coppe.r wave guide we
used the theoretical value of the attenuation was about 0.1
decibels per metre; the value in practice may have been some
what higher. Often waveguides are silverplated in order to
reduce the resistive losses in the walls.

Another transmission line we used was a coaxial line which
consisted of two coaxial cylindrical conductors. The principal
mode is characterised by a radial electric field, while the
magnetic lines of force form concentric circles around the axis
of the line; none of the fields has a component in the direc
tion of propagation.' This mode therefore is called a purely
Transverse Electro Magnetic or T.E.M. mode. It is important to
note that the critical wave length of the principal mode in
this case is infinite, and it is easily possible to choose the
dimensions of the line in such a way that only the principal
mode of the desired wave length can be propagated. The require
ment for this is that the mean circumference of the inner and
outer conductor is smaller than the wave length used. The coax-



ïaJ lin es we used fu lf il le d  th is requirement.
An im p o rta n t advan tage o.f th e  c o a x ia l l i n e  e x c ite d  in  th e

p r in c ip a l  mode i s  th e  much sm a lle r  c ro s s  s e c t io n  th an  a wave
gu ide* - a b le  to  propagate waves o f the  same wave len g th  - would
hav e ,- anc[ t h i s  i s  th e  main re a so n  why we u sed  t h i s  ty p e  o f
tra n sm iss io n  l in e  in  our low tem peratu re experim ep ts. An d isa d 
v an tag e  i s  th e  much la rg e r  a t te n u a tio n  than  a wave gu ide would
g iv e .  T h is  i s  m ainly  a consequence o f  th e  p resen ce  o f  the  d i e 
l e c t r i c  r e q u i r e d  f o r  th e  su p p o r t  o f  th e  in n e r  co n d u c to r . At
very  low tem p era tu re  however t h i s  d isad v an tag e  i s  much reduced.

H ie waves can be launched in  a wave, guide by means o f  coup l
in g  p ro b e s  o r  c o u p lin g  lo o p s in  th e  same way as w i l l  be d i s 
c u sse d  below  f o r  c a v i ty  r e s o n a to r s .

1 .2 2  O sc i l la to r  tubes. Hie most u se fu l o s c i l l a t o r  tube fo r
o u r purpose i s  a r e f l e x  k ly s t ro n ,  because th e  g e n e ra ted  waves
a re  v i r t u a l l y  m onochrom atic. H ie wave o u tp u t i s  con tinuous and
th e  h igh  frequency  power g iven o f f  i s  o f  the  o rd e r o f  100 m i l l i 
w a t t s  f o r  th e  k ly s t r o n s  we u s e d . H ie tu n in g  ran g e  o f  th e s e
tu b es  i s  about 5% and th e  constancy o f  th e  frequency  e s p e c ia l ly
when th ey  a re  run on b a t t e r i e s  can be s u f f i c i e n t  fo r  our p u r
p o se .

For our ex p e rim en ts  a t  10. cm wave le n g th  we used  a B r i t i s h
C V 87 tu b e , w hich was tu n a b le  between ab o u t 9 .5  and 1 0 .0  cm.
H ie re q u ire d  anode v o ltag e  i s  on ly  250 v o l ts  and th e  o u tp u t was
ab o u t 100 m i l l iw a t t s .  Hie anode v o ltag e  was su p p lie d  by a s t a 
b i l i s e d  power pack .

For o u r experim ents a t  3 cm wave le n g th  we used  a B r i t i s h
CV272 tu b e . H ie re q u ire d  anode v o ltag e  in  t h i s  case  was about
1600 v o l t s  and th e  o u tp u t  was s u f f i c i e n t .  T h is  tu lje  was run
e n t i r e ly  on b a t t e r i e s  and th e  frequency s t a b i l i t y  was ample fo r
o u r purpose .

1 .2 3  The d e te c to r .  We u sed  a s i l i c o n  -  tu n g s te n  c r y s ta l
r e c t i f i e r  coupled  to  a s e n s i t iv e  galvanom eter a s  d e te c to r .  H iis
type o f  d e te c to r  i s  more s e n s i t iv e  th an  o th e r  types used so f a r
l ik e  therm io n ic  d e te c to r s  and b o lom eters»C rysta l r e c t i f i e r s  a re
a v a ila b le  in  th e  form o f  c a p s u le s ;  a s u i t a b le  c o n ta c t has been
found in  th e  m an u fac tu re  and i s  s t a b i l i z e d  so  t h a t  i t  i s  n o t
d is tu rb e d  by normal h a n d lin g .H ie  r e c t i f i e d  c u r re n t  i s  about a
few m icroam peres o f  r e c t i f i e d  c u r r e n t  p e r  m i l l iw a t t  o f  ra d io
fre q u e n c y  power and i s  a b o u t p ro p o r t io n a l  to  th e  r . f .  power
a p p l ie d ,  o r  to  th e  sq u a re  o f  th e  r . f .  v o l ta g e  a p p l ie d .  I t  i s
p r e f e r a b le  t o 'u s e  a low r e s i s t a n c e  g alvanom eter as th e  r e c t i 
f i e d  c u r r e n t  i s  more n e a r ly  p ro p o r t io n a l  to  th e  a p p lie d  r . f .
power when i t  i s  w ork ing  i n to  a low im pedance lo a d .

I t  must be rem arked t h a t  th e  c r y s ta l  c h a r a c te r i s t i c  u s u a lly
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n o t accu ra te ly  s a t i s f i e s  t h e ‘square law ‘ mentioned, and moreover
th a t  the c h a r a c te r i s t ic  i s  n o t co n stan t in  the  course o f tim e.
C a lib ra tio n  o f  a re c t i fy in g  c ry s ta l  -  which ought to  be c a rr ie d
o u t  a t  fre q u e n t i n t e r v a l s  - can on ly  be c a r r ie d  o u t i f  some
means o f  p ro d u c in g  a known v a r i a t io n  in  th e  r . f .  power i s
a v a ila b le .  We had no such means a t  our d isp o sa l and th e re fo re
p r o v i s io n a l ly  assum ed th e  v a l i d i t y  o f  th e  sq u a re  law . The
values o f the co n stan t f i e ld  corresponding  to  maximal a b so rp t
io n , which we observed , a re  p r a c t i c a l l y  independen t o f  sm all
d e v ia t io n s  o f  th e  sq u a re  law o f  th e  r e c t i f y i n g  c r y s ta l  and
th e re fo re  a re  r e l i a b le .  A ccurate d e te rm in a tio n s  o f  l in e  w idths
however only are  p o ss ib le  in  cases where the  c h a r a c te r i s t ic  o f
th e  re c t ify in g  c ry s ta l  i s  known and th e re fo re  were no t p o ss ib le
w ith our apparatus.

i .2 4  C avity resonators. A resonance c a v ity  can be regarded
as  a len g th  o f  wave guide c lo sed  a t  each end w ith  a r e f le c t in g
w a ll,  in  which s tan d in g  waves can be e x c ite d  in  much the  same
way as hollow  g a s - f i l l e d  v e sse ls  can be e x c ite d  in to  acco u s t-
i c a l  re so n an ce . A g iven  c a v ity  w il l  r e s o n a te  a t  a number o f
d is c r e te  fre q u en c ie s , each co rresponding  to  a p a r t i c u la r  mode
o f  o s c i l l a t i o n  w ith  i t s  own c h a r a c t e r i s t i c  e le c t ro m a g n e t ic
f i e ld  p a t te rn .  In  p ra c t ic e  a g iven c a v ity  re so n a to r u su a lly  i s
ex c ite d  in  the p rin c ip a l mode which i s  the  mode o f  o s c i l l a t io n
w ith  th e  lo n g e s t p o s s ib le  wave le n g th .  The f i e l d  p a t t e r n  o f
th i s  mode i s  sim ply a s u p e rp o s it io n  o f  forw ards and backwards
t r a v e l in g  waves o f th e  p r in c ip a l  mode o f a wave gu ide, having
the  same c ro ss  s e c tio n , and which a re  r e f le c te d  a t  th e  ends o f
th e  c a v ity .

S ince the r e s i s t i v i t y  o f the  w a lls  u su a lly  i s  k ep t small the
r a d ia t io n  t r a v e r s e s  th e  c a v ity  many tim es  b e fo re  i t s  f i n a l
d ecay . T h is  im p lie s  th a t  a la rg e  e f f e c t iv e  m u l t ip l ic a t io n  o f
p a th  len g th  i s  o b ta in ed  and th a t  a resonance c a v ity  must be a
s u i ta b le  device fo r m easuring small ab so rp tio n s . An a l te r n a t iv e
way fo r  understand ing  the  advantage o f th e  resonan t c a v ity  fo r
m easuring smal 1 ab so rp tio n s i s  regard ing  th e  ca v ity  as a reso n 
a t in g  system  w ith  a, very sm all damping. A small e x tra  damping
caused by a b so rp tio n  fo r  in s ta n c e  in  a param agnetic su b stan ce
then  e a s i ly  can be d e te c te d .

The amount o f  damping can be ju d g ed  from th e  q u a l i t y  o r
m a g n if ic a tio n  f a c to r  Q o f  th e  r e s o n a to r  which i s  d e f in e d  by
Q = 2rt (energy s to re d  /  energy d is s ip a te d  per c y c le ) .  I f  If i s
th e  en e rg y  s to r e d  th an  th e  en e rg y  d i s s ip a t e d  p e r  c y c le  i s
(dW/dt)T, where T i s  the p erio d , and we have - as OJ * 2n/T -

O = n  *
so th a t  V (dW/dt) '

If -  W0exp(~u>t/Q); (189)
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^  is the stored energy at t = 0. If therefore the resonator
is shock excited and left to oscillate freely the stored energy
is reduced to 1/e of its original value after a time Q/(0.

The accurate value of Q depends on the material of the cavity
and on the mode of oscillation (compare for instance ref. (S5),
p. 396). The order of magnitude of Q is given by the simple
expression

q  _ Volume of cavity_____
v 5 x surface of cavity

where 6 is the skin depth of the wal 1 currents. It may be added
that values of Q as large as 104 are easily achieved.

In our experiments we used cavity resonators of different
typ>e for the 3 and 10 cm wave length work, which we will des
cribe in some detail.

a) The resonator for 10 cm. wave length.
This resonator essentially consisted
of a piece of coaxial cable of length

which was short circuited at one
end and open at the other end. The ac
tual resonator is sketched in fig. 25.
The resonator consisted of two brass

parts, an upper part T and a silver
plated bottom B carrying a stub S.
Both parts were connected with a nut N,
while a greased rubber washer and a
brass washer W2 allowed T and B to be
connected vacuum tight. The r.f. power
was transported downwards a]ong a co
axial line C consisting of two concen
tric thin walled german silver tubes
of diameters of about 2 and 4 mm, which
were insulated from each other by poly
thene spacers placed at regular distan
ces from each other (not shown in the
figur). The calculated attenuation was
about 1.5 db/m at room temperature,
but was smaller at low temperatures.
The lower end of C was connected to a
length of pyrotenax coaxial cable -
which consists of copper conductors
with MgO as insulator- and which ended

in a coupling probe P. P excited the standing wave which was
largely confined to the lower part of the resonator. A similar
system of coaxials.and probe allowed to feed a small amount of
power to the dëtector. In this way changes in energy density
easily could be detected. The whole resonator was placed in the
desorption apparatus to be described in the next section. It

Fig. 25
The 10 cn wavelength re so-
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•nay be added that german silver was taken for the coaxial lines
i|i order to reduce the heat influx to the resonator.

The coaxial resonator was excited in the principal mode.
Then the electrical field has a node at the bottom and is maxi
mal near the end of the stub; the electric lines of forces are
practically radial near the bottom but have a vertical component
near the end of the stuk In order to obtain a sufficiently strong
coupling the probes are placed parallel with the electrical
lines of force. The magnetic field has a node near the end of
the stub and is maximal at the bottom. The sample to be invest
igated is placed at the bottom. Then the magnetic absorption
measured is maximal and possible electric absorption is reduced
very much.

The resonant wave length is practically determined by the
length and diameter of the stub. The relation between the
resonant wave length and the dimensions of the stub is given
by the formula (cf. (Rl), section 10.09).

ZQ tg(2n/K)l - l/uC0 , (190)
where ZQ is the characteristic impedance of the coaxial line.
ZQ depends only on the r,pdii a and 6 of the outer and inner
conductor resp.( and is given by ZQ m 138 10log b/a ohms,

I is the length of the stub
CQ is capacity of a circular disk with the same &ross section
as the stub.
In this formula C_ approximately accounts for the end effects

of the stub. In our case we have ZQ = 117 ohms and C_ * 0.7. |4 jiF.
The required resonance wave length was taken equal to 9.8 cm.
With the figures given we found 1 =2.16 cm. The actual reson
ance wave length was found to be 9.78 cm.

The quality factor Q was estimated to be at least 1000 but
could not be determined.

It finally may be added that if we neglect the end effects
we have CQ - 0, so that resonance occurs if I satisfies the
condition I * (2n + l)X/4. In our case we have n ■ 1 and there
fore this type of resonator usually is called a quarter wave
length coaxial resonator. Ihe length of the stub is about as
it should be.
b) The resonator for 3 cm wave length. This resonator simply
consisted of a length of a cylindrical wave guide closed at
both ends and is sketched in fig. 26a. The bottom part B  was
soldered with Wood's metal S at the upper part T. This time the
coupling with the coaxial 1 ines of pyrotenax p was attained with
coupling loops L. Ihe resonator could be evacuated through the
pumping tube P. The whole resonator was made of silver plated
brass.

This resonator was excited in the H,., mode, which is the
principal mode of a cylindrical cavity, ihe magnetic lines of

131



— - E
Fig. 26

T h e  3 c a  w a v e l e n g t h  r e s o n a t o r *

y x 2 -  (1/3.42a)2

fo rce of th is  mode form v e r
t i c a l  c lo sed  loops w ith  the
same a x is  ab ; th e  m agnetic
f i e l d  i s  maximal a t  the  top
and the bottom o f  the reson 
a to r ,  and has a node a t  the
h a l f  h e ig h t .  The e l e c t r i c
l in e s  o f fo rce o f course are
a t  r ig h t  an g les  to  the mag
n e t ic  1in es  o f fo rce  and are
a p p ro x im a te ly  s i t u a t e d  in
p lan es  p e rp e n d ic u la r  to  the
ax is  o f the cav ity . The f ie ld
p a t t e r n  in  a c r o s s  s e c t io n
may be i l l u s t r a t e d  by f i g .
26b . The sam ple was p lace d
on th e  bo ttom .

The reso n an t wave leng ths
o f  a c y l in d r ic a l  c a v ity  a re
re la te d  to  the dim ensions of
th e  c a v i t i e s  in  a more com-
p lic a te d  way than in  the case
o f  the coax ia l re so n a to r d i s 
cu ssed  above and depend on
th e  ro o ts  o f B esse l  fu n c tio n s .

From Huxley (H12) we quote
th e  fo l lo w in g  fo rm u la  fo r
the  f re e  space resonan t wave
len g th  X o f the mode o f
a c y lin d r ic a l  c a v ity  o f length
d  and w ith  rad iu s  a
(1 /2 d ) 2 (191)

I t  may be added th a t  3.42 a i s  the c r i t i c a l  wave leng th  fo r the
11 mode in  a c y lin d r ic a l  wave guide w ith  rad iu s  a .

The re so n a to r we used was designed fo r  a wave leng th  o f 3.15
cm. The le n g th  was chosen equal to  3 ,0 0  cm; then acco rd ing  to
(191) the ra d iu s  must be 1.08 cm. The resonance wave leng th  of
the  ac tu a l re so n a to r was 3 ,14  cm a t  low tem peratu re . The 0 -value
was ab o u t 3500 a t  90°K. T h is  v a lu e  i s  r a th e r  low fo r  a H
re so n a to r; t h i s  probably i s  a consequence o f a small overcoupl
in g .

1.25 The measurement o f  a b so rp tio n . I t  i s  no t d i f f i c u l t  to
d e riv e  a r e la t io n  between the  ab so rp tio n  c o e f f ic ie n t  o f  a sample
p laced  in s id e  a c a v ity  re so n a to r  and the  Q -values o f the empty
and the f i l l e d  re so n a to r re s p e c tiv e ly . T h is  i s  most sim ply done
assum ing th a t  th e  s ta n d in g  wave in  th e  re s o n a to r  i s  sim ply a
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su p e rp o sitio n  o f  waves t r a v e l l in g  in to  o p p o site  d ire c t io n s  and
r e f l e c t in g  a t  the  ends o f the re so n a to r, as i s  allow ed fo r the
p rin c ip a l mode o f o s c i l l a t io n  o f  a c y lin d r ic a l  c a v ity . We sh a ll
assume th a t  the absorbing substance f i l l s  the whole re so n a to r.

I f  now th e  r e s o n a to r  i s  s h o c k -e x c ite d  a t  t  ■ 0 th e  wave
s ta r te d  a t  th a t  moment w ith  c a rry  an energy 1/1, which decays by
th e  presence o f the sample accord ing  to

W = W/Q exp(~CLct), (192)
where a i s  the abso rp tion  c o e f f ic ie n t  of the substance (Cf p.76)
and c i s  the v e lo c ity  o f  the  wave in  f re e  space . On the  o th e r
hand we have according to  (189)

W = W0 exp (~ u t/Q J , (193)
assum ing th a t  th e  o n ly  lo s s e s  in  th e  c a v i ty  a re  due to  th e
su b stan ce ; t h i s  i s  d en o ted  by th e  s u b s c r ip t  j .  Comparison o f
(192) and (193) y ie ld s

<Xc = (194)
I t  now i s  e a s ily  shown th a t  we have the r e la t io n

V<? -  1/Qo + 1 /Q, , (195)
where Qq i s  the  q u a li ty  fa c to r  o f  the empty re so n a to r and Q i s
th e  q u a l i ty  fa c to r  o f the  re so n a to r  c o n ta in in g  th e  ab so rb in g
m atte r.

Combination o f (194) and (195) g ives
a  = (2 n /\)  [}/Q -  l/Q 0] .  (196)

In  th e  case  t h a t  th e  ab so rb in g  s u b s ta n c e  does n o t f i l l  th e
re s o n a to r  e n t i r e ly ,  as  i s  u s u a lly  th e  case  in  experim en ts on
param agnetic resonance, th i s  becomes

a  = a [ l / Q -  1/Q0] ,  (197)
where a i s  a constan t depending on the mode o f o s c i l l a t io n ,  the
shape o f  th e  c r y s ta l ,  and th e  re so n a n t wave le n g th . I t  i s  in
g en e ra l d i f f i c u l t  to  c a lc u la te  a a c c u ra te ly ,  b u t t h i s  i s  n o t
n e c essa ry  i f  we a re  on ly  in te r e s te d  in  r e l a t iv e  v a lu es  o f  the
ab so rp tio n .

I t  now can be shown th a t  th e  power reach in g  the  d e te c to r  i s
p ro p o rtio n a l to  Q3 i f  the re so n a to r i s  in  resonance and i s  ex—
c i te d in o n e  mode (C f. r e f .  (H12), £  7 .1 8 ) . ( I t  i s  e s s e n tia l  th a t
th e  d i r e c t  coup ling , betw een th e  co u p lin g  loops o r p robes i s
n e g l ig ib le .)  Assuming th a t  th e  c u r re n t given by th e  r e c t i fy in g
c ry s ta l  i s  p ro p o rtio n a l to  the  power ap p lied  we have the r e l a 
t io n  fo r  the  empty c a v ity

6 o  * * 'I0 “ Ql »
and s im ila r ly  fo r the ca v ity  co n ta in in g  the sample

6  t s \  I  ‘- '•Q 2  ,

where 60 and 6 a re  th e  d e f le c t io n s  o f  th e  galvanom eter r e s 
p e c tiv e ly  in  the  absence and p resence o f  the  sample (60> o ) .
Then i t  i s  e a s i ly  shewn th a t  we have the  r e la t io n

a ~ [W 6 )* - l] ; '  <198>
which r e la t e s  the ab so rp tio n  expressed  in  a r b i t r a r y  u n its  w ith
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th e  galvanom eter d e f le c t io n s  60*and 6 . C le a r ly  t h i s  r e la t io n
i s  only v a l id  i f  tliq.. r e c t i f i e d  c u r re n t  i s  p ro p o r tio n a l to  the
power reach ing  the  de tec to r*  I t  i s  in s t ru c t iv e  to  es tim a te  Öq/ ö
f o r  an average ca se . Taking fo r  the  ab so rp tio n  c o e f f ic ie n t  C l *
1 .5  x 10"3 (see  p . 126) we fin d  th a t  fo r  X = 3 cm Q^dlOOO fo r
a e n t i r e ly  f i l l e d  re so n a to r  (compare (1 9 4 ) ) . In  p r a c t ic e  only
a sm all p a r t  o f  the  c a v ity  i s  f i l l e d .  We th e re fo re  s h a l l  take
fo r  the  ‘ e f fe c tiv e *  value o f QgC i  104 . Assuming th a t  %  i s
3000, i t  i s  e a s i ly  shown u s in g  th e  r e l a t io n s  (197) and (198)
t h a t  ó 0/ó  * 1 .4  o r  6 /6 0 * O.7.- T h is  i s  e a s i l y  d e t e c t a b l e ,
u n le s s  60 i s  very  sm all and th e re fo re  j u s t i f i e s  our s ta tem en t
th a t  a c a v ity  re so n a to r i s  a s u i ta b le  dev ice fo r  m easuring small
a b so rp tio n s .

1 .26  The measurement o f  wave leng th . For th e  measurement o f
th e  wave len g th  we used a very  sim ple wave m eter c o n s is t in g  o f
a long c y lin d r ic a l  c a v ity  in  which from one s id e  a rod could  be
in tru d e d , so th a t  the  rod and th e  c a v ity  form a co ax ia l re so n 
a t o r .  I t  i s  e a s i ly  concluded from (190) th a t  resonance occu rs
i f  th e  len g th  o f th e  rod in  th e  c a v ity  s a t i s f i e s  th e  r e la t io n
1 = 1 +  nX/2, where lQ i s  th e  s h o r te s t  re so n an t le n g th . T h is
r e l a t i o n  i s  c o r r e c t  a s  long  as th e  end c a p a c i ty  o f  th e  rod
rem ains independent o f th e  p o s i t io n  o f th e  ro d , which im p lies
th a t  the  end o f th e  rod does n o t reach  the  end o f the  c y l in d r i 
c a l  c a v ity  too  c lo s e ly .  The wave len g th  i s  measured by determ 
in in g  th e  d i s t a n c e  betw een two p o s i t io n s  o f  th e  ro d  g iv in g
reso n an ce*

0CTCCT0*

CAVITY * A H H I
RESONATOR

F ig . 27
B l o c k  d i a g r a m  o f  t h e  a p p a r a t u e .
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1 .2 7  The method o f  measurement. This .most easily  can be des-
<: r lb e !? * l t h  the a id  o f the  block diagram o f the apparatus (see
f ig .  2 1 ), which does not need a sp ec ia l exp lanation .

A c r y s ta l  o f  th e  param ag n e tic  su b stan ce  i s  p laced  in  th e
re s o n a to r ,  which i s  b ro u g h t in to  resonance by a d ju s t in g  th e
frequency o f th e  k ly s tro n . Then an ex te rn a l m agnetic f i e ld  i s
ap p lied  and the d e f le c tio n  o f the galvanometer i s  measured as a
func tion  o f the m agnetic f i e ld .  In the case th a t  the re c t ify in g
c ry s ta l  s a t i s f i e s  a square law the  ab so rp tio n  as a fu n c tio n  o f
app]ied  f ie ld  i s  found w ith  the  r e la t io n  (198). At each s e t t in g
o f  the m agnetic f ie ld  the o s c i l l a to r  was ad ju sted  to  give maxi
mal galvanom eter d e f le c t io n .  T h is  was done in  o rd e r  to  a tó id
e r ro r s  due to  de tu n in g  o f  the c a v ity  by th e  anomalous d is p e rs 
io n  in  th e  p aram ag n etic  s a l t  and to  d r i f t  o f  th e  o s c i l l a t o r
frequency.

2.3 The low temperature equipment.
The ca v ity  re so n a to rs  described  in  the preceding se c tio n  have

been used a t  low tem p era tu res  and i t  i s  d e s i r a b le  to  d is c u s s
th e  low tem perature p a r ts  o f the apparatus in  some d e t a i l .

2.31 Thé three cen tim etre  apparatus. The 3 cm apparatus was
p laced  in  an o rd in ary  c ry o s ta t .  The re so n a to r was suspended on
the pumping l in e  which was so ldered  to  the cap o f the c ry o s ta t.
The pyro tenax  le ad s  were connected  to  c o a x ia l le a d s , made o f
th in  w alled b ra ss  tube w ith  p a ra ff in e  wax as in s u la to r .  We used
b ra s s  in  o rd e r  to  red u ce  th e  h e a t in f lu x  a lo n g  th e  c o a x ia l
l in e s .  At room tem peratures the a tte n u a tio n  in  th ese  leads was
so  la rg e  th a t  no measurements could be c a r r ie d  o u t, b u t a t  low
tem p era tu res the  perform ance was s a t i s f a c to r y .  The lower p a r t
o f  the c ry o s ta t  was p laced  betw een the  po le  p ie c e s  o f  a Weiss
magnet.

2 .32  The ten  cen tim e tre  appara tus, a) The low tem peratu res
in  th e  ex p erim en ts  w ith  10 cm wave le n g th  were o b ta in ed  w ith
a Simon d eso rp tio n  apparatus (see  fo r  in s tan ce  (S6)); the ac tu a l
design  followed the design  o f De Haas and Van den Berg  (H13) in
d i f f e r e n t  re s p e c ts .  A sketch  o f  th e  apparatus i s  given in  f ig .2 8 .

D was a Dewar v e sse l w ith  a narrow  t a i l ,  connected  w ith  a
rubber s leev e  SI to  th e  b ra ss  cap C; D was supported  by a r in g
R i. The d eso rp tio n  space was a wide g la ss  tube T - sea le d  in  a
b ra s s  tube on to p  o f  C - w ith  a s i lv e re d  double w alled low est
p a r t  E»-Hie space E could  be. evacuated through a pumping l in e
p . T was connected w ith  a co n ica l ground j o i n t  j  to  a g la s s  T-
p iece  Tp and could  be evacuated  through a wide tube P; Tp was
clamped to  a metal s ta n d , n o t shown in  th e  f ig u re , and c a r r ie d
on top a b ra ss  p la te  PI which was waxed to  the ground flange F.
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Two coaxial lines of german silver
(compare 1.24) were soldered to
Tp and carried the cavity resona
tor R. On top of R was placed a
cylinder of copper gauze G, which
contained the charcoal Cc. The
temperature of R was measured with
a simple gas thermometer (not
shown in the figure).

The cap C was supported by two
wings W, which were resting on a
U-shaped plate U; U could slide
along to strips of angle iron A
which were connected to the metal
stand. The apparatus easily could
be opened by first sliding U back
wards and then slipping the cap
with T downwards; the interior of
T remained hanging on the coaxial
lines and it was easily to open
the resonator R.

UsuallyOwas filled with liquid
hydrogen, of which the temperature
could be lowered by pumping off
the hydrogen vapour through tube
B. The magnet was wheeled on after
thé complete apparatus was assem
bled.

b) The course of an experiment
was as follows. After the sample
had been brought in R, activated
charcoal was quickly put in G.

Then T was si ipped over and the charcoal was pumped for several
hours. (It was not possible to activate the charcoal while it
was in G because this would have destroyed the sample in the
resonator.) Finally helium gas was admitted to T and E and the
whole cryostat was cooled down. In the meantime helium gas was
allowed to be absorbed by the charcoal until the charcoal was
saturated at the desired starting temperature for the desorp
tion; this temperature usually was about 11 °K.

Then E was carefully evacuated in order to break the heat
contact between the charcoal and the hydrogen bath, and the
helium gas in T was quickly pumped off. Consequently the temp
erature of the charcoal and the resonator dropped and after some
time the temperature passed through a minimum. The temperature
near the minimum was constant during at least 15 minutes within
the limits of accuracy of the thermometer (££0.05 degree). The

Fig. 28
The desorp,tion apparatus
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minimum temperature reached usually was about 6
[bring the period of approximate constancy of the temperature

the resonance experiment was carried out*. As soon as the temp
erature started to rise again some helium gas was admitted to
the charcoal, which gave of course a rise of temperature.
(E was pumped all the time.) Then the helium gas was pumped off
again. The lowest temperature reached this time was somewhat
higher than the first time. This process of letting in some
helium gas and pumping off afterwards could be repeted several
times and allowed us to carry out a number of resonance meas
urements at increasing temperatures.

The performance of this desorption apparatus was not quite
as good as for'instance of the apparatus of De Haas and Van e(en
Berg, with which temperatures as low as 4°K have been reached.
This is possibly a consequence of the small amount of charcoal
we could use as the dimensions of the apparatus were largely
determined by the dimensions of the available Dewar vessel.
Moreover the capacity of the pump available for pumping the
helium from the charcoal was not very large and it is. suspected
that a more powerful pump would have allowed us to reach lower
temperatures.

* * * *

137



C h a p t e r  II

EXPERIMENTAL RESULTS AND DISCUSSION
2.1 Introduction.

In this chapter we represent some results of experiments on
resonance absorption. These experiments as a whole are less
complete than the experiments on paramagnetic relaxation and
have a preliminary character. Several reason* can be given for
this.

In the first place $ome special topics, which are especially
of interest at low temperatures, are chosen. This choice has been
largely influenced by the preliminary results obtained for many
substances by Bagguley et al. (B7).

In the second place the rather primitive micro-wave equipment
at our disponal only permitted reliable determination of split
tings and g-values. For accurate measurements of line shapes
and line widths a more elaborate set-up would be required.

In the third place lack of time prevented us from carrying
out more experiments. This applies especially to the work with
the desorption apparatus, -which had to be carried out during a
stay of ten months at Oxford.

Summarising we can say that in our opinion the work on reso
nance absorption.is rather a start for further study than a
completed research.

In the remainder of this chapter we will discuss some results
obtained for three substances:

a) Titanium caesium alum. This substance only profitably can
be studied at very low temperatures, because at higher temper
atures thermal broadening makes the absorption line too broad
for being observable. ,

b) A dilute iron ammonium alum. This substance was so highly
diluted that only at low temperatures the absorption could be
measured.

c) Anhydrous chromium chloride. This'concentrated* substan
ce is interesting at low temperatures because it has a trans
ition point at about 17 °K, which has in some respects resem*
bles the Curie-point of ferromagnetic substances.

We do not attempt: a discussion of the line widths as we be-
1ieve this to be premature for reasons mentioned above.

2.2 Titanium caesium alum.
2.21 Introduction.

According to I, Ch. II the two lowest energy levels of the
titanium ion in a crystal which is placed in a magnetic field
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are given by £ = + %  gj3#cf where the value of g depends on the
direction of the magnetic field relative to the crystal axes.
Consequently one resonance absorption line should be expected.
Bagguley et al. (B7) examined titanium caesium alum but could
not find any absorption, even at a temperature as low as 20 °K.
As these authors pointed out this implies that the line i& too
broad, and therefore cannot be observed with the available
means. This abnormal width can be explained in a natural way by
an exceedingly short spin lattice relaxation constant. As we have
seen in I. Ch. IV both direct experimental and theoretical evi-
dence indicate that the spin lattice relaxation constant of Ti
is exceptionally short. At sufficiently low temperatures, how
ever, x should become long enough for making the line detect
able. It seemed therefore worth while to investigate the tita
nium alum at still lower temperatures. This research was car
ried out with the apparatus described in section III, 2.32; the
sample consisted of small crystals (B20).

2.22 Results and discussion. Only below 8 °K one absorption
1ine was observed and we found that the intensity of the ab
sorption increased at lower temperatures. This confirms the
correctness of the explanation given in the preceding section
for the unobserved absorption at higher temperatures.

T A B L E XXI
T °K 6.33 6.58 6.72 6.76 7.04 7.35 7.46 7.88
H_ 1540 1510 1490 1490 1450 1410 1410 1360
ëeff 1.35 1.38 1.40 1.40 1.43 1.48 1.48 1.53
rxlö10
sec

0.96 0.73 0.66 0.66 0.58 0.52 0.54 0.48

In TableXXI we collected the values of the fieldstrength giving
maximum absorption H and the corresponding ‘effective* g-
values, calculated with the relation h\> * gj3Hm , at different
temperatures.

It will be noted at once that geff depends on the temper
ature. ,Now titanium caesium alum is a rather dilute substance
and moreover the titanium ion has a small magnetic moment (one
spin). Although the temperature is low it seems to be very un
likely that the behaviour of geff can be explained by the mag
netic interaction between the titanium ions. In our opinion a
much more natural explanation is given by the assumption that X
is sufficiently short for the line shape to be strongly influ
enced, if not determined, by X. According to section I, 5.32
the line shape for a given direction of the magnetic field should
be given by (158b), if the spin lattice relaxation is determin
ed by one relaxation constant which we will assume. Then more-
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over the  maximum ab so rp tio n  should s h i f t  to  lower values o f the
c o n s ta n t f i e l d  fo r  sm alle r v a lu es  o f x , o r in  o th e r  words, fo r
h ig h e r tem p era tu res . T his ag rees w ith  th e  experim ental r e s u l t .

A fu r th e r  d iscu ss io n  re q u ire s  the knowledge o f  g . The p re sen t
experim ents however do n o t allow  us to  determ ine th e  value o f g
fo r  a powder - which i s  the  average over th e  g -v a lu e s  fo r  d i f 
f e re n t  d ir e c t io n s  o f th e  m agnetic f i e ld  as lower tem peratures
would have been req u ired  fo r  t h i s .  U n fo rtu n a te ly  Van den Handel’s
m easurem ents on th e  s u s c e p t i b i l i t y  o f  a powder g iv e  very  d i f 
f e r e n t  g -v a lu es  (between 1 .2  and 2 .0 )  fo r  d i f f e r e n t  sam ples, so
th a t  no r e l i a b le  value  o f  g can be o b ta in ed  from them (H2). We
s h a l l  assume th a t  fo r our sample g * 1 ,34 ; p o ss ib ly  the c o r re c t
value would be somewhat lower.

A ccording to  Bleaney  (B4) th i s  r e s u l t  can be in te rp re te d  in
th e  fo llo w in g  way. The f r a c t io n  o f  io n s  whose t r ig o n a l  a x is
make an angle 6 w ith  ƒ/ i s  %sin9d0 and they have a g -va lue d e te r 
mined by g2 ■ g®t cos29 + g2 s in 29; resonance should  occur a t
Hc = hv /gp . U sing the  r e la t io n s  between Hc and g , g and 9 one
fin d s  th a t  the  in te n s i ty  d i s t r ib u t io n  as a function, o f the f ie ld
fo r  co n stan t frequency should be

d i n  = g*secBdHc/2  (g*„ -  g]_)H0 .
For n o t too  la rg e  an iso tro p y  the  ab so rp tio n  in  th e  v ic in i ty  o f
the  maximum ab so rp tio n  i s  mainly determ ined by sec 9 and conse
q u en tly  the ab so rp tio n  i s  sh arp ly  peaked a t  the resonan t f ie ld
f o r  th e  io n s  h av ing  th e  t r ig o n a l  a x is  a t  r i g h t  an g le  to  th e
m agnetic  f i e l d .  The f i n i t e  w id th  o f th e  resonance l in e  w il l
round o f f  the  peak b u t n o t o b l i t e r a t e  i t  i f  th e  w id th  due to
the  m agnetic in te ra c t io n  i s  small compared w ith  the spread in  a
powder due to  the  a n is o tro p ic  g -v a lu e s .

We th e re fo re  s h a ll  assume th a t  our value  g ^  1 .34 c o r re s 
ponds approxim ately  to  gf ; then in s e r t in g  th i s  in  equation  (42)
g iv e s  A = 410 cm-1 and g jf «^1 .75 . A t 10 cm wavelength th ere fo re i
th e  a b s o rp tio n  l in e  in  a powder would be sp read  some hundreds
O e rs te d  owing to  th e  a n is o tro p ic  g -v a lu e s  and a t  s h o r te r  wave
le n g th  th i s  would be even more. Hie l in e  w id th  due to  m agnetic
in te ra c t io n  should be only about 50 O ersted .

Taking A * 410 cm-1 and X x 154 cm"1 we f in d  fo r the  d is ta n 
ces o f  th e  nex t two le v e ls  above the low est lev e l re sp . 360 and
540 cm"1.

From th e  v a lu es  o f Hm we e s tim a te d  th e  values, o f  th e  sp in
l a t t i c e  r e la x a t io n  tim e g iv en  in  T ab le  XXI. I n s e r t io n  o f  th e
v a lu e  a t  7.9 °K in  (i45a) g iv e s  Afitf 250 cm"1 , which i s  about
h a l f  the  value ob ta ined  from the  g -v a lu e . In  view o f  the  uncer
t a in ty  o f a l l  our e s tim a te s  th e  agreem ent h a rd ly  can be expec
te d  to  be b e t te r .  I t  may be noted  th a t  th e  dependence^of. X on T
i s  much sm aller (c-oT"1) than  Van Vleck  p re d ic ts  (*''*T  )«^

We f in a l ly  checked the  l i n e  shape by comparing i t  w ith  the
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l in e  shape p red ic ted  by (158), assuming co n stan t x .  A q u a l i ta 
t iv e  agreement was found but system atic  d ev ia tio n s  occur; sev
e ra l  reasons can be given fo r th i s .  F i r s t  the an iso tropy  o f the
g -v a lu e s  must cause d e v ia t io n s ,  secondly  x may depend on th e
m agnetic f i e ld  and th i r d ly  the  low chem ical s t a b i l i t y  o f  the
substance may cause imhomogeneities r e s u l t in g  in  d i f f e r e n t  g-
v a lu es  fo r d i f f e r e n t  reg ions o f the c r y s ta l .  In  co n c lu sio n  we
want to  remark th a t  in  our op in ion  the  d e sc rib ed  experim ents
dem onstrate some e s s e n tia l  fe a tu re s  o f the therm al broadening
o f  param agnetic resonance l in e s .  The experim ents a re  fa r  from
com plete however, and experim en ts on more s t a b le  su b s tan ce s
( fo r  in stan ce  on Fe s a l t s )  are h igh ly  d e s ira b le .

2 . 3  I r o n  ammonium a lu m.
2 .31  G eneral rem arks. In  I ,  Ch. I I  we d isc u sse d  th e  energy
le v e ls  o f the Fe in  a cubic c r y s ta l l in e  f ie ld  and the s p l i t 
t in g  o f these le v e ls  in  a magnetic f ie ld  o f a given d ir e c t io n .
We sh a ll  consider now the resonance spectrum which must be ex
p ected  i f  the  m agnetic f ie ld  is  p a r a l le l  to  one o f th e  cubic
axes ( fo r  in s tan ce  the[lO O ]axis) o f the c r y s ta l l in e  f i e ld .  This
corresponds to  a magnetic f ie ld  having the d ire c tio n  o f a cubic
c ry s ta l lo g ra f ic  ax is  o f iron  ammonium alum.

For our purpose i t  i s  s u f f i c ie n t  to  co n sid e r only  the  case
o f  high f ie ld s  ( x » l ;  C f. (4 7 a )) . The s p in s  a re  p r a c t i c a l l y
fre e  and one must a n t ic ip a te  th a t  the s e le c t io n  ru le  fo r  f re e
sp in s  Am = ,+ 1 wil 1 be approxim ately  ful f i l  led , o r  in  o th e r  words,
th a t  the t r a n s i t io n s  allow ed by th i s  s e le c t io n  ru le  a re  much
stro n g er than a l l  o th er conceivable tran sitio n s .W e shal 1 consider
these s tro n g  t r a n s i t io n s  f i r s t .  In Table XXII we c o lle c te d  the
values o f the energy d iffe re n c e s  Afc’ corresponding to  the selection
ru le  Am = i  1, c a lc u la te d  w ith  the  eq u a tio n s  (47a)«.R esonance
absorp tion  l in e s  should occur fo r values o f ƒ) determ ined by

hv = «(3Hc + o6 , (199)
where V i s  the frequency o f the app lied  ra d ia tio n  and the  values
o f  a can be read  from T ab le  XXII. I t  may be noted- t h a t  th e
spacing o f these l in e s  is  independent o f H .

I t  i s  e a s i ly  p o s s ib le  to  d e r iv e
A£ fo r  t r a n s i t i o n s  c o r re sp o n d in g

to | A m£>l u sing  the equations (47) or
(47a).We sh a ll  n o t quote the ex p res
s io n s  fo r  AE in  th e s e  c a s e s ,  b u t
mention only th a t  groups o f  ab so rp 
t i o n  l i n e s  s y m m e tr ic a lly  g rouped
around h a l f ,  one t h i r d ,  one fo u r th
and one f i f t h  o f  the f ie ld  s tre n g th
determ ined by (199) a re  expected to

e x i s t ,  co rrespond ing  to  Am a + 2 , +. 3 , + 4 , + 5 re s p e c t iv e ly .

T A B L E  XXII
T ra n s it io n s  Am = +. 1

m tx* A E
5/2 3/2
3/2 1/2 gPtfc-i6
1/2 -1 /2

- 1 /2 - 3 /2 & ‘lc + #
-3 /2 - 5 /2 g$Hc -  26
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K i t t e l  and Luttinger (K3) calculated the relative in ten sities
of many of these transitions for various values of x and showed
that in high fie ld s  the transitions with|Aml = + 1 are very much
stronger-than a ll the others, while at lower fie ld s the trans
it io n s  with|Ami >1 become -relatively  more important. /At low
fie ld s  (* « 1 ) they e?Ven can be stronger* than those with |A*| " 1.
Moreover some of the transitions with IAm|>1 are allowed in the
case of parallel constant and alternating f ie ld . These subsid
iary lin es are a consequence of the remains of the spin-orbit
coupling.

A ll.th e  absorption lines mentioned w ill be broadened by the
interaction between the iron ions and moreover the interaction
can cause weak absorption lin es  at about one ha lf, one third
etc* of the fie ld  strength giving resonance with the transitions
with I Asti x 1. In general i t  therefore w ill be not possible to
interprete the weak subsidiary lines without ambiguity, but on
the other hand the subsidiary lines due to the magnetic inter
action w ill become relatively weaker, i f  the crystal i s  diluted,
or in other words, a number of the paramagnetic ions is  replac
ed by non-magnetic ones. In th is way i t  should be possible to
separate the contributions of the magnetic interaction and the
spin-orbit interaction to the subsidiary lin es. There are exper
iments under way in the Kamerlingh Onnes Laboratory to do th is.

2.32 Results and discussipn. We examined two specimen at 20 TC
with the constant fie ld  along the [100] axis and the alternating
fie ld  at right angle to i t ,  using the second apparatus and a
wavelength \  * 3.17 cm. The f ir s t  specimen was a crystal of the
undilute alum and the second specimen was diluted in ithe ratio
1:80 with aluminium amnonium alum. The absorption A, expressed
in  arbitrary units (Cf. (198)), is  plotted as a function of the
constant f ie ld  in f ig . 29. The dotted line represents the ab
sorption of the undilute alum and the fu ll drawn line the ab
sorption of the dilute sa lt; the units of the ordinate are cho
sen in such a way that the maxinwm values of the absorption in
the two cases are the same.

In the case of the undilute sa lt  only one broad absorption
lin e  i s  found instead of the five  lin es predicted, while the
shape of the line suggest the presence of a large central pea
and two weaker side peaks. This is  confirmed by the curve of
the d ilu te sa lt  which indeed shows the peaks suggested. Appar
ently the lines in the undilute sa lt  are broadened so much by
the interaction between the iron ions that the 1:ines areJfused.
Each lin e  should have a width o f the order -  435 Oersted
C Cf (83) ).#

In the case of the d ilu te /sa lt  we found two weak and three
strong absorption lin es.
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Resonance
The absorption
A=3. 17 cm, T -20

X undilute

Fig. 29
absorption in iron amaoniuu alum,
in arbitrary units as a function of
K, Hc in the [oo i] direction.

.dilute salt (1:80)
V

t a b l e  XXIII
H 1655 1900 3130 3470 3700
A 0.016 0.018 0.37 1<64 0.32

In Table XXIII we collected the field strengths corresponding
to the maxima of absorption together with the values of A. It
is seen at once that the peaks at 3130 and 3700 Oersted are not
symmetrically arranged relative to the centra] peak at 3470
Oersted. If we forget about this for the moment we can try to
interprete the strong lines on the basis of the theory given in
the preceding section. Assuming that lines at 3130 and 3700
Oersted are in fact the fused 1ines corresponding to thé pairs
of transitions (-1/2, -3/2), (5/2, 3/2), and (1/2, 3/2), (-5/2,
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—3/2) respectively, it is reasonable to take the fields 3130
and 3700 equal to the mean field strength corresponding to the
pairs of transitions mentioned. Then we have 3700 — 3130 = 570
Oersted=(9/2)6, so that 6=129 0, which corresponds according
to (148a) to 6 1 0.012 cm-1. The total splitting is in this
case 36 = 0.036 cm-1.

It is not possible to say anything definite about the subsid
iary peaks at 1655 and 1900 Oersted. Experiments at other de
grees of dilution will be necessary for this (compare the pre
ceding section).

It finally may be added that we had no means to check the
characteristic of the rectifying crystal used, so that the re
lative intensities of the absorption lines may be somewhat in
error.

2.33 Discussion. In the first place it must be noted that
the asymnetry of the arrangement of the main absorption lines
indicates that the given interpretation cannot be entirely cor
rect. This is corroborated by a comparison of the splitting
suggested here with the value of the splitting found from re
laxation experiments. In II, Ch. II we found for the splitting
in the undalute salt 0.126 cm"1 and for a dilute salt (1:60)
0.145 cm"1, which values have been calculated assuming a cubic
crystalline field and assuming that the influence of exchange
can be neglected. The contribution of exchange to the specific
heat of the normal alum is very difficult to estimate, but pro
bably cannot be large as a consequence of the rather large dil
ution of the normal salt. Therefore we believe that the assump
tion of a cubic crystalline field is not able to account for
the suggested splittings. As has been discussed in I, Ch. II
the properties of other alums - especially chromium alum - rather
suggest that in iron amnonium alum the symmetry of the crystal
line field must be lower than cubic, presumably trigonal. Then
in the absence of an external field we should have three twofold
levels. This is consistent with the results of very accurate
measurements of the specific heat of the spin-system by Benzie
and Cooke (B21), which rather suggest that there are three about
equally spaced doublets. In this case however the overall
splitting should be 0.16 cm"1. At present it is not possible to
calculate the splitting of the dilute alum from the resonance
absorption, assuming a trigonal field. Therefore we must
leave open the question, whether a trigonal field can account
for the observed facts. Apart from the theory of the splitting
of the Fe+++ in a trigonal crystalline field, more experimental
results - for instance obtained at other wave lengths, temper
atures and directions of the magnetic field relative to the
crystal axes - probably will be required before this question
can be answered.
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2*4 A nhydrous chromium  t r i c h l o r i d e .
2.41 General remarks. T h is  substance forms th in  lam inar c ry s-

a is  which suggests a lam inar s t ru c tu re  o f the c ry s ta l l a t t i c e .
As f a r  as we are  aware the c ry s ta l  s t r u c tu r e  i s  no t known. The
m agnetic and c a lo r ic  behaviour Shows marked d eva tions from the
behaviour o f m agnetica lly  d i lu te  su b stan ces.

In the f i r s t  p lace  the s u s c e p t ib i l i ty  s a t i s f i e s  a Curie-W eiss
law x  = C /(7-9) between about 300 and 100 °K w ith 0 = 32.5 °K.

Secondly a t  a tem perature o f 17 °K - which i s  n o t very d i f -
fe re n t  from 32.5 °K -  the  s p e c if ic  h ea t has a maximum. T hird ly
below 17° K remanence i s  observed.

A number o f o th er anhydrous s a l t s  o f  m etals o f th e  iro n  group
show s im i la r  p r o p e r t ie s .  For d e t a i l s  we r e f e r  to  a paper o f
S ch u ltz  (S4), where o th e r re fe ren ces  can be found.

The p ro p e r t ie s  l i s t e d  above m ight su g g est th a t  the  tem per
a tu re  7 * 17 °  K i s  a Curie  tem perature as in  the case o f fe r ro 
m agnetic su b s ta n c e s . As S c h u ltz  p o in ted  ou t th e re  a re  however
marked d i f f e r e n c e s  o f  w hich th e  most im p o rtan t a re  th a t  th e
m ag n e tisa tio n s  below th i s  'C u rie -point* do no t reach a s a tu ra 
t io n  value - though they  a re  in  f ie ld s  o f  the o rd e r 20000 Oer
s te d  alm ost o f  the  order o f a ferrom agnetic spontaneous magnet
i s a t io n  - .

P o ssib ly  an ex p lan a tio n  o f the p ro p e r tie s  mentioned i s  given
by th e  assum ption  th a t  C1C I 3  i s  a n t i- fe r ro m a g n e tic  (C f. N l) .
Anyway the  anomalous b eh av io u r o f  m a g n e tic a lly  c o n c e n tra te d
s a l t s  in  many c a se s  must be caused  by th e  s tro n g  in te ra c tio n
between the  m agnetic io n s . I b i s  s ta tem en t i s  v a lid  fo r the an
hydrous chromium c h lo r id e .

For th is  reason we presumed th a t  C1C I3  might be an i n t e r e s t 
in g  substance fo r  in v e s t ig a t io n .

2 .42  R e su lts  and d iscu ss io n . We in v e s tig a te d  th ree  d i f f e r e n t
sam ples. Sample. I  was o b ta in ed  from B r i t i s h  Drughouse L td . and
was in v e s t ig a te d  w ith  th e  10 cm a p p a ra tu s .  The shape o f  th e
sample dev ia ted  n o t very much from a sphere. Samples I I  and I I I
bo th  were o b ta in ed  from th e  s to c k  from which W oltjer  (W5) ob
ta in e d  h is  sample fo r  h is  measurements on the s u s c e p t ib i l i t y .
Tbe shape o f sample I I  d e v ia te d  no t much from a sphere , bu t we
took  g re a t  ca re  to  g ive  sample I I I  a shape as n e a rly  sp h è ric a l
as p o s s ib le .

In  a l l  cases one ab so rp tio n  l in e  was found and we c a lc u la te d
e f f e c t iv e  g -v a lu es  w ith  th e  r e la t io n  hv = g . ff0Wc . The r e s u l t s
fo r  a i l  samples a re  c o lle c te d  in  Table XXIV and f ig .  30.
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T A B L E  XXIV
CiCl,

Sample 1 Sample II Sample III
X ■ 9.60 cm X * 3.17 cm X = 3.17 cm

T £• ff T  °K 6«f f T °K g.ff
290 2.00 79 2.00 79 2.00
90 2.00 20.0 2.03 20.0 2.02

20.3 2.18 18.5 2.10 18.5 2.04
11.4 2.80 17.4 2.17 17.1 2.08
7.52 2.80 16.5 2.19 16.5 2.22
6.80 2.80 15.6 2.24 15.6 2.27
6.25 2.80 14.3 2.29 - -
5.75 2.80 - - - -

20*K

Fig. 30
CrCl . function of T.3 © i x

©Sample I. Nearly spherical. X=9.60 ca.
XSample II. Nearly spherical. X=3.17 cn.
•Sample HI. Spherical. A»3. 17 cm.

Several comments about these results must be made.
a) The fact that only one line is found may be due to ex

change forces large enough to overcome the effect of the crys
talline electric field. As a matter of fact the large majority
of salts of metals of the iron group have a number of non-equi
valent ions in the elementary cell and each of these ions in a
dilute salt will give its own resonance spectrum in general.
Exchange forces however may be cause all the lines to fuse, as
is for instance the case in copper sulphate. Ibis presumably is
the case in CrClo, where exchange forces must be considerable
as a consequence of the high concentration of the chromium ions.

b) The next thing to note is the small but distinct diiier-
ence between the results for a non-sphencal and a
sample. Moreover the curves of fig. 30 seem to have about the
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same shape as cu rves s u s c e p t ib i l i t y  versus tem p era tu re  fo r  a
f ie ld s t r e n g th  o f the  o rd e r o f 1000 to  3000 O ers ted , which are
s te e p e s t  fo r  a tem peratu re  o f 17 °K and become h o r iz o n ta l  fo r
te m p e ra tu re s  below abou t 14 °K (C f. S 4 ). I t  th e r e fo r e  seems
e a s ib le  th a t  the s h i f t  o f  g-value as fu n c tio n  o f  T and H can

be d escribed  w ith  an e f f e c t iv e  f i e ld  o f the form H = H°+ kI
(so  th a t  hv = g w h e r e  K i s  a c o n s ta n t independent o f  H
and T, bu t dependent on th e  shape o f  the sam ple. T h is  co n stan t
K cannot be equal to  th e  c o n s ta n t o f  the  ‘ in te rn a l*  f i e l d  o f
the  Ifeiss theory  o f ferrom agnetism , but must be sm a lle r . Accord
in g  to  Y!eiss Hm I  where 6 i s  the Curie tem perature and C
i s  the  Curie c o n s ta n t .  In  our case  we have G d  17 °K and C *
1 .6 3  so  t h a t  we f in d  fo r  an e x te r n a l  f i e l d  o f  2600 O e rs te d
H .  p i.19000  O ersted . Such a high value o f We11 cannot be recon
c i le d  w ith  a ‘ true* g -va lue  o f  2 .00  - as i s  found a t  high temp
e r a tu re s  - and the  f a c t  th a t  a t  10 cm and 3 cm w avelength ab
s o rp tio n  a t  low tem p era tu res  has been observed . P o s s ib ly  th e
randomly o r ie n ta te d  in te rn a l  f i e ld  which i s  assumed to  be p re 
se n t in  a n ti-fe rro m a g n e tic  m a te r ia ls  can be reco n c iled  w ith  our
r e s u l t s .

As i s  well known both types o f  in te rn a l  f ie ld  must be a t t r i 
bu ted  to  exchange fo rc e s , which on th e  o th e r  hand may n o t g ive
a s a t i s f a c to r y  ex p lan a tio n  o f the  v a r ia t io n  o f  th e  g -v a lu es  in
which we a re  i n te r e s te d  h e re . T h is  i s  perhaps n o t s u r p r is in g
from th e  p o in t o f view o f  Pryce and Stevens  (P 6), worked out by
Stevens  in  a p r iv a te  ccm nunication to  P ro fe sso r Gorter (compare
I ,  Ch. V), who showed th a t  in  f i r s t  approxim ation disp lacem ent
o f  . the l in e  only can be caused by th e  m agnetic in te r a c t io n  o r
by exchange between d is s im ila r  ion^.A d e f in i te  sta tem en t cannot
bé made because the approxim ation o f  Pryce and Stevens  i s  v a lid
fo r  tem p era tu res  w e ll above the  Curie tem p era tu re  and h a rd ly
can be a good one near the  Curie p o in t .  P o ss ib ly  the conclusion
th a t  in  the  f i r s t  p lace  the  m agnetic in te ra c t io n  i s  respond ib le
f o r  th e  s h i f t  o f  th e  l i n e  rem ains t r u e  even n ea r th e  *Curie
p o in t* .

Summ arising we can say  th a t  from an ex p e rim en ta l p o in t  o f
view  i t  i s  c e r t a i n  t h a t  th e  re so n an ce  s h i f t s  m arkedly  a s  a
fu n c tio n  o f tem perature in  the  regiem o f  the  ‘Curie p o in t* . The
su g g ested  d e s c r ip tio n  however i s  r a th e r  s p e c u la tiv e  and a de
f i n i t e  conclusion only  can be drawn i f  more d e ta i le d  in form ation
abou t th e  s u s c e p t i b i l i t y  a t  d i f f e r e n t  f i e ld s t r e n g th s  w il l  be
known. Moreover resonance experim ents a t  o th e r w avelengths and
in  the  whole tem perature regiem between 4 and 90 °K a re  d e s i r 
a b le , p o ss ib ly  in c lu d in g  measurement o f the  l in e  w idth .

About th e  l in e  w idth one remark may be added. The p re lim inary
experim ents o f Bagguley e t  a l .  (B7) in d ic a te  th a t  in  th e  liq u id
hydrogen reg ion  th e  l in e  w idth in c re a se s  s tro n g ly  w ith  decrea-
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s in g  tem p e ra tu re s .’*At room tem perature the  l in e  w idth was found
t o  be about 50 O e rs ted . The l in e  w idth to ' be expected from the
m agnetic in te r a c t io n  would be about 1500 O ersted , so th a t  p ro 
bab ly  th e  l in e  i s  narrowed co n sid erab ly  by the exchange i n t e r 
a c t io n .  At 14 °K however the  l in e  w idth  found by th ese  au th o rs
was o f  th e  o rd e r 2000 O e rs ted . Our own experim ents in d ic a te  as
w ell an in c re a s e  o f  l in e  w idth a t  lower tem p era tu res , bu t c e r 
t a i n l y  n o t as  much as in d ic a te d  by Bagguley  a t  a l .  As th e  d e
te rm in a tio n  o f  l in e  w id ths a re  r a th e r  u n c e r ta in  more r e l i a b le
measurements o f  the  l in e  w idths a re  d e s ira b le .

•  ♦ * ♦
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S A ME N V A T T I N G

In d it proefschrift worden enige eigenschappen van paramag-
netische stoffen beschouwd, welke onderzocht kunnen worden door
een paramagnetische sto f te onderwerpen aan de invloed van een
constant magneetveld waarop een wisselend magneetveld is  gesu-
perponeerd. De meeste proeven zijn uitgevoerd bij lage tempera
tuur en hadden ten doel

a) het bestuderen van de wijze waarop ^ich thermodynamisch
evenwicht in s te lt tussen het systeem van de elementaire magne
tische momenten in de s to f  en de r o o s te r t r i l1ingen (proeven
over paramagnetische relaxatie),

b) het bestuderen van de laagste energieniveaux van de para
magnetische ionen in een k rista l (proeven over paramagnetische
resonantie absorptie)»

In Deel I wordt een overzicht gegeven van enkele aspecten
van de theorie van de eigenschappen van paramagnetische stoffen
welke van belang zijn voor het te bespreken onderzoek» Hierbij
is  in het bijzonder aandacht besteed aan de theorie van de ener
gieniveaux van paramagnetische ionen in een k ris ta l.

In Deel II  wordt een overzicht gegeven van de proeven over
paramagnetische re lax a tie . Het b l i jk t  dat - in tegenstelling
to t de resultaten b ij hogere temperatuur - de paramagnetische
relaxatie in het temperatuurgebied van vloeibaar helium (1-4°K)
in het algemeen n ie t beschreven kan worden met een enkele relaxa
tie  constante. Verschillende mogelijke verklaringen worden bespro
ken, maar het b lijk t n ie t mogelijk te zijn op grond van de hui
dige kennis van zaken een eenvoudige verklaring te geven» Ver
der onderzoek is  hiertoe nodig en een aantal voorstellen in deze
richting wordt gedaan.

Een analyse van de afhankelijkheid van de gemiddelde relaxa
tie  constante van de temperatuur en de waarde van het constan
te  magneetveld levert het resu ltaat dat waarschijnlijk in ver
schillende stoffen tussen 1 en 4 °K de energie overdracht tus
sen de elementaire magnetische momenten en de ro o s te r tr il1ingen
to t stand komt door z.g. quasi -Raman processen» hetgeen in te 
genstelling is  to t de theoretische verwachtingen van Van Vleck,
Indien deze conclusie ju i s t  is  - hetgeen 'a ls  w aarschijnlijk
wordt beschouwd - is  de theorie van Van Vleck n ie t j.n staa t de
invloed van verdere magnetische verdunning op de relaxatie con
stante te verklaren, Ook hier z ijn  verder gaande proeven ten
zeerste gewenst.

In Deel I I I  worden enkele proeven over paramagnetische reso
nantie absorptie besproken. A llereerst wordt een kort overzicht
gegeven van de gebruikte techniek voor het werken met radiogol
ven met een golflengte van enkele centimeters,, waarbij enkele
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onderdelen, welke van bijzonder belang zijn voor het te bespre
ken onderzoek, uitvoeriger worden beschouwd. Tenslotte werd de
besproken techniek gebruikt voor het bestuderen van een drietal
stoffen, welke om verschillende redenen met voordeel bij lage
temperatuur kunnen worden onderzocht.

* * * *

Tenslotte moge ik het Technisch Personeel van het Kamerlingh
Onnes Laboratorium van harte dank zeggen voor de voortreffelijke
hulp en bereidwilligheid welke ik steeds heb mogen ondervinden.
In het bijzonder gaat mijn dank uit naar de Heren D.de Jong
voor zijn vele hulp bij het voorbereiden der experimenten,en
A.R.B.Gerritse voor het uitvoeren van het vaak zeer moeilijke
glasblazerswerk.

Eveneens aan de leden van het Wetenschappelijk Personeel
J.Ubbink (phys. drs.), H.C.Kramers (phys. cand.), P.Winkel (phys.
cand.), J.A.Poulis (phys. cand.) en L.C.v.d.Marei (phys. cand.)
moge ik mijn hartelijke dank uitspreken voor de hulp bij metin
gen en berekeningen.
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STELLINGEN

1
Waarschijnlijk leveren qnasi-Raman processen ook in het tem--
peratuurgebied van vloeibaar helium een belangrijke bijdrage
tot de paramagnetische relaxatie.

(Hoofdstuk 11,3 van dit proefschrift)

2
Het resonantie-absorptiespectrum van ijzerammoniumaluin kan
niet verklaard worden op grond van de onderstelling, dat het
electrische veld, waarin de ijzerionen zich bevinden, een
kubische symmetrie heeft.

(Hoofdstuk III,2 van dit proefschrift)

3
In somnige gevallen verdient het gebruik van magnetische ther
mometers bij metingen van de warmtegeleiding bij lage tempe
raturen de voorkeur boven het gebruik van weerstands- of gas
thermometers.

(D.Bijl, Physica, 14 (1949) 684)

4
Het is niet mogelijk de ligging van de energieniveaus van de
configuratie 3d94s5s van het koperatoom te verklaren op grond
van de vereenvoudigende onderstellingen, dat de invloed van
andere configuraties verwaarloosbaar is en het probleem be
handeld kan worden als een drie-electronenprobleem.

(D.Bijl, Physica, 11 (1944-1946) 287)

5
Men moet verwachten, dat trillingskringen met een zeer hoge
kwaliteitsfactor vervaardigd kunnen worden van metalen, welke
supergeleidend kunnen worden gemaakt. Een zodanige trillings-
kring zou het meten van uitzettingscoëfficienten bij lage
teiqperaturen op eenvoudige en nauwkeurige wijze mogelijk maken.

6
Het is van belang de Roman- en infraroodspectra van vloeibaar
en vast methaan en ammoniak te onderzoeken.





De keuze van de sto ffen  welke men to t dusverre b ij voorkeur
heeft gebruikt voor proeven over adiabatische demagnetisatie
i f o p  grond van recente experimentele resu lta ten  voor beden-
kingen vatbaar.

8
Met behulp van de ‘m olecular-orbital*methode kan op eenvou
dige wijze verklaard worden, dat het Mn04 -ion lic h t van
trek k e lijk  lange golflengte absorbeert.

9
* Hyperconjugation* moet worden beschouwd a ls  het gevolg van
een verdere benadering van de gebruikelijke theorieen van de
chemische binding. Het i s  nog n ie t proefondervindelijk bewe
zen dat * hyperconjugation* merkbaar kan bijdragen to t de che
mische binding.

(R.S.Mulliken, C.A.Rieke, W.G.Brown, J.Am.Chem.Soc.,63
(1941) p.41; M.Szwarc, J.Chem.Phys., 16 (1948) 128)

10
Voor het üitvoeren van oude muziek op toetsinstrumenten ver
d ie n t de middentoonstemming de voorkeur boven de normale
halftoonstemming.

11
Het i s  zeer wel denkbaar dat het gebruik van metaal in  de
constructie  van het mechanisme van de piano een goedkopere
vervaardiging van d i t  instrument mogelijk maakt.

12
Een betere kennis van cp/ c T van w aterstof, b ij temperaturen
tussen 100 en 1000 °K en onder drukken to t  enige duizenden
atmosferen, is  gewenst voor een nauwkeuriger berekening van
de dikte van de dampkring van verschillende planeten.

13
Een stud ie  van de absorp tie- en em issiespectra van vastge

maakte gassen kan van groot belaing z ijn  voor de id e n tif ic a tie
van, to t  dusverre n ie t geïdentificeerde, lijnen  en banden van het
absorptiespectrum van de in te r s te l la ire  ruimte.








