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C H A P T E R  1

INTRODUCTION

la :  Purpose and design of single and double focusing mass
spectrometers.

A m a s s  s p e c tro m e te r  is  an in s tru m e n t w hich should  t r a n s ­
fo rm  a  sa m p le  in to  a beam  of c h a rg ed  p a r t ic le s ,  and re s o lv e
th is  beam  in to  a  s p e c tru m  a c c o rd in g  to  th e  m a s s - to - c h a r g e
r a t io .  B a s ic a lly , su ch  an in s tru m e n t c o n s is ts  of an ion so u rc e
(which c o n v e rts  the  sa m p le  in to  ions and fo rm s  a beam ); an
an a ly s in g  sy s te m  (which re s o lv e s  th e  beam  in to  a m a s s  s p e c ­
tru m ); and a  d e te c tin g  s y s te m  (fo r th e  d e tec tio n  of th e  re so lv e d
beam ).

In th is  s tudy  we w ill not d isc u s s  th e  d esig n  of the  ion s o u rc e .
We w ill on ly  a s su m e  th a t it p ro d u ce s  a b eam  of ions of n e a r ly
the  sa m e  e n e rg y  and s m a ll  an g u la r  d iv e rg e n ce , e m e rg in g  fro m
a n a rro w  o b jec t s l i t .  B etw een the  io n is in g  reg io n  and the  d e ­
fin ing  (object) s l i t ,  th e  ions a r e  a c c e le ra te d  by a  high vo ltage
(of the  o r d e r  of 1-10 kV); the  e n e rg y  s p re a d  in th e  beam  is
supposed  to  be s m a l la s  c o m p ared  w ith the  a c c e le ra tin g  v o ltag e .

N e ith e r  w ill th e  d e te c tin g  s y s te m  i ts e lf  be d isc u s s e d  h e re .
We w ill confine o u rs e lv e s  to  th e  s tudy  of th e  a n a ly s in g  fie ld
c o m p rise d  betw een  th e  defin ing  s l i t s  of the  s o u rc e  (ob ject s li t)
and of the  c o lle c to r  (im age s l i t ) ,  and in v e s tig a te  the  cond itions
fo r  ob ta in ing  a h igh re s o lv in g  pow er and a h igh tra n s m is s io n .
H ow ever, th e s e  cond itions depend on the  type of th e  d e te c tin g
sy s te m  in asm u ch  a s  w h e th e r th e  d iffe re n t m a s s e s  a r e  to  be
c o lle c te d  s im u lta n e o u sly  o r  su b seq u en tly .

T h e re  a re  s e v e ra l  ty p es  of an a ly s in g  s y s te m s . The m o st c o m ­
m on type  c o n s is ts  of a m ag n e tic  f ie ld , e i th e r  a lone  o r  com bined
w ith an e le c tro s ta t ic  d e flec tin g  fie ld . T he ra d iu s  of de flec tio n
in the  m ag n e tic  fie ld  is  p ro p o rtio n a l to  the  m om entum -to  -c h a rg e
ra t io  of th e  io n s . The fie ld  o r  com bina tion  of f ie ld s  a lso  e x ­
h ib its  a len s  ac tio n , and shou ld  focus the  beam  on the  d e tec tin g
sy s te m .

The a im  of th is  s tudy  w ill be th e  d isc u ss io n  of the  ion o p tic a l
p ro p e r t ie s  of th is  c la s s  of a n a ly s in g  s y s te m s , c o n s is tin g  e ith e r
of a m ag n e tic  fie ld  a lone  (sing le  focusing  m a s s  s p e c tro m e te r s ) ,
o r  of an e le c tro s ta t ic  fie ld  p lus a m ag n e tic  f ie ld , w ith the  r e ­
s tr ic t io n  th a t th e s e  should  not o v e rla p  each  o th e r  (tandem  a r ­
ran g e m en t fo r  double fo cusing  m a s s  s p e c tro m e te r s ) .  In the  l a t ­
t e r  c a se , fo r  p r a c t ic a l  re a s o n s  the  ion beam  is  supposed  to  p a ss
f i r s t  th ro u g h  the  e le c tro s ta t ic  fie ld  and su b seq u en tly  th ro u g h
the  m ag n e tic  fie ld ; th is  r e s t r ic t io n  is  not e s s e n t ia l  fro m  the
io n -o p tic a l point of v iew .
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F o r  the  s im u lta n e o u s  c o llec tio n  of the  whole sp e c tru m  o r  of
p a r t  of i t ,  it m ay  be fo cu sed  on a  pho tog raph ic  p la te . The p o ­
s it io n s  of the  lin e s  s e rv e  a s  a m e a s u re  of th e  m a s s  of th e  ions
w h e re a s  the  b lack en in g  g ives  som e in d ica tio n  of th e i r  re la t iv e
abundance . T h is  m ethod  is  em ployed  in  m a s s  s p e c tro g ra p h s .
I t r e q u i r e s  good focusing  of a c o n s id e ra b le  p a r t  of the  s p e c ­
tru m  on an im age  p lane  a s  f la t  a s  p o ss ib le . The pho tograph ic
p la te  in te g ra te s  o v e r  th e  ex p o su re  t im e , and flu c tu a tio n s  in  the
b eam  in te n s ity  a ffec t a l l  l in e s  id en tic a lly . H ow ever, th e  s t a ­
b ili ty  of the  e le c tro s ta t ic  and m ag n e tic  f ie ld s  shou ld  be high
o v e r  the  whole ex p o su re  t im e .

F o r  su b seq u en t d e te c tio n , the  ion c u r r e n t  is  m e a s u re d  w hich
p a s s e s  th ro u g h  a n a rro w  c o lle c to r  s l i t ,  p laced  at a fixed  p o ­
s itio n  in  the  im ag e  p lan e . At g iven fie ld  s tr e n g th s , on ly  ions of
o n e m /e  (in s in g le  fo cu sin g  in s tru m e n ts :  m v /e )  va lue  can  p a s s
th ro u g h  the  c o lle c to r  s l i t .  By v a ry in g  e ith e r  th e  m ag n e tic  fie ld
s tre n g th , o r  th e  a c c e le ra tin g  v o ltage  and e le c tro s ta t ic  fie ld
s tre n g th , the  m a s s  s p e c tru m  can be scan n ed , and the  d iffe ren t
ions  m e a s u re d  su b seq u en tly . T h is  m ethod  is  em ployed  in  m a s s
s p e c t ro m e te r s .  It r e q u i r e s  good fo cusing  and re so lu tio n  only
a t one point in  th e  im ag e  p lan e . S ta b ilisa tio n  of th e  ion beam
in te n s ity  p ro d u ced  by  th e  ion so u rc e  is  now e s s e n tia l  fo r  a c ­
c u ra te  abundance r a t io  m e a s u re m e n ts ;  how ever, th e  a c c u ra c y
ach iev ab le  in  c u r re n t  m e a s u re m e n ts  is  m uch  b e t te r  th an  w ith
pho tog raph ic  d e tec tio n , w h e re a s  th e  ap p lica tio n  of se c o n d a ry
e le c tro n  e m is s io n  m u lt ip l ie r s  in c re a s e s  the  s e n s it iv ity  so f a r
a s  to  m ake  th e  coun ting  and m e a su re m e n t of ind iv idual ions
p o ss ib le .

F o r  o b ta in in g th e  h ig h es t p o ss ib le  a c c u ra c y  in abundance ra t io
m e a s u re m e n ts , a  v a r ia tio n  of th e  second  m ethod  le s s e n s  the
need  fo r  ion c u r r e n t  s ta b ilis a tio n . It c o n s is ts  of th e  s im u lta ­
neous e le c tr ic a l  m e a su re m e n t of th e  two m a s s e s  to  be c o m ­
p a re d , each  being  m e a s u re d  a f te r  a  s e p a ra te  c o lle c to r  s l i t .
U n less  one of th e  s l i t s  is  m ade  w ide, th is  m ethod is  only  a p ­
p lic a b le  to  ions of a  sp e c if ie d  m a s s  r a t io .

T h is  s tudy  c o n c e rn s  th e  ion op tic s  of m a s s  s p e c tro m e te r s  fo r
su b seq u en t d e te c tio n , w here  only  th a t p a r t  of th e  im age  p lane
in the  im m ed ia te  en v iro n m en t of the  c o lle c to r  s l i t  is  of in te r e s t .
No a tte m p t w ill be m ade to  ob tain  a  f la t im age  p lane .

A s in g le  focusing  m a s s  s p e c tro m e te r  r e s o lv e s  the  ion beam
a c c o rd in g  to  the  m o m e n tu m -to -c h a rg e  r a t io  in s te a d  of th e  d e ­
s ir e d  m a s s  -to  -c h a rg e  r a t io .  E n e rg y  s p re a d  in th e  ion beam  thus
r e s u l t s  in b ro ad en in g  of the  im age  and lo ss  of re so lv in g  pow er.
The re la t iv e  e n e rg y  s p re a d  shou ld  be m uch s m a l le r  th an  the
re q u ire d  m a s s  re so lv in g  po w er. A lthough the  re la t iv e  en erg y
sp re a d  can be red u c e d  by c a re fu l  ion so u rc e  design  (D ubrovin
et a l . 1 ) and by in c re a s in g  the  a c c e le ra tin g  vo ltage  of the  ions,
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th e  e n e rg y  s p re a d  m ay  be the  lim itin g  fa c to r  in the  re so lv in g
pow er of s in g le  focusing  in s tru m e n ts , p a r t ic u la r ly  fo r  ions
fro m  th e  d isso c ia tio n  of a tw o -a to m ic  m o le c u le , w hich a re
fo rm e d  w ith c o n s id e ra b le  k in e tic  e n e rg y  (M o rriso n  and S tan ­
to n 2). F o r tu n a te ly , how ever, th is  e ffec t can be co m p en sa ted
by the  add ition  of an e le c tro s ta t ic  d e fle c tin g  f ie ld . An e le c t r o ­
s ta t ic  fie ld  re s o lv e s  an ion beam  a c c o rd in g  to the  e n e rg y  of the
io n s, and by a  su ita b le  cho ice  of th e  p a ra m e te r s  th e  to ta l  e n e rg y
d isp e rs io n  of the  com bination  can  be m ade  z e ro  (at le a s t  in
f i r s t  o rd e r )  w h ilst the  m /e  d isp e rs io n  r e m a in s . T h is  is  ach ieved
in  double fo cusing  m a s s  s p e c tro m e te r s  and m a s s  s p e c t r o ­
g rap h s  .

lb : Theoretical limit on the resolving power. Aim of the virtual
enlargement of the radius by inhomogeneous magnetic and
toroidally curved electrostatic fields.

L et u s  suppose  th a t the  an a ly s in g  fie ld  p ro d u ce s  a  p e rfe c tly
s h a rp  im age  of th e  o b jec t s l i t  on th e  im ag e  p lan e , and ex h ib its
no o p tic a l a b e r r a t io n s .  L et D m denote  th e  m a s s  d isp e rs io n  in
ra d ia l  d ire c tio n  a t th e  im ag e  p e r  un it 6 m /m 0, and M la the
ra d ia l  l a te r a l  m ag n ifica tio n  of the  o p tic a l sy s te m . Two a d ja ­
cen t peaks in  the  m a s s  sp e c tru m  c o rre sp o n d in g  to  m a s s e s  m 0
and m 0 + 5m a r e  sa id  to  be re s o lv e d , if  a t no in s ta n t ions of
both m a s s e s  can  r e a c h  the  c o lle c to r  s im u lta n e o u sly  when the
m a s s  s p e c tru m  is  sw ept o v e r  th e  c o lle c to r  s l i t .  I t is  ev ident
th a t th e  " f re e  sp a ce "  in r a d ia l  d ire c tio n  betw een the  two a d ja ­
cen t peaks should  exceed  th e  c o lle c to r  s l i t  w idth fo r  com p le te
re s o lu tio n . If  the  m a s s  re s o lv in g  pow er R is  defined  as  the
re c ip ro c a l  of th e  r e la t iv e  m a s s  d iffe re n c e  a t w hich two a d ja ­
cen t p eaks a r e  ju s t  re s o lv e d , and if  th e  o b jec t and im age  s l i t
w id ths a r e  denoted  by  s ' and s"  re s p e c tiv e ly , we a r r iv e  a t the
in eq u a lity :

F o r  a c c u ra te  abundance r a t io  m e a s u re m e n ts , s"  should  exceed
jMlat| s ' ,  such  a s  to  ob tain  fla t- to p p ed  p e a k s , th e  heigh t of which
c o rre sp o n d s  to  the  to ta l  ion c u r r e n t  a t a  g iven  m a s s .  C o n se ­
quently :

In the  conven tional s y m m e tr ic a l  a r ra n g e m e n t (ob ject d i s ­
tan c e  = im age  d is ta n c e) w ith a hom ogeneous m ag n e tic  fie ld  with
n o rm a l inc idence  and ex it, we have:

R < |D m|/( |M lat| s '  + s " ) . (1, 1)

R < 2 |D m/M iat s' J. ( 1, 2 )

( 2 , 109 )
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w h e re a s  it  fo llow s fro m  (2, 116) th a t:
Dm = r m; ( I* 3)

and th u s:
R < r m/2 s« . (1 ,4 )

r  is  the  ra d iu s  of de flec tio n  of th e  m ain  pa th  in  the  m ag n e tic
fie ld .

E v id en tly , tw o w ays fo r  in c re a s in g  the  re s o lv in g  pow er a re
th e  re d u c tio n  of s ' ,  o r  in c re a s in g  r m. The fo rm e r  cannot be
ex tended  f a r  a s  it  re d u c e s  the  t ra n s m is s io n  and s e n s it iv ity  of
th e  a p p a ra tu s , and in c r e a s e s  th e  r e la t iv e  e ffec t of in ev itab le
a b e r r a t io n s .  T he l a t te r  w as done in  a n u m b er of v e ry  la rg e  and
c o s tly  in s tru m e n ts  w ith r a d i i  ran g in g  fro m  1000 m m  to  2740
m m  3-6.

O nly l i t t le  can  be gained  by in c re a s in g  the  o b jec t d is ta n c e  and
d e c re a s in g  the  im ag e  d is ta n c e . T hen both D m and M lat d e ­
c re a s e ,  but Dm/M lat in c r e a s e s .  H ow ever, the  d e c re a s e  of the
d isp e rs io n  and the  la rg e  o b jec t d is ta n c e  a r e  inconven ien t.

T he m a s s  d isp e rs io n  m ay  be in c re a s e d  by u s in g  oblique in c i ­
dence and e x it. D enoting the  o b jec t and im age  d is ta n c e s  by l 'm
and lJJ, re s p e c tiv e ly , th e  s e c to r  angle  by <j>m, and the  angle
of o b liq u en ess  betw een  the  n o rm a l a t the  fie ld  boundary  and the
m ain  pa th  by e , (se e  F ig . 3 in  th e  fo llow ing c h a p te r) , we have
in the  s y m m e tr ic a l  a rra n g e m e n t (l'm = 1^,) s t i l l  (2, 109); w ritin g
T = tan  (<t>m/  2) and t  = tan  e , we have:

Dm = r m / (X ” t/"1")* (2. 116)

1ï n " 1» " r» / < T - t )* (2' H5)m m m
The object and im age d istan ces are in creased  by the sam e fa c ­
tor as the m ass d isp ersion .

A nother w ay fo r  in c re a s in g  the  re s o lv in g  pow er is  the  u se  of
an inhom ogeneous m ag n e tic  f ie ld . (A lekseevsk i e t a l .  ). In a
s y m m e tr ic a l  a r ra n g e m e n t, w h ere  th e  m ag n e tic  f ie ld  s tre n g th
in the  m ed ian  p lane  v a r ie s  w ith the  ra d iu s  ac co rd in g  to:

(2 ,33)
\B  H ar )r=r = n' (°<n<1)'

th e  m a s s  d is p e rs io n  eq u a ls :

D m = r m/ ( 1 ‘ n )' (2 ,113)
and the  o b jec t and im age  d is ta n c e s :

1' = 1" = r (1 -n)'*  cot f i ( l  -n)±</> ). (2, H2)
m m m \ m

Again, an in c re a s e  in  m a s s  d isp e rs io n  is  accom pan ied  by an
in c re a s e  in the  o b jec t and im ag e  d is ta n c e s . H ow ever, by u sing
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la rg e  an g le s  of d e flec tio n  and v a lu e s  of n c lo se  to  un ity , it  is
p o ss ib le  to  bu ild  r a th e r  com pact in s tru m e n ts  w ith  a  h igh r e s o l ­
v ing  pow er.

In the  conven tional design  of a double fo cusing  m a s s  s p e c t r o ­
m e te r ,  th e  e le c tro s ta t ic  d e flec tin g  fie ld  c o n s is ts  of a c y lin d r ic a l
c o n d en so r. T he r a d ia l  f ie ld  s tre n g th  betw een  co ax ia l c y lin d r ic a l
e le c tro d e s  is  p ro p o rtio n a l w ith l / r .  T h is  fie ld  e x h ib its  a  le n s
ac tio n  on c h a rg e d  p a r t ic le s ,  to g e th e r  w ith e n e rg y  d isp e rs io n
(o r v e lo c ity  d isp e rs io n ) . (H erzo g 8). F o r  c o m p a riso n  r e f e r r in g
again  to  th e  s y m m e tr ic a l  c a se  w h ere  o b jec t d is ta n c e  1£ and
im ag e  d is ta n c e  1-,' a r e  eq u a l, we have:

1» = 1"  = iV 2  r  co t ( iV 2  Ó ); (3 ,55)
e e c e

w h e re a s  th e  v e lo c ity  d isp e rs io n  D v in r a d ia l  d ire c tio n  a t the
im age  p e r  un it of the  r e la t iv e  v e lo c ity  d iffe re n c e  6v /v 0 eq u a ls :

D v = 2 r e . (3 ,56)
The v e lo c ity  d isp e rs io n  is  tw ice  the  e n e rg y  d isp e rs io n . r e is
th e  ra d iu s  of de flec tio n  of th e  m ain  pa th , <£e is  the  s e c to r  ang le ,
o r  ang le  of d e flec tio n . Due to  th e  s y m m e try  we have s t i l l  Mlat =
-1.

The v e lo c ity  d isp e rs io n  can be in c re a s e d  (w ith a  s im u ltan eo u s
in c re a s e  in  1  ̂ and 1^) by g iv ing  the  eq u ip o ten tia l s u r fa c e s  and
the  e le c tro d e s  of the  d e flec tin g  fie ld  an e x tra  c u rv a tu re , such
a s  to  m ake th em  p a r ts  of to ro id s  9‘13 . D enoting th is  second
ra d iu s  of c u rv a tu re  of the  eq u ip o ten tia l s u rfa c e  c o m p ris in g  the
m ain  pa th , by R g, (p o sitiv e  if  convex to w a rd s  in c re a s in g  r ) ,
and defin ing:

C = re / Re* ( °< c < 2) (3,7)
we now have: ____

1' = 1" = r  COt (a V 2 ~ g U _  (3 ,53 )
e e e V2^“ c

D y = 4 r e / ( 2 - c ) .  (3 ,54 )

E v iden tly , th e  v e lo c ity  d isp e rs io n  h a s  been  in c re a s e d  by a  f a c ­
to r  2 /(2 -c ) .

T he ion o p tic s  of inhom ogeneous m ag n e tic  and of to ro id a lly
cu rv ed  e le c tro s ta t ic  s e c to r  f ie ld s  w ill be s tud ied  in d e ta il  in
c h a p te rs  2 and 3. To r e a l is e  such  f ie ld s , a p p ro p r ia te ly  shaped
pole sh o es  and e le c tro d e s  should  be app lied , which a r e  d i s c u s ­
sed  in c h a p te r  4. In s tru m e n ts , designed  fo r ob tain ing  a v e ry  high
re so lv in g  pow er, r e q u ir e  a c c u ra te  r e a l is a tio n  of the  p re s c r ib e d
in s tru m e n t p a ra m e te r s ;  in  som e c a s e s  th e  fina l a d ju s tm e n t is
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b e s t ach iev ed  by  c o rre c tin g  d e v ic e s , a  n u m b er of w hich a r e
p re s e n te d  in  c h a p te r  5. In c h a p te r  6 and 7, a  th e o re tic a l  and
n u m e r ic a l  d isc u ss io n  w ill be g iven  of the  double focusing  p ro p ­
e r t i e s  of tan d em  a rra n g e m e n ts  c o n s is tin g  of e le c tro s ta t ic  and
m ag n e tic  f ie ld s  of th e  g e n e ra l  type  in d ica ted  above, w ith  v i r ­
tu a lly  e n la rg e d  r a d iu s " .

l c :  Two-directional focusing.
In the  conven tional d e flec tin g  f ie ld s , i .  e . th e  hom ogeneous

m ag n e tic  fie ld  and the  c y lin d r ic a l  e le c tro s ta t ic  f ie ld , focusing
o c c u rs  only  in  r a d ia l  d ire c tio n . No fo rc e  a ffe c ts  th e  com ponent
of the  ion t r a j e c to r i e s  n o rm a l to  the  m ed ian  p lan e . C onseq u en t­
ly , th e  m ax im u m  tra n s m itte d  a x ia l  a p e r tu re  ang le  is  d e te rm in ­
ed’so le ly  by th e  to ta l  pa th  leng th  and the  im ag e  s l i t  he igh t, a s ­
sum ing  the  vacuum  envelope d im en sio n s  to  th e  su ffic ie n tly
la rg e  •

Som e a x ia l  fo cusing  is  cau sed  by the  fr in g in g  f ie ld s  of the
m ag n e tic  fie ld  if  th e  b o u n d a rie s  a r e  ob lique , (see  2, 57), but
the  p ra c t ic a l  im p o rta n c e  of th is  e ffec t is  r a th e r  lim ite d .

On the  o th e r  hand, both  inhom ogeneous m ag n e tic  and to ro id -
a lly  cu rv ed  e le c tr o s ta t ic  f ie ld s  exh ib it a x ia l focusing  ac tion .
A tn = i, and a t c= l ( sp h e r ic a l  co n d en so r), th e  a x ia l and r a d ia l
im a g e s  co in c id e . At j < n < l ,  and l<c< 2, th e  a x ia l converg ing
ac tio n  of th e s e  f ie ld s  ex ceed s  th e  r a d ia l .

T w o-d ire c t io n a l  fo cusing  m ay  a lso  be ach ieved  by the  add ition
of som e e x tra  e le m en t w hich adds m u tu a lly  d iffe rin g  e x tra
c o n v e rg en ces  in  a x ia l and r a d ia l  d ire c tio n . Q uadrupole  le n se s
a r e  su ita b le  fo r  th is  p u rp o se . (E nge14)- T h e se  le n s e s  converge
in one d ire c tio n  and d iv e rg e  in  the  o th e r .

In m o st c a s e s ,  th e  t r a n s m is s io n  and s e n s it iv ity  of th e  i n s t r u ­
m en t a r e  in c re a s e d  by (ap p ro x im ate ) s tig m a tic  focusing , w here
the  r a d ia l  and a x ia l im a g e s  co in c id e . T h e re to  th e  a x ia l l a te r a l
m ag n ifica tio n  shou ld  be of th e  o r d e r  of un ity  in  a b so lu te  v a lu e .
The a x ia l fo cusing  n eed s  on ly  be a p p ro x im a te , a s  dev ia tio n s
r e s u l t  on ly  in som e lo s s  in  in te n s ity , but do not a ffec t th e  m a s s
d isp e rs io n  and re s o lu tio n . W ith £ < n < l and l<c< 2, s tig m a tic
focusing  m ay  be ach iev ed  by a d m ittin g  an (ex tra ) in te rm e d ia te
a x ia l  im ag e  betw een  o b jec t and im ag e  s l i t .

The b a lan c in g  of th e  r a d ia l  and a x ia l focusing  of g e n e ra l  e le c ­
tro m a g n e tic  f ie ld s  h a s  been  s tu d ied  by s e v e ra l  a u th o rs  .
T he f ie ld  w ith n = | h as  been  u sed  fo r  |3 -sp e c tro m e te rs  19, in
a m a s s  s p e c tro m e te r  20, and in  e le c tro m a g n e tic  iso to p e  s e p ­
a r a to r s  21’22. T he com bination  of a  to ro id a lly  cu rv ed  e le c ­
t r o s ta t ic  f ie ld  w ith l<c<2, w ith a  hom ogeneous m ag n e tic  fie ld
a lso  m ak es  s tig m a tic  focusing  p o ss ib le  23 -  2 6 ,3 8 . a  c a se  of a
com bination  of an  e le c tro s ta t ic  fie ld  w ith l<c<2 and a  m ag n e tic
fie ld  w ith  ± < n<l is  p re s e n te d  in the  l i te r a tu r e  . F u r th e r
ex am p les  w ill be g iven in C h ap te r 7.



C H A P T E R  2

IO N -O PT IC A L  PR O PE R T IE S O F THE INHOMOGENEOUS
MAGNETIC SECTOR F IE L D

2a: Assumptions; coordinate system.
T his  c h a p te r  d e a ls  w ith the  ion o p tic s  of a sector field. In

f i r s t  in s ta n c e , the  f ie ld  s tre n g th  is  supposed  to  be independent
of the  path  c o o rd in a te  <p, o u ts id e  the  d e flec tin g  fie ld  reg io n  it
is  supposed  to  be z e ro , d ropp ing  to  z e ro  a b ru p tly  a t the  fie ld
b o u n d a rie s . In second  in s ta n c e , th e  f i r s t  o r d e r  focusing  ac tion
due to  th e  fr in g in g  f ie ld s  w ith oblique inc idence  a n d /o r  ex it
is  accoun ted  fo r; o th e rw ise  th e i r  in flu en ces  a re  n eg lec ted . A
d isc u ss io n  of the  in fluence  of th e  frin g in g  f ie ld s  w ill be g iven
in c h a p te r  5.

In g e n e ra l, both the  o b jec t and the  im ag e  lie  o u ts id e  the
d eflec tin g  fie ld  re g io n . We w ill f i r s t  c a lc u la te  th e  t r a je c to r ie s
in the  f ie ld  re g io n , and then  suppose  th e  r e c t i l in e a r  p a th s  in
the  fie ld  f re e  o b jec t and im ag e  sp a ce  to  co incide  w ith the  path
tan g e n ts  a t th e  f ie ld  b o u n d a rie s .

In the  o b jec t and im ag e  sp a ce , th e  ion t r a j e c to r i e s  a r e  e x ­
p re s s e d  in  the  c a r te s ia n  c o o rd in a te s  x i ,  yx , zx , and x 2, y 2,
z 2, re s p e c tiv e ly , th e  o r ig in s  being  lo ca ted  a t the  p o in ts  of
e n tra n c e  and ex it of th e  m ain  pa th . In the  d e flec tin g  fie ld  reg io n
the  m ain  pa th  is  a s su m e d  to  be c i r c u la r  w ith ra d iu s  r m, and
the  ion t r a je c to r ie s  a r e  e x p re s s e d  in the  d im e n s io n le ss  c o o r ­
d in a te s : n o rm a l c o o rd in a te  u = ( r - r m) / r m; b in o rm a l c o o rd in a te

Fig. 1. Coordinate system
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v  = z / r m; pa th  c o o rd in a te  w = p .  (See F ig . 1). T he m ed ian
p lane  is  supposed  to  be a  p lane of sy m m e try  fo r  th e  m ag n e tic
v e c to r  p o ten tia l.

2b: The Euler - Lagrange equations.
The ion t r a j e c to r i e s  a r e  defined  by the  E u le r  -  L ag range

equations  (G la se r  28.29):
d / 8 F \  _ 9F a o (2 ,1 )
HwVcFT/ d u  •
d f & F \  _ 9F  = o ,9 9v
dw \9v v  9v ( » )

H e re  u ' = du /dw ; v ' = dv /dw ; and F  is  the  " io n -o p tic a l  index
of r e f r a c t io n " ,  w hich eq u a ls  in  the  g e n e ra l  c a se  of a  w - in ­
dependen t e le c tro m a g n e tic  d e flec tin g  fie ld  w hich is  co n stan t
o r  n e a r ly  c o n stan t *) in  t im e :

F ( u ,v ,u ' ,v ')  = \y{ j |  ( l+ “ >a + - n (l+ u )A w. (2 ,3 )

*  is  the  e le c tr o s ta t ic  p o te n tia l, U is  th e  p o te n tia l th ro u g h  w hich
the  ions  have been  a c c e le ra te d  b e fo re  e n te r in g  in to  th e  d e f le c t­
ing fie ld ; both <p and U a re  z e ro  fo r  ions w ith z e ro  k in e tic
e n e rg y . A w is  the  w -com ponen t of th e  m ag n e tic  v e c to r  p o ten ­
t ia l  A, w hich is  chosen  in  su ch  a  w ay th a t A w is  th e  only  c o m ­
ponent d iffe rin g  f ro m  z e ro .
r) eq u a ls :

rj .  (e/2m U ) (2, 4)
If the  d e flec tin g  f ie ld  c o n s is ts  on ly  of a m ag n e tic  f ie ld , 9> = U;
if  th e  d e flec tio n  is  p u re ly  e le c tr o s ta t ic ,  A w = 0.

(2, 3) r e v e a ls  an  e s s e n t ia l  d iffe re n c e  in  th e  k ind of d i s p e r s ­
ion w hich is  ob ta ined  in  e le c tro s ta t ic  and m ag n e tic  f ie ld s .
In m ag n e tic  f ie ld s , th e  p ro p e r t ie s  of the  ions  e n te r  th ro u g h  r),
w hich eq u a ls  th e  ch a rg e  -  to  -  m om entum  -  ra t io ;  a m ag n e tic
f ie ld  w ill th u s  e x h ib i ta  momentum dispersion (o r  m o m e n tu m -
to - c h a r g e - r a t io  d isp e rs io n ) . On the  o th e r  hand , in  e le c tro s ta t ic
f ie ld s  the  ion p ro p e r t ie s  e n te r  th ro u g h  U, w hich eq u a ls  th e
e n e rg y  -  to  -  c h a rg e  -  r a t io .  C onsequen tly , an e le c tro s ta t ic
f ie ld  w ill exh ib it an energy dispersion (or e n e rg y - to -c h a rg e  -
r a t io  d isp e rs io n ) . T h is  d iffe re n c e  is  g e n e ra lly  t ru e  fo r  t im e
independen t f ie ld s , i r r e s p e c t iv e  of th e  o th e r  r e s t r ic t io n s  m ade
in  th e  f i r s t  se c tio n  of th is  c h a p te r . .. ,

T he m ag n e tic  v e c to r  p o ten tia l and the  e le c tro s ta t ic  p o ten tia l
m ay now be expanded in  a pow er s e r i e s  in  u and v in  th e  n e ig h -
•) "Nearly constant" means that the field variations should be neglegible in the transit

time of the ions; the restriction is not impaired by scanning.
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bourhoodof the m ain path (u*v=0), and F m ay be w ritten as a
power s e r ie s  in u , v , u', and v '. This expansion of F  contains
no odd pow ers of u' or v ', and sym m etry  of A w and v with
resp ect to the m edian plane v *0  cau ses term s with odd pow ers
of v  to vanish . Thus (2, 3) m ay be w ritten, including term s up
to the third order:

F (u ,v ,u ' ,  v') = F00 + F10u + F20u2 + F02v 2 + i(u »2+V'2 ) +

. + F 30u 3 + F 12u v 2 -  gu(u,2+ v '2) + . . .  (2, 5)

In a purely  m agnetic fie ld , g * | ,  and the coeffic ien ts Fy depend
onij and on the strength and shape of the m agnetic fie ld  as e x ­
p ressed  by A w.

S u ccessive  approxim ations o fth e  ion tra je c to r ie s  are defined
by substituting (2, 5) into (2, l ) - (2 ,  2), retain ing term s in (2, 5)
up to one order higher than that of the approxim ation wanted.
If u Q, a , v0 , az , are the values of u, u', v , v ', r e sp ec tiv e ly
at w=0 (boundary conditions), (these quantities are supposed
to be sm a ll of f ir s t  order), then the order of approxim ation is
defined as the h ighest degree in u 0, a,  v 0, a z , up to which all
term s are included in the expansion for the ion tra je c to r ie s .

The cen tral path should be a p ossib le  tra jectory  for ions with
h * ho* U = U0. This corresponds to the zeroth order approxi­
m ation, which se ts  the condition for a purely m agnetic d e fle c t­
ing field:

Fl o K ' A J ’  °- (2 .6 )
and for a purely  e le c tro sta tic  deflecting  field:

F lo (” ' Uo) * °- (2 .7 )

2c: F irs t order approximation of the ion tra jectories.
R etaining term s up to the second order in (2, 5), we find on

substitution into (2, l ) - (2 , 2) the two sim ultaneous d ifferen tia l
equations defining the f ir s t  order approxim ation:

u" = 2 F  2o u + F i0; (2, 8)

v" = 2 F 02v . (2, 9)

W riting:

k l = -  2 F
*  r  20 ' (2 , 10)
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and a ssu m in g :

- 2 F ,

v >  0;

k , >■ 0;

f2,11)

(2 , 12)

th e  g e n e ra l  so lu tio n s  of (2, 8) and (2, 9) m ay  w ritte n  a s :

u = a x s in  k xw + a 2 cos k xw + F j o / k j 2 ; (2, 13)

v = b x s in  k 2w + b 2 cos k 2w. (2 ,14)

C hoosing  a s  boundary  cond itions the  p a ra m e te r s  defin ing  the
ion t r a je c to r y  a t w = 0 :

u(0) = u oJ u '(° )  = o; v(0) = v 0; v '(0 )  - a (2 ,15)

the p a r t ic u la r  so lu tio n s  sa tis fy in g  (2, 8) and (2, 9) re a d :

u = (1)u(w) = u co s  k .w  + y - s in  k ,w  + - ^ - ( 1 - c o s  k xw); (2 ,16)
' 9 O 1 A k  ^

( 1 )
ff z

v(w) = v0 cos k 2w + j^ sin  k 2w. (2 ,17 )

If e i th e r  of the  cond itions (2, 12) is  not fu lf ille d , th e  fie ld
e x e r ts  a  d iv e rg in g  ac tio n  in  r a d ia l  o r  a x ia l d ire c tio n , we w ill
not d isc u s s  th e se  c a s e s .

2d: Second ovdev approximation o f the ion trajectories.
R eta in ing  the th ird  o r d e r  t e r m s  in  (2, 5), su b s titu tio n  into

(2, l ) - (2 ,  2) y ie ld s  th e  s im u ltan eo u s  d if fe re n tia l equations d e ­
fin ing  the  second  o r d e r  ap p ro x im atio n  of the  ion t r a je c to r ie s :

u"  - 2 F 20u - F 10 =

= 2 guu" + g (u '2- v '2 ) + 2 F30U2 + F j ^ 2; (2, 18)

v"  -  2 F 02v  = 2gu 'v ' + 2guv" + 2 F 12uv. (2, 19)

(2 19) g iv e s  the second  o rd e r  app ro x im atio n  r e la te d  to  focusing
in 'a x ia l  d ire c tio n  (z -  o r  v -d ire c tio n ) . S m all a b e rra tio n s  in
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a x ia l fo cusing  a r e  r e la t iv e ly  u n im p o rta n t, a s  th ey  a ffec t only
the  ex ten sio n  of th e  im ag e  in the  d ire c tio n  of th e  im ag e  s l i t .
T h e re fo re , we w ill o m it a d isc u ss io n  of (2, 19).
„ (2> 18) can  be so lved  by  the  g e n e ra l  m ethod  known a s  th a t of
v a r ia tio n  of p a ra m e te r s " ,  if  th e  r ig h t hand m e m b e r  can be

w ritte n  a s  a function  of w, s a y  F(w):

u " -  2 F ^ u  -  F io = F(w ). (2 , 20)

T h is  can be a c co m p lish ed  by su b s titu tin g  the  f i r s t  o r d e r  a p ­
p ro x im a tio n s  (2, 16) and (2, 17) and th e i r  d e r iv a tiv e s  in to  the
r ig h t hand m e m b e r  of (2, 18):

F(w) = 2 g l1̂ u^1)u" + g +
+ 3 F - ^ V  + F12<1>v2 =

= C iC o s2k 1w + C 2s in  kjw co s  kiW + C j s i n ^ w  +
+ C4 COS kiw + C5s in  kxw + C6 +
+ C 7c o s 2k 2w + C8s in  k2w co s  k2w + < ^sin2k 2w,

w h ere : (2»21)

C i -  (3F30-2 g k 12)uo2 + -  2 F 1Jc1-2(3F30-2 g k 12)uo +
+ Fio2k i'4(3F 30-2 g k 2 );

C 2 = 6 (k i’1F 30-g k 1)uoa  - 6k^3 (F 3Q- g k 2 )at',

C3 = gki2uo + ( ^ F g o - S g ) * 2- 2gF10uo + g V 2F 102;
C4 = 2k1-2F 10(3F30-g k 12)uo - 2k1-4F 102(3F30-g k 12);
C 5 = 2k1*3F 1(/3 F 30-gk12)os
C ö -  ^ki^Fj^Q F go; (2 ,22 )
C 7 a  F 12v 02 -  g o - / ;

^ 8  = 2 (k2 l F i 2 + 2gk ^Voa z*
C 9 = -  g k 2V '

The p a r t ic u la r  so lu tion  of (2, 18) sa tis fy in g  the b oundary  c o n ­
d itio n s  (2, 15) is  now given by:

u = <2lu(w) -  0>u(w) + sin  k jw
cos k 7w . F (w ) . dw +

cos kT w
KT

o
s in  k .w . F (w ).dw . (2, 23)
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S tra ig h tfo rw a rd  in te g ra tio n  lea d s  to  th e  second  o r d e r  a p p ro x i­
m atio n  of th e  ion t r a je c to r ie s :

u = (^u(w) =
= H 1u q + H 2a + H3 + H n u02 + H 12u ^  + H 2Sa 2 +

+  H  44V 02 +  H 45v 0 ffz +  H 5 5 a z 2*

w h e re : <2’ 24>
H x = c o s  kjW - f k 1 "*Flu ( 3 P 30-2gk1 2) ( s i n ^ w  -  c o s  kjW + 1 ) +

- f V *  g F 10( l - c ° s  k !w ) 2+  k i ' 4 F io<3 F 30- e k i 2>k lw s in  k lw;

H 2 = k j ' 1 s in  kjW + 2 k j ' 5 F i o t g k ^ - F ^  )s in  k j w ( l - c o s  k ^ )  +

+ k l ‘5F 10 (3 F S0 -g k  *)(sin  kjW -  kjW co s  kjW);

H 3 = k j " 2 F 10 (1 -co s  kjW) + ^ k 1‘6F 102 ( 3 F 30-2gk1 2) ( s i n ^ w  -  c o s  kjW + 1) +

+ j g k j  “4 F 10 2( l - c o s  k jW) 2 - k 1 - * F 102 (3F30- g k 12) k 1w s in k jW  +

+ 3 k j  "6F  j/ F ^ U  - c o s  kjW);

H n  = Sk  i ' 2<3 F 30 - 2 g k i 2)  (s i n 2 k i w  ‘  c o s  k i w  + x ) + i g t t ' C O S  k iw ) 2i

H 12 = 2k / 3 ( F 3fl- g k 12)s in  k j w f l - c o s  kjW);

H 22 “ j g k 1 * * (s in % 1w -  co s  k ^  + 1 ) + J k j - ^ F ^  - 2g k 12) (1- c o s  k ^ ) 2;

H 44 = k  1‘2( k 12- 4 k 2 2) *M F 12 [ kj*cos*k p  -  ( k 12- 2 k 22)cos k xw - 2k 2 2 ] +

-  g k 2 2 [ - k j 2c o s 2k 2w + 2k 22c o s  k xw + k j 2 -  2k s2] l ;

H 45 = 2 k 2 ‘1(k12- 4 k 22) (F12 + g k 2 2)(sin k 2w co s  k 2w -  (k j j /k jJs in  kjW);

Hgg = k 1‘2 k 2‘2( k 12- 4k 22 ) ' 1 { F 12 [ - k ^ c o s \ 2w + 2k 22 c o s  kjW + k j 2 - 2 k 22])+

- gk22[ k j 2c o s % 2w - ( k j 2- 2k22)cos kjW -  2 k 22]l.

2e: Correlation with the magnetic fie ld  shape.
T he c o e ff ic ien ts  F 00< F 10 ,  F 2o ,  F g 2 > F 30 ,  F j 2 , and g, should

now be e x p re s s e d  in  the  m ag n e tic  fie ld  p a ra m e te r s  and rj of
the  io n s . T h is  m a y b e  a c co m p lish ed  by expanding A w in  a  pow ­
e r  s e r i e s  in  u and v:

00

A w =5~T a tk u iv 2k. (2 ,26 )
i , k =0

(w here the  s y m m e try  of A w with r e s p e c t  to  the  m ed ian  p lane
ex c lu d es  te r m s  w ith  odd p o w ers  of v), and u s in g  the  re la tio n .

div = 0. (2 ,27)
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X is  chosen  in  such  a w ay th a t A w is  th e  on ly  com ponent of X
d iffe rin g  fro m  z e ro , and th u s  th e  re la tio n

V 2 Aw = 0 (2 ,2 7 a)

is  equ iv a len t to  (2, 27). T he com ponen ts of th e  m ag n e tic  fie ld
s tre n g th  a r e  r e la te d  to  A w th ro u g h : (G rüm m  18)

B u = - » A w/8v; (2,28)

B v = r k - | r { <1+u)Aw}- (2,29)
In ste a d  of th e  co e ff ic ien ts  aj^ in  (2 ,2 6 ), su ita b ly  chosen  c o e f­
f ic ie n ts  B, B lf  B 2, e tc . m ay  be w r itte n , w hich e x p re s s  the
re la tio n s  betw een  the  a& d e riv e d  fro m  (2 ,27 ) o r  (2 ,2 7 a):
(G rüm m  “ ) (2j 30)

Aw = ^B + ^Bu + j B 1 (u 2 - v 2) - | ( B 1+ B 2)u 3 + ( jB 1+ B 2)u v 2 + . . .

B u = B xv  -  (B1+2B2 )uv + . . .  (2 ,31)

B y = B + B xu -  ( i B 1+B2)u 2 + B 2v 2 + . . .  (2, 32)

T he condition

r  =r z=0

m en tioned  in  the  p re c e d in g  c h a p te r , c o rre sp o n d s  to :

B j / B =  -n . (2 ,34 )

T he co effic ien t B 2 is  so f a r  u n d e te rm in e d . It m ay  be w ritte n
in  the  conven ien t fo rm :

B 2/ B  = £ (X ( l-n )-n ) . (2 ,35 )

F o r  X —* n the  fie ld  shape  a s  defined  by (2, 30)-(2 , 35) re d u c e s
to  th a t of a fie ld  w hich v a r ie s  in the  m ed ian  p lane  p ro p o rtio n a l
to  r  *n, a s  m ay  be seen  by c o m p arin g  (2, 32) w ith the  T a y lo r
expansion  of B v(u, 0) = B (l+u)"n . F o r  the  m o re  in te re s t in g
c a se  of th e  m ag n e tic  fie ld  betw een  co n ica l pole fa c e s , it  w ill
be shown in c h a p te r  4 th a t

X = 2n. (4, 10)
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(2, 30), (2, 34), and (2, 35) m ay  now be su b s titu te d  in to  (2, 3),
to g e th e r  w ith the  cond ition  fo r  a p u re ly  m ag n e tic  d e flec tin g
fie ld  9 = U, y ie ld ing :

g = £ ;
F oo = 1 -  ihB;
F  io = 1 -  hB;
F 20 = -  ia - n ) h B ;  (2 ,36)
F  02 = -ènrjB;
F 30 = ^X(l-n)r7B;
F  12 = i{ n -X ( l-n ) |n B .

If the  ions have  a  v e lo c ity  s p re a d  a c co rd in g  to :

v = v o(l+0) (2 ,37)

and if  a l l  ions have the  sa m e  m a s s  m 0 and c h a rg e  e , (2, 37)
is  equ iv a len t to :

rj = rjo /( l+ 0 )  (2 ,38)

The p ro d u c t rjB m ay  be e x p re s s e d  in  j3 if  we re m in d  th a t the
z e ro th  o r d e r  ap p ro x im atio n  (2, 6) s e ts  th e  cond ition :

h0B = 1. (2,39)

]3 is  supposed  to  be a s m a ll  quan tity , s m a ll  of th e  sam e  o rd e r
a s  a ,  u „ , ffz , v0 . We su b s titu te  (2, 36), (2 ,3 8 ), (2, 39), into
(2, 24 )-(2 , 25), and expand (2, 24) in  a T a y lo r  s e r ie s  in J3. R e ­
ta in in g  te r m s  up to  th e  second  o r d e r  in  u 0, a , v 0, txz , and 0 ,
we find the  fo llow ing e x p re s s io n  fo r  the  second  o r d e r  a p p ro x i­
m atio n  of th e  ion t r a j e c to r i e s :  (T asm an  and B oerboom  30;
W achsm uth , B oerboom  and T a sm a n  31 )

u -  (^u(w ) * (2 ,40 )
= D 1u o + DgOr + D30 + D n u 02 + D 12u 0or + D 22<*2 +
+ D 13u o/3 + Dgg afi + D 33J32 t D ^ 2 + D 45v0a z + D 55orz2 .

w h ere , w ith:
w* = (1-n)* w;
w t = n^ w; (2, 41)
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Dj * c o s  w*

D2 = (1-n ) ‘1 s in  w*

D 3 = (1 -n ) 1 (1 -c o s  w*)

^ 1 1  ” ê (P ^ -3 )s in 2w* + X ( l- c o s  w *));

° 1 2  = (X -3 )sin  w * ( l-c o s  w*) ;

D 22 = i ( l - n ) " 1 { (X -3)cos2w* - (2X -3)cos w* + X } ;

D 13 " « ( l* 11) 1 ) ^ ( X - S J s in V *  - 2 X (l-c o s  w*) + 3(X -n)w *sinw *(;

°23 = i ( l - n)'3/2(2pc-3)sin w*cosw* + (X -3n+6)sinw *-3(X -n)w *cosw *(;

D 33 = 5(1 -n ) 2((X -3 )s in 2w* + 4 X ( l-c o s  w*) - 3(X -n)w *sin  w*(;

d 44 * ï ( l - 5 n ) -1( (2 n -X (l-n ) )c o s  2w t - 2(n-X +3nX )cos w* -X (l-5n )} ;

D 45 ” ? ( l - 5n) 1 (2 n -X ( l-n ) ) (n ‘* s in  2w t - 2 ( l - n ) '* s in  w *|;

D 55 * ' è 11' 1 ( l - 5 n ) -1( < 2 n -X (i-n ))c o s  2 w t -  2 n (l-2 X )co s  w* + X ( l - 5 n ) |.

2t If i e l $ nS properties ° f the ^homogeneous magnetic sec tor

If the  b o u n d a rie s  a r e  p lane  and n o rm a l to  th e  m ain  oath  a t
conditions (2 15^ *  *o te r ® and le a v es  field, th e  boundarycond itions (2 ,15 ) a r e  e a s i ly  r e la te d  to  the  p a ra m e te r s  in th*
o b jec t sp a c e . F ro m  F ig . 2 we re a d  th e  r e la tio n ^ ?

mam path

Fig. 2.
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Uo *  ^ n A m K n ’ °  * ^1+Uo^a m = a m + ^ ' J r n )a m * ( 2 ,4 3 )

Vo “  (1 m/ r m )a,zm + 6 ,T m’ a z = <* zm + ^ J ^ u P z m

The r e c t i l in e a r  pa th  in  the  im age  sp ace  m ay  be defined  by the
re la tio n s :

y 2 = y 2(x2) = y 2(0) + (dy2 /d x 2)X2; (2 ,44)

z 2 = z 2 <x 2> = z 2( ° > +  (d z 2 / d x 2>x 2* ( 2 ' 45 )

If the  s e c to r  angle  eq u a ls  <frm , we m ay  w rite  analogous to
(2,43):

y2 (0) * r mu(<frm); Z2(0 ) = r mv (^ m);
dy2/ dx2 = u 'to n V fl+ u f^n i))  s  u '(« M - ( l-u (< M ) ; (2, 46)
dz^/dXjj = v'(<&m)/(l+u(<£m)) 5 v '(^m )-  ( l “u (<^m)) •

F ro m  (2, 17), (2, 40 )-(2 , 42), (2, 43)-(2 ,46) we find the  follow ing
e x p re s s io n  fo r  the  second  o r d e r  r a d ia l  ap p ro x im atio n  of the  ion
t r a je c to r y  in  the  im age  sp a ce :

y2 r m{Ml a m + M2^ + M l l ffni2 + M 12a m0 + M 2 2 ^  +
+ M 33a zm2 + M 34orzm ( 6 / r m) + M u ( 6 / r m)2 } +

+ x 2{N1a m + N2j3 + N n a m2 + N 12o-m/3 + N 22^  +
+ N 00a  2 + KT <* ( 6 / r  ) + N  ( 6 / r  )2 };33 zm 34 zm m 44 m

(2 ,47)

and fo r th e  f i r s t  o r d e r  a x ia l ap p ro x im atio n :

+ *2 ,T3 “*» + V 8 / r J K (2' 48)

T he co e ff ic ien ts  M j, N j, E j ,  T j, a r e  g iven by:

M 1 = + M 2= ^2a *
M n  * M Ua +  K i i b  (1V r m ) +  ^  l l c (1m / r m ) ;

M l2 = ^ X2a + ^12b(1m/ r m); M22 = ** Mb ;
M 33 = **33a +  ^ 3 3 b  +  ^ S S c ^ n A m ^  *

M  34 = ^  34a +  ^34b  (1W r m M 44c = ^44a  *

(2 ,49)
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N 1 "  ‘' l a  +  vlb (1 'm /r m): N 2 -  ^  2a i

N 11 * , / i U + , ' l l b ( 1 m /r n.)

N 12  = V12a +  Wl » ’ ^ 2 2  *  V 22a ’ (2 ,50 )

N = i /  +  v  (V / r  )33 33a 33b '  m ' m; +  V33c ^ m / r m ) ’
N as V +  V (1' / r  )34 34a 34b 1 m ' m ' : N 44 *  V44a •

E  3 = 0’3a + <7 3b (ljn / r  m) > L  4  = <7 4a • (2,51)

T 3  “  T3a +  T 3b ( ^ m / r m)> T 4 3 T4a . (2 ,52 )

A s w ill a p p e a r  fro m  fu r th e r  g e n e ra lis a tio n s , the  e x p r e s ­
s io n s  (2, 47 )-(2 , 52) a r e  v a lid  fo r  any s e c to r  f ie ld  in  the  d e g re e
of a p p ro x im atio n  u se d  h e re . F o r  th e  s p e c ia l  c a se  of n o rm a l
e n try  and ex it a t p lane  b o u n d a rie s , th e  co e ff ic ien ts  Mi, v i t  ait
Tj, a r e  eq u a l to  ^  , Vi , 5fc , Tj, re s p e c tiv e ly , w hich re a d  w ith
the  a b b re v ia tio n s :

♦*«  ( l -n ) i  4>m; <*J;=nUm ; (2,53)

p u  -  ( l - n ) -i s i n * ^  Mib = cos

M ^ * ( l - n ^ f l - c o s * * ) ;

P i u  * i ( l -n ) -M (X -3 )c o s 2^* -  (2X -3)cos**  + X b

^ u b  * j ( l - n ) ‘i  {Xsin** -  (X -3)sin**  cos** };

M ÜC “ |{ X ( l-c o s* * )  + (X -3 )sin2** (;

ji = l ( l - n ) " 3 /,2 {2(X -3)sin**cos**  + (X-3n+6)sin** -  3 (X -n )* * co s**};

Jx i 2b = i( l-n ) -M -2 (X -3 )s in 2^*  -  2 X (l-c o s* * )  + 3(X -n)** sin**  };

0  = ^ - “ ^ U X - ^ s i n 2** + 4 X (l-c o s* * )  -  3 (X -n )**sin**} ;

0  .  - i n ’ 1 (l-5n)*M  (2 n -X ( l-n ) ) c o s  2 * t  -  2 n (l-2 X )co s* *  + X (l-5n)} ;

0  = m = | ( l - 5 n ) - i ( 2 n - X ( l - n ) ) { n - i  s in  2 * t  -  2 ( l - n ) ' i  s in**};
33b 34®

**33c *  ^ 44a =  2 ^ 3 4 b

= |( l - 5 n ) - 1{ (2 n -X ( l-n ) ) c o s  2 * t -  2< n -X (l-3n )> cos**  -  X (l-5n)} .

(2 ,54 )
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Pia = c o s K  ’ î lb = -  ( l - n ) i s i n ^ ;

%  -  ( i - n f t s i n * * ;

* lla '  è (1-n) 'i  {-2Xsintf*cos<** + (2X-3)sintf* );

v = ix (2 s in 2 $* + c o s <t>* -  1};l l b  3 m  m

Vnc  = s ( l - n ) iX s in 0 * (2 c o s ^ *  + 1);

*!2a = ^ (l-n )'M  -4X sin 2** + 2 X (l-co stf* ) + 3(X-n)tf* sin.»* (;

Vi2b “ £ (l-n )'M -4 X sin 0 *  cos.»* + (X -3 n + 6 )s in ^  + 3(X-n)tf* cos«*  };

r 22a = ■§■(!-n)’3/,2{2Xsin<»^ cos.»* + (X+3n-6)sin<»* -  3(X-n).»* costf* (;

r 33a = • i(l-5 n )-M n -t(2 n -X (l-n ))s in  2<»t + (l-n )* (2X -l)s in tf*  };

v = v  = ( l -5 ) - i(2 n -X ( l-n ) ) (c o s  2 tft -  costf*);
33b 34a 1 '  '  m  n r

*330 = i744a =  1 *  34b =

= I j l-ö n )* 1 { -{2n-X (l-n ))n^ sin  2 ^ t + ( n -X (l-n )) ( l -n ) is in t f* }.

(2 ,5 5 )

n ' i  s i n ^ t ; Ogb = a4a t„ = cos<»T; r r3a m «; T4a -n1 s
(2 ,56)

If the fie ld  boundaries are plane, but the incidence and/or
exit of the m ain path is  oblique, the situation becom es m ore
com plex. The genera l ex p ressio n s ( 2 ,4 7 ) - (2 ,52) are s t i l l
equally applicab le, but instead of (2, 54 )-(2 , 56) m ore general
ex p ressio n s should be used.

In case  of oblique incidence and/or ex it, the axia l focusing
action due to the s tra y  fie ld s  has to be taken into account.
(H erzog 8-32). They act a s thin le n se s  on the entrance and exit
s id e , which have foca l lengths for axia l focusing f |tr and f sir
resp ec tiv e ly , given by:

r /f ' = tan e';m sir
r / f" = tan e".in sir

(2 ,57)

The m eaning of e' and e" m ay be seen  from  F ig s . 3-5; they
are taken to be p ositive  as indicated in th ese  figu res.

The radial effect of oblique incidence m ay be deduced from
F ig . 4, which rep resen ts  a projection on the m edian plane. The
object is  projected at O; OAE is  the main path; OA = 1^ ; MA =
ME = r . If the tra jec to r ie s  in the field  region are m easuredm
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in th e  c o o rd in a te s  u , v , w, (F ig . 1), th e  o r ig in  of w m ay  s t i l l
be chosen . W ith n o rm a l in c id en ce  we chose  w=0 a t the  poin t of
e n tra n c e  of the  m ain  pa th . Now in F ig . 4, two such  c o o rd in a te
sy s te m s  a re  in d ica ted , d iffe rin g  only  in  o r ig in . T he f i r s t

Fig. 3 . Curved oblique boundaries.

Fig. 4. Oblique entrance.
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main path «-

Fig. 5. Oblique exit.
sy s te m , in w hich a l l  t r a j e c to r i e s  should  f in a lly  be e x p r e s s ­
ed, s t i l l  h a s  i t s  o r ig in  w=0 a t  the  po in t of e n tra n c e  of the
m ain  pa th . The second , ro ta te d  sy s te m , d is tin g h u ish e d b y  a"w" ,
h as  w=0 a t the  point of e n tra n c e  of som e o th e r  pa th  OB u n d er
c o n s id e ra tio n . If  BDIOA, and d es ig n a tin g  B D /r m =p, we re a d
fro m  F ig . 4, o m ittin g  t e r m s  of th ird  and h ig h e r  o r d e r  and w r i t ­
ing f '  = tan  e ' :

A i = a r c ta n J ^ j -  = (p -p 2) f  + . . . {2< 58)

P = U l,m/ r m)+pt'}tan am = « J l ' J r J  + a j  (P / r m ) t' + . . .
(2 ,59)

and consequen tly :

^  l = a  _z(l' / r  r ) tm m m ’
+ a 2 (1' / r  )tm m m 2+ . . .

(2 ,60)

Now BC = B D /cosA ^, and MC = r m/  cosA i, and th u s  u n m e a s ­
u re d  in  the  ro ta te d  sy s te m ) eq u a ls :
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(1m /r m) + a m 2  + ^ ttm2(l,n,/ r m)2t,2 +

(2 ,61 )

a  (m e a su re d  in  the  ro ta te d  sy s te m ) eq u a ls :

a  = (am+A1)(l+ u 0) a 'm/r m) + a'm(1'm/r m)t' +
(1* / r  ) t '2 +m '  m '

(2 ,62 )

B ecause  of th e  a x ia l focusing  ac tio n  of the  s t r a y  f ie ld s  r e p r e ­
sen ted  by (2, 57), th e  r e la t io n s  fo r  the  a x ia l b oundary  cond itions
a re  m od ified  to :

(2, 63)-(2 , 64) a r e  v a lid  fo r  th e  ro ta te d  a s  w ell a s  fo r  the  fixed
c o o rd in a te  s y s te m .

S ubstitu tion  of (2, 61)-(2 , 64) in to  (2, 40) y ie ld s  th e  r a d ia l  s e c ­
ond o r d e r  a p p ro x im atio n  in the  ro ta te d  sy s te m . S ubstitu ting  in
th is  e x p re s s io n :

and expanding in a  T a y lo r  s e r i e s  in Ax, we ob ta in  w ith (2, 60)
th e  r a d ia l  second  o r d e r  ap p ro x im atio n  m e a s u re d  in  th e  fixed
sy s te m  (with D ]=dD j/dw ):

(2 .63 )
(2 .64)-  {(1' / r  ) a  + ( 6 / r  )}t' + . . .m m  zm  m '

w = w -  A 1, (2 ,65)

u = u(w) =

* [D2+ |D 1+D2t')U 'ni/ r m) ] a m + D30 + [D22+(D12 +D2+(D1+2D22 -D 2' ) f  +
+D2t ,2 H l ^ / r ni)+(Du + (D 12-D 1 >)t'+ (iD 1+D22-D 2') t^ } ( l 'm/ r m)2 ]a nl2 +

+ © ,3  + m i3+(D23 + D 330* +
+^ 66+lD46 - 2 D 55t, ><l,m /rm )+ (D 44-D 46t ,+ D 5 5 t,2 Hl'm/ r n i) 2 ] a 2m2 +

+  [ ( D 4 5 - 2 D S5t , >+ l 2 D 4 4 - 2 D 4 5 t , + 2 D 65 t , 2 > <1,m / r n l W“ z m ( 6 / r m ) +

+  [D 4 4 - D 4 5 t , + D 5 5 t , 2 » « / ' - m ) 2 -

( 2 , 66 )
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To find the re la tion s for oblique ex it, the projection on the
m edian plane is  rep resented  in F ig . 5. B esid es the fixed c o o r ­
dinate sy stem  X2 , y 2 , (with its  origin  at the point of exit A of
the m ain path GAI, and with the x 2 -a x is  coinciding with the main
path in the im age sp ace), a second, rotated coordinate system
is  indicated, d istinguished by a""*11. The plane x 2=0 of th is
second sy stem  includes the point of ex it of som e other path
DBCIunder consideration . GM = AM = r m. W riting U = D G /rm,
the path DBCI is  rep resen ted  re la tive  to the rotated sy stem  oy:

y 2 = r mG -  x 2tan 5 . (2, 67)

W riting U * = A B /r m, the corresponding exp ression  re la tive
to the fixed coordinate sy stem  is:

y2 = r mU* -  x 2tan a *  . (2, 68)

We designate by U, U', U", the va lu es of u, du/dw , d2u /dw 2,
re sp ec tiv e ly  at w * $ m, irre sp e ctiv e  of the term ination  of the
deflecting  fie ld  by the fie ld  boundary. We have:

0  = U -  U 'A 2 + i U"A22 -  . . . (2, 69)

Now MF = x m /c o s  A2; DE = DF co s A2; DN = EA = DE tan e",
and consequently, w riting t" = tan e":

A 2 = a rcsin  (DN/DM) = Ut" -  U2t"2 -  UU't"2 -  |U 2t"3 + . . .
(2 ,70 )

U = U -  UU't" + . . . (2 ,71)

We have:

S  = -U ' + ÜÜ' + . . .  = -U ' + UU' + UU"t" + . . .  (2, 72)

Now ADCG'-AKCH, and thus: KH = r m(U -  tan £  tan A 2). As
AKBH~ADBM, it fo llow s that:

* U* = A B / r m = U +  iU 2t"2 + . . .  (2 ,73)

From  F ig . 5, we read:

a* * 8  - A  = -U'+UU'+(-U+UU"+U2)t"+UU't"2+iU2t"3 + . . .
2 (2,74)

Substitution of (2, 73)-(2,  74) into (2,68) ,  using (2, 66), and
evaluating the ex p ressio n s and their d eriva tives for w =
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le a d s to  th e  second  o r d e r  r a d ia l  a p p ro x im atio n  of th e  ion t r a ­
je c to ry  in  th e  im ag e  sp a ce  w ith  oblique in c id en ce  and e x it. B e ­
fo re  ev a lu a tin g  the  r e s u l t s ,  how ever, we w ill include  th e  e f ­
fec t of cu rv ed  b o u n d a rie s .

A d isc u ss io n  of the  e ffec t of c u rv e d  b o u n d a rie s  fo r  h o m o g e­
neous m ag n e tic  s e c to r  f ie ld s  w as p re s e n te d  by  K önig and H in ­
te n b e rg e r  33 . The c u rv a tu re  changes only  som e of the  second
o r d e r  c o e ffic ien ts  of the  ^  , Vi. T he e ffec t of b oundary  c u rv a ­
tu re  being  of second  o r d e r ,  th e  re a so n in g  of König and H in ten ­
b e rg e r  ap p lie s  eq u a lly  to  inhom ogeneous m ag n e tic  s e c to r
f ie ld s . The r a d i i  of c u rv a tu re  of the  e n tra n c e  and ex it bound­
a r ie s  R ' and R" a r e  to  be tak en  p o s itiv e  a s  in d ica ted  in  F ig . 3.

On eva lu a tio n  of the  above a rg u m e n ts , it i s  found th a t the
co e ff ic ien ts  n j, i/j , fo r  th e  g e n e ra l  c a se  of ob lique  cu rv ed
b o u n d a rie s , a p p e a r in g  in (2 ,4 7 ), (2, 49 )-(2 , 50), m ay  be e x ­
p r e s s e d  in  th e  co e ff ic ien ts  iq , Pj, fo r  th e  c o rre sp o n d in g  c a se
of n o rm a l e n try  and ex it a t p lane  b o u n d a rie s  w ith th e  sam e
fie ld  shape  and s e c to r  ang le . U sing  the  a b b re v ia tio n s :

t '  = ta n  e'; P* = --------------- ;
2 R 'c o s 3e '

(2 ,75 )

t"  = ta n  e"; P" = ------ — ----- ;
2R "cos3e"

th e s e  re la t io n s  re a d :  (T asm an , B oerboom , and W achsm uth  34 )

^  la  * ^ l a  * ^ I b  ”  * lb  +

^  2a = ^2a  * f* 11a * ^  11a +  j P l a

N i b  " N i b  + 2 ^ l l a t ,  +  ^ l a t , 2  +  ^ l b ^ l a t n 2  +  ^ l a 2 t , t " 2 J

N l c  "  N l c  +  (N l b  +  < N la  - ^ l b ) t , 2  +  ^ l b 2 t " 2 +

+  ^ l a ^ l b t , t , , 2 + R a 2 t , 2 t " 2 + P ^ l a ^

^  12a = ^  12a + ^ l a ^ 2 a t " 2 '

^  12b ~ & 12b + ^ 1 2 a  " ^ l a ^ '  +  ^ l b ^ a * " 2 +  ^ l a ^ 2 a t ' t " 2 '

^  22a = & 22a + k ^ 2 a .^ "  ‘ P  33a = P33a >

f* 33b = f* 34a 33b “  ^ 3 3 a
1 — — — 2h  33C = P  44a = g P  34b = P  33c -  At 33bt* +  A» 33a t '  .

(2 ,76 )
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v u  = P la + ^ la t ";
Vlb = P l b + P l a t,  + /2lbt" + ^ a t ,t";

V23l = P 2a + ^ - t,,;

Ub - n a  ™ - ^ u * i b > ^ + v ; *  +
+ 2(/ü l la -n /ï1 2 )t't" -  (|Ula i7lb + P lbPla )t +

H U  + ^ l l a - n S la2 ) t , ,“ ^  *"
17 +217n a t, + (^ llb

f f ’2 + +
-  Aila2 f t " 3 + 2p"()üla )iïlb+)51a2 t');

*nc + tf>llb -n i/u )t' + <#illc -n p  lb2)t" + (P u . - f o b  >t,Z +
+ (P lla -njüla2 - | p lb) t '2t"  + (ffub -2 n P la/I ib -n tf ja tt 't"  +

-  Pib^ib -  (p la*lb + P lb * la  >*'*"' èp
2.||3 ,k T*

12a

12b

“ * laAilbt ' f 3 -  P u ' u * * * ” '  '  ^ l a 2t '2t" 3 +
+ P"(/ïlb2+2%a Plb t,+ £ la2 t ' 2) + P ' ( Vla_ +<*Ut")»a

*>12. + W 12a-2n Pla P2a +P2a "la**"2
“ ^la^2atM3 + 2p"P laPla M 2a J

+  <* 12a - ^ a  H ' +  <P i 2b - 2 n Plb P 2 a "P lb ) t "  +

" (p lb *2a+P
-  f l j b ^ * " 3 -  <*

+  (jü

la172a+P

-2ïl^ia H9
• 2

2 a 'la r
2a '1b ' '*"123

-  P iaP2a

2^1 J t 't"  +
t't"

+ 2p  (p  lb ^2a + Pla P 2a^

V22a s ^22a + P̂ 22a

^33a s *33* + P 33a*
V33b s V 34a = V33b
v 33c s y44a ■ 2v34b

-  P 33b̂

2 - P o ,  H" “ P 2a P2kt " 2 " 2 P 2a2  ̂ + P  ^

“ 2 ^33a ** + Paah*  "  2P

= P 33c - i7 33b *' T ** 33c
+ P 33a

33a t't";

*' +P 33at ,2  +
, 2 * 1.

(2,77)

The ax ia l focusing  e ffec t, due to the fringing f ie ld s , and
rep resen ted  by (2, 57), should be taken into account in the c o e f­
f ic ien ts  a-, t . If th ese  are ex p ressed  in the corresponding
co effic ien ts  T , for norm al incidence and exit, the re la tion s
read: J J

o3a ** 0 3 a ; o 3b « tJ4a = a 3b + o 3 a f ;

T 3a = f 3a + 5 3at , , ;
^ 3 a = T 4a = f 3b + ^3a(t ,+ t" ) + 5 3at*t".

|  (2,78)
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F o r  hom ogeneous m ag n e tic  s e c to r  f ie ld s  (n * X * 0), the  r e ­
su lts  becom e id e n tic a l w ith th o se  d e riv e d  by H in te n b e rg e r  and
K önig 35 fo r  th is  c a se .

2g: Discussion.
The c o n trib u tio n  to  y 2 of the  t e r m  p ro p o rtio n a l to  a m v a n ­

is h e s  fo r  x 2 * - r ^ M i / N i ). F o r  v e ry  s m a ll  v a lu e s  of |3, a beam
of ions of equal m a s s  and c h a rg e , e m e rg in g  fro m  an o b jec t s l i t
a t  th e  o b jec t d is ta n c e  1 ^  fro m  the  e n tra n c e  boundary , is  then
fo cu sed  in  f i r s t  o r d e r  a t th e  im ag e  d is ta n c e :

1" = - r  (M /N  ). (2 ,7 9 )m  m i l  \  •  j

T h is  f i r s t  o r d e r  fo cu sin g  p ro p e r ty  m ay  be put in  the  f a m ilia r
fo rm :

ttrn -  g'Xlm -  g") = f 2, (2, 80)

w h ere , u s in g  th e  a b b re v ia tio n s  (2 ,53 ) and (2 ,7 5 ):

g ' (l-n )^ cos** + s in * * t"
'  in------ a  —---------------- ---------------------------------  . ( 2  g  i \

r ( l-n )s in * *  -  ( l -n ) ic o s * *  (t'+ t") - s i n * * t ' t "m m mx 9
g" ( l-n )^ c o s* *  + sin**t*

----- -------------- *-------------1------------------------------=------ ; (2 ,82 )
r m ( l-n )s in * *  -  ( l-n )* c o s* * ( ti+ t" )  -  s in** t« t"

f  1
= -------1-------1----------- 1---------------------- r-----------------(2,83)

rm d  -n)* sin C  “ cos**  (t'+ t")  -  (1 -n )'1 sin** t ' t "

S im ila r ly , f i r s t  o r d e r  fo cusing  in  a x ia l d ire c tio n  o c c u rs  a t
the  a x ia l im ag e  d is ta n c e  l "  :0 zm

C »  * - r » (E>/ T 3>• <2- 84>
w hich m ay  aga in  be put in  th e  fo rm :

dim ’ ~ giHl'zm -  g") = fz2 , (2, 85)

w h ere :

g'z n * co s* t + s in * tt"

rm n sin *t - n*cos*t(t'+t") -  s in * tt't"  *
(2 , 86 )
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g" n±cos<£ t  + s in i ^ t '
—  = ------------------------------------------------1------- ; (2 ,87)
r m n s in ^ t j  -  n ic o s ^ J ^ t '+ t" )  -  s in ^ j j t 't "

fz 1—  = ------- ----------------------- --------------------------------------(2 , 88)
r  n i s i n ^ t  -  c o s ^ t  (t'+ t") -  n*i s i n ^ t t ' t "

m m m  ni

If a l l  io n s  a re  of the  sa m e  e n e rg y  eU, but a  s m a ll  d iffe ren ce  in
m a s s  is  a llow ed  a c co rd in g  to :

m  = m 0 + 6m, (2 ,89)

th e  co rre sp o n d in g  d iffe re n c e  in  r\ e q u a ls , in s te a d  of (2, 38),

n -  n0 / d +  I g j .  (2 ,90)

C onsequen tly , the  m a s s  d isp e rs io n  in th e  y2 -d ire c tio n  a t the
im ag e  d is ta n c e  l "  , p e r  un it 6 m /m Q fo r  a m o n o en e rg e tic  ion
b eam  is  g iven  by:

D m= ( M i / N , ) ^ ) .  (2 ,91 )

H ow ever, the  fo cusing  p lane  of the  m a s s  sp e c tru m  need not
be p e rp e n d ic u la r  to  th e  m ain  pa th , a s  th e  im age  d is ta n c e  d e ­
pends on th e  m a s s  d iffe re n c e :

1" =m
+ ?M 12(ó m /m o)

+ i N 12(6 m /m 0)
(2 ,92)

E lim in a tio n  of (6 m /m 0) fro m  (2, 91) and (2, 92) g ives the  in ­
c lin a tio n  of the  fo cu sin g  p lane .

O bject and im age  a re  a t the  sam e  e le c tro s ta t ic  p o ten tia l.
T hus the  la te r a l  m ag n ifica tio n  M 1?t is  the  r e c ip ro c a l  of the
an g u la r  m ag n ifica tio n  M ang (both m  ra d ia l  d ire c tio n ). O m it­
tin g  te r m s  of second  o r d e r  in  y 2, we have:

M ang - a ( d y 2 /d x 2) /8 a in . N 1 , (2 ,93)

and consequen tly :

M u t V l / N f  (2 ,94 )

The sam e  r e s u l t  is  found (as it  shou ld), if  the  a x ia l m a g n if ic a ­
tion  M is  d e riv e d  fro m  (2 ,80 ):
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M ax * 81m/ d l m » “ <l"-«">/Ci;n- g ,>. (2, 95)

and the  re la tio n :

M, = -M  . M (2 ,96 )lat ang ax '  '  '

is  u sed .
S im ila r ly , we have in  a x ia l d ire c tio n  the  m ag n if ic a tio n s :

M ^g  B T3 ; (2, 97)
M ^ - l / T g .  (2 ,98 )

If a l l  ions have th e  sa m e  m om entum  (rj = rjD), the  im age  of
an in fin ite ly  n a rro w  o b jec t s l i t  is  b ro ad en ed , a t the  c o r r e c t
im age  d is ta n c e  l "  , by the  fo llow ing second  o r d e r  a b e r r a t io n s :
(B oerboom  36 )
by the  second  o r d e r  a n g u la r  a b e r ra tio n  by th e  am ount:

A u ^ 2 -  rm <M u  -  ( M j /N iW n  ) a m 2 ; (2 ,99 )

by the  s a g it ta l  second  o r d e r  a n g u la r  a b e r ra tio n  by the  am ount:

A 33 « ZI„2 -  rm (M 33 -  (Mi /N i )N 33 ) a  zm2 ; (2 , 100)

by the  a g a m m a tism  by the  am ount:

A 34°'zm(6 / r m> a r m<M 34 ~ (M i/N ^ N ^ a -z n , ( 6 / r m); (2, 101)

and by the  im age  c u rv a tu re  by th e  am ount:

A 44( 6 /r m )2 -  r m(M 44 '  <Mi /N ,)N  ^ ( 6 / r m)2 . (2 ,102)

W hen a ll  ions in  the  o b jec t sp a ce  t r a v e l  p a ra l le l  to  the  m ed ian
p l a n e ( a zm= 0), e lim in a tio n  of ( 6 / r m) fro m  (2 ,4 8 ) and (2, 102)
y ie ld s  the  ra d iu s  of c u rv a tu re  R im of the  im ag e :

U ^ -O V ^ /N ^ T * )2
R ü n a  r 'n 2(M44-(M 1/N 1)N 44) ; (2 ,103)

w here  a  p o s itiv e  va lue  of R irj, m ean s  th a t the  c e n tre  of c u rv a ­
tu re  h as  a p o s itiv e  y 2 c o o rd in a te .

H ow ever, it h as  been  d e m o n s tra te d  by B e r ry  37, th a t the
frin g in g  fie ld s  a ffec t the  a b e r ra tio n s  o u ts id e  the  m ed ian  p lane .
B e rry sh o w e d , th a t th e  s t r a y f ie ld s  of a hom ogeneous m agnetic
s e c to r  fie ld  p ro d u ce  an im age  c u rv a tu re , which is  independent
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of th e  shape  of th e  fr in g in g  f ie ld s . The frin g in g  f ie ld s  a lso  in ­
fluence  th e  s a g it ta l  second o r d e r  a n g u la r  a b e rra tio n  and the
a g a m m a tism , but in  the  la t te r  c a s e s  the  e ffec t can be red u ced
by red u c in g  the  ex ten sio n  of the  s t r a y  f ie ld s  by s h im s . A l­
though th e  r e a s o n in g  by B e r ry  is  s t r i c t ly  v a lid  on ly  fo r  h o m o ­
geneous s e c to r  f ie ld s , it  should  be a p p ro x im a te ly  c o r r e c t  fo r
inhom ogeneous s e c to r  f ie ld s  a lso . T hen the  fr in g in g  f ie ld s  alone
p ro d u ce  a  c u rv e d  im ag e  w ith ra d iu s  of c u rv a tu re  R fr, in o u r
n o ta tion  given by:

*, lb  + (1" /r ) - 1.i '  m  1 m '
(2 ,1 0 4 )

T he ra d iu s  of the  im ag e , re s u l t in g  fro m  both  e ffe c ts , is  then
given by:

R iroR fr
R t°tal " R .m + R ft

(2, 105)

In a m a s s  s p e c tro m e te r ,  c o m p ris in g  the  inhom ogeneous
m ag n e tic  s e c to r  f ie ld  a s  th e  a n a ly s in g  e le m en t, and w ith o b jec t
and c o lle c to r  s l i t  w id ths s '  and s "  re s p e c tiv e ly , th e  m a s s  r e ­
so lv ing  pow er (the r e c ip ro c a l  of th e  r e la t iv e  m a s s  d iffe re n c e
5 m /m 0 w hich w ill ju s t  be re so lv e d ) eq u a ls :

R = Dm/ ( s ' M lat + s " + EAi)'  (2 ,1 0 6 )

w h ere  EAj s ta n d s  fo r  the  to ta l  im age  b ro ad en in g  due to  a ll
a b e r r a t io n s .  A m ong th e s e  a r e  f i r s t  o r d e r  a b e r ra tio n s  due to
e n e rg y  s p re a d  and to  m isa lig n m e n t, and th e  second  o r d e r  a b e r ­
ra t io n s  m en tioned  above.

As fo llow s f ro m  (2, 4), a  c e r ta in  r e la t iv e  e n e rg y  d iffe re n c e
c a u se s  the  sam e  d isp la c e m e n t in  the  im age  as  a r e la t iv e  m a ss
d iffe re n c e  of the  sa m e  m agn itude , and th u s  e n e rg y  s p re a d  in the
ion beam  m ay  lim it the  re s o lv in g  pow er a tta in a b le  with a s ing le
focusing  a r ra n g e m e n t. The e lim in a tio n  of th is  c h ro m a tic  a b e r ­
ra tio n  r e q u i r e s  a com bination  of e le c tro s ta t ic  and m ag n e tic
f ie ld s ; it w ill be d isc u s s e d  in c h a p te rs  6 and 7. U n less  such  an
e lim in a tio n  of th e  f i r s t  o r d e r  c h ro m a tic  a b e rra tio n  is  ach ieved ,
n e ith e r  th e  second  o r d e r  c h ro m a tic  a b e rra tio n  (p ro p o rtio n a l to
3 2), n o r  th e  m ixed  second  o r d e r  a b e rra tio n  (p ro p o rtio n a l to
a mf3) have an  a p p re c ia b le  in fluence  on the  s h a rp n e s s  of the
im ag e . The a b e r ra tio n s  due to m isa lig n m e n t, in c o r re c t  p o s i­
tion ing  of th e  s l i t s ,  e tc . w ill be d isc u sse d  in c h a p te r  5.

The o n l y  radial aberration not m entioned above is  the d is to r -
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sion  in  ra d ia l  d ire c tio n . As the  o b jec t s l i t  w idth is  a lw ays v e ry
s m a ll  a s  co m p a red  w ith r ^ ,  i ts  in fluence  r e s u l ts  only  in a
s lig h t sh ift of th e  im age  p o sitio n  in  the  fo cusing  p lane,, to g e th e r
w ith an in c lin a tio n  in the  top  of. an o th e rw ise  id e a lly  f la t - to p ­
ped" peak .

A b e rra tio n s  in  a x ia l focusing  r e s u l t  only  in lo ss  of in te n s ity ,
and not in lo ss  o f re so lv in g  pow er, and a r e  u su a lly  of se c o n d a ry
im p o rta n c e .

2h: Symmetric arrangement.
A s p e c ia l  c a se  of p a r t ic u la r  im p o rta n c e  is  the  " sy m m e tr ic

a r ra n g e m e n t" , in w hich the  o b jec t and im ag e  d is ta n c e s  a re
equal, and in  add ition  to  th e  m ed ian  p lane  th e  p lane  w = 0* /2
is  a lso  a p lane  of sy m m e try . T h is  c a se  is  p a r t ic u la r ly  i n te r ­
e s tin g  as  m o s t e x is tin g  m a s s  s p e c tro m e te r s  s a tis fy  th e se
sp e c if ic a tio n s . On the  o th e r  hand m any  of the  g e n e ra l  e x p r e s ­
s io n s  d e riv e d  in th is  c h a p te r  s im p lify  c o n s id e ra b ly  if th e  e x tra
s y m m e try  is  im posed .

U sing  the  a b b re v ia tio n s  (2, 53) and (2, 75), we in tro d u c e  the
e x tra  a b b re v ia t io n s :

T = ta n (0 * /2 ) ;
t = t '  = t" ;  (2 ,107)
p = p '  -  p" .

T he o b jec t and im age  d is ta n c e s  a r e  now equal to :

I t  -  1 • '  -  1 -  y  ___________________

m m " m " m ( l - n ) * T - V
(2 ,108)

In th is  c a se  a l l  m ag n ifica tio n s  in  r a d ia l  d ire c tio n  equal m in u s
unity :

M ang = M lat s M a* (2 > 1 0 9 >

The m a s s  d isp e rs io n  p e r  un it 6 m /m 0 re d u c e s  in  th is  c a se  to :

„  T 1D = ------------------------------- r  .
m T -  ( l - n ) ' i t  1 -  n m

(2 , 110)

The co effic ien t A u  of the  second  o r d e r  a n g u la r  a b e rra tio n
now ta k e s  the  fo rm :
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-2 t3+ 3 (l-n )* T t2- 2 n t+ i ( l -n ) i (2 T 3+ 3T )X + 2 p -(l-n )i T 3
A a  ■ r m---- ------------------------------ -----------------------------------------------

{ (l-n )*T  -  t  }3
(2 , 111)

If m o re o v e r  both e n tra n c e  and ex it a r e  n o rm a l (t=0), fu r th e r
s im p lif ic a tio n  r e s u l t s :

( l-n )* T  ’
(2 , 112)

D m = T -n"’ (2, H 3 )

r m f  cos^*+ 5  2p ÏAn a— \ ----- -x  + — r r -1r- 114>l - n  U (l-co s< * * ) ( l - n )* T 3 J
F o r  th e  hom ogeneous m ag n e tic  s e c to r  fie ld  (n=X=0; T =

* ta n ($ m /2 )) we have  in  th is  s y m m e tr ic  a rra n g e m e n t:

1 m
1m " T - t  ' (2‘, 115)

r m
D m “ 1 -  t / T  * (2 ,116)

A „  ■ r  ( 2 p . T + 2 t | > (2 ,117)
[ ( T - t ) 3 T  -  t j



C H A P T E R  3

IO N -O PTIC A L PR O PE R T IE S  O F TH E TOROIDALLY CURVED
ELECTRO STA TIC SECTOR FIE L D

3a: Assumptions; coordinate system .
The ca lc u la tio n  of the  ion t r a je c to r ie s  is  p e rfo rm e d  a long  the

sa m e  lin e s  a s  in the  p re c e d in g  c h a p te r . The fie ld  s tre n g th  w ithin
th e  fie ld  b o u n d a rie s  is  supposed  to  be independen t of the  path
c o o rd in a te ^ , o u tsid e  th e  b o u n d a rie s  it  is  supposed  to  be z e ro
d ropp ing  to  z e ro  a b ru p tly  a t th e  b o u n d a rie s . T he e ffec t of f r in g ­
ing f ie ld s  is  n eg lec ted . In th is  c a se , th e r e  is  no im ag e  c u rv a tu re
n o r  a x ia l focusing  ac tio n  due to  th e  f r in g in g  f ie ld s  o th e r  than
the  e ffe c ts  t r e a te d  in c h a p te r  4. A gain, the  r e c t i l in e a r  p a th s
m  the  fie ld  f r e e  o b jec t and im age  sp a ce  w ill be supposed  to
co incide  w ith  th e  tan g en ts  a t th e  b o u n d a rie s  to  the  t r a je c to r ie s
in the  fie ld  reg io n . J

TOROIDAL
CONDENSER

IMAGE SPACE
OBJECT SPACE

Fig. 6. Toroidally curved electrostatic sector field.

The arrangem ent is  illu stra ted  sch em atica lly  in F ig . 6. The
m ain path is  supposed to be c ircu lar  with radius r . The m e ­
dian plane is  supposed to be a plane of sym m etry  for the e le c ­
trosta tic  potential. The equipotential surface containing the
m ain path is  (in general) not cylindrical; it m aybe approxim ated
by a part of a toroid . The radius of the "extra" toroidal cu rva ­
ture of th is equipotential su rface, norm al to the m edian plane
is  denoted by Re . Re is  taken p ositive  if the equipotential surface
is  convex with resp ect to the toroidal curvature to the sid e of
in creasin g  radius r . In F ig . 6, Re is  p ositive . To create  such
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a toro id a lly  curved e lec tro sta tic  fie ld , a pair of toro ida lly
curved d eflecting  e lec tro d es is  required , the shape of which
w ill be indicated in the fo llow ing chapter.

Within the d eflecting  fie ld  region , the ion tra jec to ry  w ill again
be ex p ressed  in the d im en sion less coordinates: norm al co o r-
d inateu  = (r - re ) / r e; b inorm al coordinate v = z / r e : path c o o r ­
dinate w = i). In the object and im age space, the tra jec to r ies
are exp ressed  in the cartesian  coordinates Xj, y i ,  Zp and X2 ,
y 2, z 2, re sp ec tiv e ly , the orig in s being located at the points of
entry"and exit of the m ain path.

3b: First and second order approximation of the ion trajec­
tories.

The reason ing is  analogous to that in the preceding chapter.
Again the tra je c to r ie s  are defined by the E uler - Lagrange
equations (2, l ) - (2 ,  2). In the exp ression  (2, 3) for F , how ever,
we now have A w = 0, and*>/Uis a function of u and v. The c o e f­
fic ien ts  Fj- in the expansion (2 ,5 ) for F  now depend on *>/U.
The zerothforder approxim ation is  presen ted  by (2, 7); the f ir s t
order approxim ation sa tisfy in g  the boundary conditions (2 ,15)
is  given by (2, 16)-(2 , 17). The exp ression  (2 ,24 ) with (2,25)
for the second order approxim ation applies a lso  to th is ca se  if
the param eters in (2, 25) are sp ecified  appropriately.

3c: Correlation with the shape of the electrostatic field.
The potential 9 in the neighbourhood of the m ain path u = v = 0

m ay be expanded in a pow er s e r ie s  in u and v:

f  (u, v) * A fc u S r * . (3 ,1)
i,k=0

w here the sym m etry  with resp ec t to the m edian plane excludes
term s with odd pow ers of v. R elations between the coeffic ien ts
Alk follow  from  the condition that in the abscen ce of space charge
(which is  assum ed  here), v should sa tis fy  L ap lace's equation:

V 2* = 0, (3, 2)

which reads in the coordinate sy stem  (u, v, w):

921» 92? 1 d9
------+ ------ + ------------= 0. (3,2a)
9u2 9v2 1 +u 9u

W riting instead of the coeffic ien ts A ik su itably chosen c o e f­
fic ien ts  E, E , ,  E 2, . . . .  which ex p ress  the re la tion s between
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th em  d e r iv a b le  f ro m  (3 ,2 )  o r  (3 ,2 a ) ,  we m a y  w r i te  fo r  f .
(Griim m  18)

'  (3 ,3 )
= U -  E u -  l E j U 2 + ^(E + E j J v 2- ^ E 2u3 - £ ( E - E 1- E 2)uv2+ . . .

The e le c t r o s ta t ic  f ie ld  s t r e n g th  ë  is  defined by:

ë  = - g rad  , (3, 4)

and thus  i t s  com ponents  E u, E v, a r e :

E u (u ,v )  = E + E lU + i E 2u 2 + i f E - E ^ E ^ v 2 + . . .  (3 ,5 )

E y(u, v) = - (E  + EJ )v + (E - E j+ E g  )uv + . . .  (3 ,6 )

C a lcu la tions  of the  p o ten t ia l  d is t r ib u t io n  in a  to ro id a l  conden ­
s o r  have been pub lished  by  H achenberg  11, S va r tho lm  16, and
A lb rec h t  12,13, w h e re a s  a s im p le  d e r iv a t io n  w ill  be p re s e n te d
in the  following c h a p te r .  If we define:

c = r e / R e . (3 ,7 )

and:

R; =  O R / 8 r ) r=re>z=0 (3,8)

w here  R r e p r e s e n t s  the  r a d iu s  of the  to ro id a l  c u rv a tu re  of an
equ ipo ten tia l  s u r f a c e  n e a r  the  m ain  path , then  the  coeff ic ien ts
E , E j ,  E 2, m a y  be w r i t te n :

E = r e E 0 ;
E i  = - r e E0 ( l + c ) ;  (3 ,9 )
E„ = r e E 0( 2 ( l + c ) + c 2 (1 + R;)}.

F r o m  (3, 3), (3, 9), it  fo llows tha t  the  coeff ic ien ts  in (2, 5)
equal:

■ f i / l  -  C +  r B E 0 }
2U J
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F„„ = i  r e^o / l  + c - c2 (1 + R' )+ 3c r e E o -  3f 1*c
30 6 2U I  e 2U V 2U )  J

i r g E fi{c2( l +  R'e )

i ( l  + l£).
2U J

(3 ,10)

If a l l  ion s  have the  sa m e  m a s s  m Q and c h a rg e  e, and if  a
v e lo c ity  s p re a d  is  allow ed  a c c o rd in g  to :

v = vo ( l + 0 ) ,  (3 ,37)

which is  then  equ iva len t to :

U = U0 ( ^ ) 2, (3 ,11 )

we se e  fro m  (2, 7), (3, 10) and (3, 11), th a t:

( r e E o /2U ) = (1 + 0 )-2 . (3 ,12 )

and

F 20 = ( l + ^ ) ‘2 ( i c - l  + /3 - | / s 2+ . . . ) ;
F 02 = i ( l  +  0)*2 (~ C Y‘

Fr  30 = i  (1 + /3)2| l  + c -  c 2 ( l + R ; ) + 3 c  (1 + P)-2 -3 (1

Fr  12 = ( l+ |3 ) -2 . i { - c  + c 2 (1 + R' ) -  2 c pg + 3c|32- . . .

g = * { l  + ( l+ A ) ’*}.

F r o m  (2, 24)-(2 , 25) and (3, 13) we find the  r a d ia l  second  o rd e r
ap p ro x im atio n  fo r  the  ion t r a je c to r ie s :

u = (w) = D 1u 0 + D2ar + D30 + D n  u 02 + D12 uQar + D 22 a 2 +
+ D 13u 0/3 + D23Ü-0+ D 330 2 + Du v* + D 4Sv0az + D 55o-z2,

(3 ,14 )

w h ere , w ith  the  a b b re v ia tio n s :

k  -  (2 -  c)*; w* = kw; w t = c* w ;
T= 3 c - 3 - i c 2 (l + R |,); A = c + c a (l + R'e );

(3 ,15)
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D j * c o s  w*; D2 = K*1 s in  w*:
D 3 -  2 k ' 2 (1 -cos w* ) ;

D n  = 3 {(2 r - »£2 ) -  (T + k2) c o s  w* -  ( r -  2 K2) c o s 2 w * };
D 12 *"3 (2 (r “ 2 ic2) s in  w* (1 - c o s  w *)};
D 22 = 3 <C' 4 { (r+K 2) -  (2 r - K 2 )c o s  w* + ( r -  2 ic2) c o s 2 w *};
^13  “ ï  K 4 1*4 (2T - k2) + 4 ( r+  k2) c o s  w* + 4 (T -  2 ic2) c o s2w* +

+ (6r + 3 ic2 + 3ic4) w* s in w * } ;
^23  ~ 3 K 5 ((2T +  l l ic 2 + 3 K4) s in  w* + 4 ( r -  2ic2) s in  w* c o s  w* +

- (6 T + 3ic2 + 3 ic4) w* c o s  w*};
D 33 ie' 6 {(20T+20IC2 + 3ic4 ) s in  w* - (1 6 r  +28ic2 + 3k4) cos w* +

- 4 ( T - 2 ic2) c o s 2 w * -  ( 1 2 r  + 6K2 + 6ic4) w * s in w * ) ;
D 44 1 iic  2 (2 -  5c) 1A {ic2c o s 2 w t - (2 - 3 c )c o s  w * -2 c) +cic '2(cos w * - l ) ;
D 45 = (2 - 5c ) ”1 a (c "* s i n w t c o s w t  - k ' 1 s in  w* );
D 56 “ i K 2 c "X (2 ” 5c )-1A {- ic2c o s 2 w t  + 2 c c o s  w* + (2 -  3c)} +

+ K*2 (cos W* -  1).

(3 ,16 )

3d: Imaging properties of the toroidally curved electrostatic
sector field.

For the ca se  of plane boundaries and norm al incidence and
exit of the m ain path, the re la tion s of the p aram eters in the
object space and the boundary conditions read , s im ila r  to (2 , 43):
(See F ig . 7)

Equipotential
surface 1f=o

Fig. 7.

u 0 = ( i; /r e )«e ; “ = «e + u ; /r e K 2 ; (3, i? )

Vo = ^ r e K e + { / ^  + (1l / re K V
From  rela tion s s im ila r  to (2, 44)-(2 , 46) we find the radial

second order approxim ation of the ion tra jec to r ie s  in the im age
space:
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y 2 = re (Kjtte  + K20 +  K n ore + K 1 2 + K 22P +

+  K  33a ze2 +  K  34 " z e  « > /r e ) +  K 44 ( « / r e )*  )  +
+ X 2 {Li  + L 2/3 + L 1 1 ^ ^ +  L i 2Qe  ̂+ L 22 0

+  L 3 3 Qze2 +  L 3 4 °z e  ( 6/ r e )  +  L 4 4 ( ö / r e ) 2 ) i

and the  f i r s t  o r d e r  a x ia l a p p ro x im atio n :
(3 ,18 )

z 2 = re { /73 « ze +■ n 4 («y' r e )} +  X 2 <P3 ‘» z e +  P4 ( ö / r e ) ï  • ( 3 , 1 9 )

T h e  c o e f f i c i e n t s  K j ,  L j , I I i , P j ,  a r e g i v e n  b y :

K i  " « l a W W 1 K 2 =K 2ai

K i l  " K l l a + * l l b < l,. / r e> ' + “ l i e

S
II

*12a+ * l2 b  (p e / r e  )* ^ 2 2  ’ *  22a' ( 3 ,  2 0 )

K 33 “ K33a+ *33b (P  / r e ) + *33c Q ' J r e  ) 2 ‘

II

C
O

*

*34a+ *34b (P / r e  ^ K 44 = * 4 4 a

L i  = X ia  + ^ l b ^ / r e ) ' ^  2 X 2a*

L 11 = * l l a +  X u b ( i ; / r e ) +  X i i c ( lè  /  r e )2 *

IIC4 X 12a +  ^ - 1 2 b ^ e / r e ) ’ L 22= X 22a* ( 3 , 2 1 )

L 33 = ^  33a +  X 3 3 b ( lg / r e  ) +  X 33C ( l g / r e  ̂ '

L  34 = X 34a +  ^ 3 4 b (1 'e / r e ^ ’ L  44= X 44a*

n *l = ' s a +  ,r3b (1é / r e  >: ^  4 = *4a • ( 3 , 2 2 )

P 3 = ?3a +  ^3b ^ 'J r e  î P 4 * P 4 a - (3 ,  2 3 )

In c a se  of n o rm a l in c id en ce  and ex it of th e  m ain  path  a t p lane
b o u n d a rie s , th e  co e ff ic ien ts  k j, Xj, jri3 and Pj, a r e  g iven by Jcj,
X .,? ., and p. re s p e c tiv e ly , w hich re a d  w ith the  a b b re v ia tio n s :

(2-c)±; -  K<b > $1" ■■ d ó  ;

T= 3 c - 3 - |c 2 ( 1 + R '); c+cz (i + r ;>.
(3 ,24)
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Ku  * (t*1 s in * * ;  i lb “ cos  *e*;
*2a “ 2k** (1 -COS * * );
« n a  = -iK‘4 {(r  + <c2) - ( 2 r - i c 2)cos<A* + (r -2 ic 2 ) c o s 2*e* } ;
£ llb = | * " 3 { ( 2 r - K2) s i n * *  -  2 (T -  2<t2 ) sin ** c o s * * } ;
* i ic  = -SK*2 { (2 r - ic2) - ( r + K 2 ) c o s * *  - ( r - 2 i c 2) c o s 2* * } ;
* i 2 a = i K"5 { ( 2 r + l U 2 + 3ic4) s i n * *  + 4 ( r - 2 ic 2 ) s i n * *  cos  ** +

-  (6 r+ 3 * 2 +3#c4 ) ** c o s * * } ;
k i 2 b - i< c -4 ( -4  ( 2 r - *2 ) + 4 (r+  IC2) COS 4* +4  ( r -  2.C2 ) c o s 2** +

+ (6r+  3(C2 + 3k4 ) ** s in  *e* };
K 2 2 a = -§k'6 {(20r+20K2 + 3 k4 ) -(1 6 r + 2 8 it2 + 3k4 ) c o s** +

-4 (r -2 ic2) cos2** -  2 (6r+  3#c2 + 3k4) ** s i n * * } ;
jc 3 3 a « i ic - 2 c -1 (2-5C)’1 A{-(c2c o s 2*e t  + (2 c ) c o s * *  + (2 -3 c )}  +

+ k‘2 (cos **  -  1);
*33b “ *34» “ (2 -5 c ) ‘1A{c*1 s in * e t  c o s * e t -  K - i s i n * * } ;
K s  Ir s i  k . s* 33c 44a 2 34b

* ^ k-2 (2 -5 c )-1 A{<c2c o s 2*e t  - ( 2 - 3 0 ) 0 0 8 * ^  -2 c )  +

+ cit-2 ( c o s * *  -1). ( 3 , 2 5 )

> u  * c o s  * *  ; \ b *  - *  s i n  * *  '■
= 2k' 1 s in  *e* ;

Xua = 1 k"3 { (2 T - k2) sin ** -  (2r -  k2 ) sin  *e* cos  *e*};
\ nb  =2ic‘2 {-2 (2T- k2 ) c o s 2*e* + (2T- k2 ) c o s  *e* + (2T- (c2)};
Xllc « i n -1 ((r+(c2 ) sin * *  + (2 r - (c 2 ) s i n * *  cos  **};

a - t ' 4 {4 ( 2 r - ie 2 ) c o s 2* *  - 2 ( 2 r - i c 2) c o s * *  - 2 ( 2 r - K 2) +
+ (6T+3k2 + 3 k4) * * s i n * * } ;

X - -U " 3 {(2r+5K2 +3K4) s i n * *  - 4  ( 2 r - k2 ) sin  * e* c o s * *  +
+ (6r+  3k2 + 3(c4) * * cos  *e*};

X22l . I k ' 5 {(4r+10ic2 -3»c4 ) s in  *e* + 4 ( 2 T - k2) sin *e* c o s  * * +
-  2 (6r+3(t2 +3ic4) * e* c o s * e* };

3 3 a ■ (2 -5c)-1 A(c*^ sin *et  co s  *et  -  k"1 sin  *e*}  - k-1 s in  * e* ;
33b * ^34»" (2-5c)‘1A { 2 c o s 2* t - c o s * e* - 1 ) ;

33c “ *44a *  ̂*34b “
= (2-5c)"1 A {—c  ̂sin  *et c o s  *e  ̂+^-(2-3 c) k"1 sin  *e*}+

-  2dc-1 s in  *e* .

( 3 , 26 )
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= c ‘i  s in  0 J  ;
o d  6

*3b *  *4a = ^ 3 a  =

P 3b "  ? 4 a  =  - C *  S ̂ s in  0 1.e

cos 0 1 ; (3 , 27)

R eta in in g  th e  s y m m e try  w ith r e s p e c t  to  th e  m ed ian  p lane ,
oblique in c id en ce  a n d /o r  ex it could be r e a l is e d  by m ak ing  the
s e c to r  ang le  of the  e le c tro d e s  d iffe re n t fro m  th a t of th e  m ain
path . H ow ever, th is  w ould co m p lic a te  the  defin ition  of the
"b o u n d a ry "  c o n s id e ra b ly , a s  it would in tro d u ce  a f ie ld  c o m ­
ponent Ew p a r a l le l  to  the  m ain  path . In the  p rev io u s  c a lcu la tio n s
th is  com ponent E w w as a ssu m e d  to  be z e ro .

A cu rv ed  b o u n d ary  w ith the  a x is  of the  c u rv a tu re  n o rm a l to
th e  m ed ian  p lane , would a lso  in tro d u c e  c o n s id e ra b le  c o m p lic a ­
tio n s , and would be f a r  fro m  e a sy  to  r e a l i s e  in p ra c t ic e .

H ow ever, a  c u rv ed  b oundary  w ith the  a x is  of c u rv a tu re  in
the  m ed ian  p lane  m ay  be r e a l is e d  re a d i ly  by  shap ing  the  ends
of the  d e flec tin g  e le c tro d e s  c o rre sp o n d in g ly .

U nlike w ith th e  m ag n e tic  s e c to r  fie ld , the  fr in g in g  f ie ld s  h e re
do not p ro d u ce  e ffe c ts  w hich a r e  independen t of th e i r  shape,
a s  the  f i r s t  o r d e r  a x ia l  fo cusing  and im age  c u rv in g  e ffe c ts  in
the  m ag n e tic  c a se . T h e re fo re , th e i r  in flu en ces  a r e  fu lly  w ithin
the  scope  of c h a p te r  5, and need  not be d isc u s s e d  h e re .

We w ill now d isc u s s  th e  e ffec t of a  cu rv ed  e n tra n c e  boundary
a s  shown in F ig . 8. I ts  ra d iu s  of c u rv a tu re  R j is  sa id  to  be
p o s itiv e  if  the  b oundary  is  convex to w a rd s  f ie ld - f re e  sp ace ,
a s  it  is  in  F ig . 8. F ro m  c o n s id e ra tio n s  analogous to  th o se  u sed
in the  p re c e d in g  c h a p te r  (König and H in te n b e rg e r33), it m ay
be s e e n th a t th e  ions a r e  su b jec ted  to  an e x tra  ang le  of d e f le c ­
tion  6,:

Fig. 8. Curved entrance boundary.

A v o (3 , 28)
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A s ój is  s m a ll  of second  o rd e r ,  i ts  in fluence  is  accoun ted  fo r
if  we re p la c e  a a in (3, 18) by  a  *:

“ e " a e +  6 U (3 ,29 )

and V in (3, 20)-(3 , 21) by 1J*:

1«* = 1 ' a  / a * .e e e ' e (3, 30)

S im ila r ly , a  cu rv ed  ex it b oundary  w ith ra d iu s  R n
an e x tra  ang le  of de flec tio n  62 a t the  ex it s id e :

p ro d u ce s

6 = _ i v (<*e)2 r e2 2-------------» (3 ,31 )
R ji

w hich g ives  r i s e  to  an  ad d itio n a l te r m  - x 2ó2 a t the  r ig h t hand
s id e  of (3, 18). C om bining  th e s e  a rg u m e n ts , we s e e , th a t the
co e ff ic ien ts  Kj, X j, Wj, p t, f o r a  to ro id a l  co n d en so r w ith cu rv ed
b o u n d a rie s  m a y b e  e x p re s s e d  in  the  c o rre sp o n d in g  co e ffic ien ts
fo r  p lane  b o u n d a rie s :

*  la a  « la > lb  a  *  ib  » *  2a ~  *  2a J K 11a = *  11a ;

K l ib = « l ib • *  11c *  * l l c  , K 12a = *12a » *  12a = K 12b :

K 22a *  K22a » K 33a *  K 33a ' K 33b = K34a = *  33b >

*  33c = *  44a = 34b = k 33c +  K la  ( r e / R j ) • ( 3 ,  3 2 )

^ l a = ‘̂ l a  * X lb  a X y , * X 2a = X 2 a ' X 11a ” X n a »

* l l b  = X n b  '• X l i e  "  X H e  •  \ 12a X i 2a '  X 12b “  X 12b »

* 2 2 a  = ^22a • X33a “ X  33a +  * 5r3a2 ( r e / R n );

*-33b = ^34a = ^ 3 3 b  +  ^ 3 a Jr3b ( r e / R n );

-33c = ^44a = 2 X 345  -  X 33c + £ X la (r e /  R l ) +  i  ^ 3 b 2( r (e / R XI>-
(3 ,33 )

» 3 a *  1?3 . '  * 3 , = tt = 0  =
lb 4a M 3a ^ 3 b '  P 3b *  ^ 4 a  "  ^  3b " (3 ,34 )

The focusing  p ro p e r t ie s  of th e  to ro id a l  co n d en so r a s  e x p re s s e d
by (3, 18)-(3 , 27) a r e  equ iva len t to  th e  e x p re s s io n s  d e riv e d  in
a d iffe re n t m an n e r by Ew ald and L ieb l 10 . E s s e n tia l ly  the
sa m e  m ethod fo r  the  c a lc u la tio n  of the  e ffec t of cu rv ed  boun­
d a r ie s  w as u sed  by L ieb l and E w a ld 38, who sp e c if ie d  th e ir
r e s u l t  to  the  c a se  L ]= 0 , w hich condition  is  m et in  m o st m a s s
s p e c tro g ra p h s  fo r  p h o tog raph ic  d e tec tio n .
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3e: D iscussion.
A nalogous to  se c tio n  2g in  th e  p re c e d in g  c h a p te r , we se e  th a t

f i r s t  o r d e r  r a d ia l  d ire c tio n  fo cusing  o c c u rs  a t the  r a d ia l  im age
d is ta n c e :

1" = - r  (K  / L  ),
e e l  1

(3 ,35 )

w hich m ay  be e x p re s s e d  in  the  conven tional fo rm :

a ;  -  g ')  a ” -g " )  = f 2. (3, 36)

w h e re : (Ew ald en L ieb l 9 )

, „ co t ^ *g . = g" = r e -----------;
K

(3 ,37 )

f  = re (3 ,38 )
k sin<j>*

In a x ia l d ire c tio n  f i r s t  o r d e r  d ire c tio n  focusing  o c c u rs
a x ia l im ag e  d is ta n c e  1'^, :

a t the

1" = - r  (ZT / P  ),ze e o o (3, 39)

w hich is  eq u iv a len t to :

(1' - g ' ) (l"  - g") = f  2;'z e  &z '  '  ze 6 z '  z ’ (3 ,40 )

, „ c o t ^ J .gl = g" = p -----
6  z z e ,C t

(3 ,41)

f ____Es_____
z c l  s in

(3 ,42)

T he v e lo c ity  d isp e rs io n  fo r  a  beam  of ions of th e  sa m e  m a s s  -
to  - c h a rg e  r a t io , p e r  un it 6 v /v 0 = p , eq u a ls :

D v = r e { K  2 - (K 1 / L 1 ) L 2}. (3 ,43 )

A nalogous to  (2, 93)-(2 , 94) and (2, 97)-(2 , 98), we have:

M * L . ;ang 1
(3 ,44 )

M lat 1/1*1$ (3 ,45)

M z = P „; (3 ,46 )
ang 3
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M 2 = l / P  .m  lat  ' 3  ’ (3 ,47 )

The im ag e  b ro ad en in g  w ith a  m o n o en e rg e tic  ion b eam , a t
the  im age  d is ta n c e  l" , due to  the  second  o r d e r  a n g u la r  a b e r ­
ra tio n  eq u a ls :

A l l « e 2 = r e { K l l -  (K l / L l>L l l } “ e2 ; ( 3 . 4 8 )

due to  th e  s a g it ta l  second  o r d e r  a n g u la r  a b e rra tio n :

A 33“ ze2= r J K 33- (K l / L  1>L 3 3 ^  ' (3 * 4 9 )
due to  th e  a g a m m atism :

A 34a ze  ( ^ / r e ) = r e {^34 " (K i / L j  ) k 34} ); ( 3 , 5 0 )

and due to  th e  im ag e  c u rv a tu re :

A 44( 6 / r e ) 2 = r j K ^  -  ( K j / L j J L j  ( ó / r e ) 2 . ( 3 ,5 1 )

F o r  an  ion b eam , tra v e ll in g  in  the  o b jec t sp a ce  p a ra l le l  to
th e  m ed ian  p lane  (a  =0), th e  ra d iu s  of c u rv a tu re  of the  im ag e
Rim is  found by e lim in a tio n  of ( 6 / r e ) f ro m  (3, 19) and (3, 51):

R * Ph- P V L .tP j2
KM-(K,/Li^44

(3 ,52 )

W h ereas  c u rv a tu re  of the  b o u n d a rie s  of a  m ag n e tic  s e c to r
fie ld  a ffe c ts  the  second  o r d e r  a b e r r a t io n s  in  the  m ed ian  p lane
( i .e .  th o se  p ro p o rtio n a l  to  arm2, to  amf3, and to  02), w ith an
e le c tro s ta t ic  s e c to r  fie ld  it  a ffe c ts  the  re m a in in g  second  o r d e r
a b e r r a t io n s  o u ts id e  the  m ed ian  p lane  (i. e . th o se  p ro p o rtio n a l
to  a^e2, to  a ze ( 6 / r e ), and to  ( 6 / r e )2). It w ill be shown in
c h a p te r  6, th a t th is  s ta te m e n t r e m a in s  v a lid  fo r  a  tan d em  a r ­
ran g e m en t of an  e le c tr o s ta t ic  s e c to r  fie ld  p lu s  a  m ag n e tic
s e c to r  f ie ld  w ith a  com m on m ed ian  p lan e . At le a s t  in  p r in c ip le ,
fo u r of the  s ix  re le v a n t second  o r d e r  a b e r r a t io n s  m ay  be e l i ­
m in a ted  by a su ita b le  cho ice  fo r  th e  r a d i i  of c u rv a tu re  of the
b o u n d a rie s .

T he g e n e ra l  c a se  of the  to ro id a l  co n d en so r c o m p r ise s  two
im p o rta n t sp e c if ic a tio n s . One of th e s e  is  the  spherical conden­
sor, w ith  c • ■ R£ * +1. It p ro v id e s  s tig m a tic  focusing , a s  the
ra d ia l  and the  a x ia l  im ag e  co inc ide .

T he second , m o re  w idely  u se d , sp e c if ic a tio n , is the cylindrical
condensor, (c « 0; R ;  « +1). E x p re s s io n s  fo r  the  co e ff ic ien ts
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jq, Xi, fo r  th e  m ed ian  p lane  of a  c y lin d r ic a l  e le c tro s ta t ic  s e c ­
to r  f ie ld  w e re  p u b lish ed  by H in ten b e rg e r  and KOnig 35; th e ir
r e s u l t s  a r e  id e n tic a l to  (3, 25)-(3 , 26) w ith the  a p p ro p r ia te  s p e ­
c if ic a tio n s  .

3f: Sym m etric arrangement.
In an  a r ra n g e m e n t w h ere  the  o b jec t and im age  d is ta n c e s  a r e

equal, and w h ere  th e  p lane  w = <̂e /2 is  an  a d d itio n a l p lane  of
sy m m e try , we have:

p  = i» = ~ c o t (<!>*/2) .
e 6 K

(3, 53)

(2, 109)

4 r .  Ik (3 ,54)

If the  co n d e n so r is  a lso  c y lin d r ic a l, c=0 and kb\ /2, and th u s:

i, = = co t (d>J \/2) (3 ,55 )

(3 ,56 )



C H A P T E R  4

SHAPE O F TH E PO L E  SHOES AND D E FLEC TIN G
ELECTRO D ES

4a: The scalar magnetic potential.
The s c a la r  m ag n e tic  p o te n tia l 9m is  r e la te d  to  th e  m ag n e tic

fie ld  s tre n g th  ë  th ro u g h  i ts  defin ition :

S  = -  g ra d  , (4, 1)

w hich d e te rm in e s  excep t fo r  an  a d d itio n a l c o n stan t. We w ill
choose th is  co n stan t such  a s  to  m ake = 0 a t the  m ain  path .
Then <pm = 0 in the  m ed ian  p lan e , and is  a n ti - s y m m e tr ic
w ith r e s p e c t  to  th e  m ed ian  p lan e .

R e ta in in g  t e r m s  up to  th e  fo u rth  o r d e r  in  Ö, we find fro m
(4, 1) and (2, 27)-(2 , 32) w ith  (2, 34)-(2 , 35):

*> m /B  = - v  + nuv + ^ [X (l-n )-2 n ]u 2v - ^ [X ( l-n )-n ]v 3 +
-  C 3 u 3v  + [ |n -  |X ( l - n ) + C 3}uv3 +
-  C 4 u4v  +  { ” 2 n+6 X ( l - n ) + i C 3 + 2 C 4] u2v 3 +

+ [40n ” ife X ( l-n ) -  i s C3 " s C 4lv 5  + • • * (4 ,2 )

The so f a r  u n d e te rm in e d  co e ff ic ien ts  C 3 and C 4 define the
fo u rth  and fifth  o r d e r  co n tr ib u tio n s  to  the  s c a la r  m ag n e tic  p o ­
te n tia l , and a p p e a r  in  the  th ird  and fo u rth  o r d e r  a p p ro x im atio n
of the  ion t r a j e c to r i e s .

If the  p e rm e a b il ity  of the  po le  shoe m a te r ia l  is  v e ry  high,
th e ir  s u r fa c e s  a r e  v e ry  n e a r ly  eq u ip o ten tia l s u r fa c e s  fo r  the
s c a la r  m ag n e tic  p o ten tia l. We w ill s ta r t  w ith th is  a p p ro x im a ­
tion , and e s tim a te  th e  e ffec t of the  fin ite  po le  shoe  p e rm e a b i-
l i ty in  s e c t . 4d. At f i r s t  we w ill a s su m e  in fin ite  r a d ia l  e x te n ­
sion  of the  pole  fa c e s . T he d ev ia tio n s  cau sed  by  the  f in ite  e x te n ­
sion  a r e  s m a ll  a t a few gap w idths aw ay  fro m  the  ed g es. A
m ean s fo r  ex tend ing  the  u su ab le  reg io n  is  g iven in  s e c t . 4e.

In the  fo llow ing se c tio n  we w ill deduce the  r e q u ire d  shape of
the  po le  fa c e s  fo r  c re a tin g  a sp e c if ie d  fie ld  sh ap e , w h e re a s  in
s e c t . 4c we w ill deduce the  fie ld  shape  fro m  a  g iven  pole  face
p ro file .
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4b: Shape of the pole faces required fo r  the elimination of the
second order angular aberration in a sym m etrical arrange­
ment with normal incidence and exit at plane boundaries.

Inserting p = 0 in (2, 114), we find that A n  van ish es in th is
ca se  if:

X -  3 (1 —c o s <t>m ) (4 , 3 )
c o s  <t> * +5m

The second order approxim ation of the ion tra jec to r ie s  does
not ju stify  a p referen ce  for any of the infin ite num ber of fie ld
shapes differing only in the contributions of the third and higher
order ter m s C 3, C ., . . e tc . The pole face p rofile  for any of
th ese  fie ld  shapes is  best found by an itera tive  p r o c e ss . W riting
(4, 2) in the form :

*m/B  -  f j (u ) ,v  + f3 (u). v 3 + f 5 (u). v 5 + . . .  (4, 2a)

I  Apr-con (mm) E
+0.05

0  A - r

-75 -50
Fig. 9. Pole face profiles forn = 0.91; X = +0.22131; rm = 200 mm; 2b = 20 mm. I: Ca =
C4 = 0. II: C3 = -0.75348; C4 = +0.68563. The ordinates represent the differences in the
distances from the median plane between the profile and the conical shape for n = 0.91.
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and spec ify in g  the  c ir c le  u 0, v0 w hich should  be included  in  the
pole  face  in  q uestion , the  i te ra t io n  p ro c e e d s  a long :

F ig . 9 g ives  the  d ev ia tio n s  f ro m  the  co n ic a l shape  of two such
p ro f i le s .  W ith th e  s e c to r  ang le  ■ ir, and n = 0 .9 1 , A n
v a n ish e s  in  th is  c a se  if X = + 0 .22131 . T he c a lc u la tio n s  w ere
m ade a ssu m in g  r  m = 200 m m ; and a  gap w idth 2b = 20 m m .
T he a b s c is  is  the  r a d ia l  c o o rd in a te  r - r  m; th e  o rd in a te  is  th e
d iffe re n c e  in  th e  d is ta n c e s  f ro m  the  m ed ian  p lane  of th e  p ro file
in  q u estio n  and the  co n ic a l p ro file  r e s u l t in g  in  n=0. 91. Both
c u rv e s  la n d  II r e f e r  to  n=0. 91; X=0. 22131. I n i ,  C3 = C4 = 0.
In II , C 3 = -0 . 75348; C 4 = +0. 68563; th e s e  v a lu e s  o c c u r  in  the
fie ld  shape  betw een  co n ic a l po le  fa c e s  w ith  n ■ 0 .9 1 . With
c o n ica l po le  fa c e s , we have  X = 2n = 1. 82, a s  w ill be shown in
the  fo llow ing se c tio n , re s u l t in g  in  A n  * + 7 .2238 .

4c: Field shape with conical pole faces.
It w as d e m o n s tra te d  in the  p re c e d in g  se c tio n , th a t a lthough

in p r in c ip le  any  d e s ire d  fie ld  shape  m ay  be r e a l is e d  by a p p ro ­
p r ia te  shap ing  of th e  po le  fa c e s , v e ry  s m a ll  d ev ia tio n s  in the
pole  face  p ro file  r e s u l t  in s e r io u s  d ev ia tio n s  in the  fie ld  sh ap e .
T h e se  com plex  s u rfa c e s  a r e  d ifficu lt to  m ach in e  w ith th e  r e ­
q u ire d  p re c is io n .

A co n ic a l p ro f i le , how ever, can  be m ach ined  and m e a s u re d
w ith a  m uch  h ig h e r  p re c is io n . A cu rv ed  e n tra n c e  a n d /o r  ex it
b oundary  in  such  an  a rra n g e m e n t can  e lim in a te  th e  second
o r d e r  a n g u la r  a b e rra tio n .

F o r  th e  c a lc u la tio n  of the  fie ld  shape  betw een  co n ica l pole
fa c e s , we u se  aga in  th e  s c a la r  m ag n e tic  p o te n tia l r m. D efining
the  co n ica l p ro file  by:

we m u st find the  p a ra m e te r s  w hich s a tis fy  th e  eq u a tio n s :

*m(uo’ vo ) =  *mo '

m *mo/B ~ f 3 (u).Vn3 ~ fs(u )-v n5 ~ • •
f x(u)

(4 .4 )

v n+1 (4 .5 )

v = au  + b (4 .6 )

du I u=0,v=b u=0,v=b
(4 .7 )
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c|!
du 2 I u=0, v=b

- ( d 2r  /3 u 2 )(3*  /3 v )2- ( 3 2*> /3 v2)(3*> / 3u)2+2(32«» /3u3v)(3?m /3u)(3«> J 3 v )

(39 /dv)3
0.

u=0. v*b

(4 ,8 )
If we expand both a  and X in a  pow er s e r i e s  in  b, and equate

te r m s  w ith equa l p o w ers  of b a t both s id e s , we find fro m  (4, 7):

a  = nb + t e r m s  p ro p o rtio n a l to  b 3; (4, 9)

and f ro m  (4, 8):

X = 2n + t e r m s  p ro p o rtio n a l to  b 2 . (4, 10)

T he a c c u ra c y  of (4, 9 )-(4 , 10) is  am p ly  su ffic ien t fo r  n e a r ly
a l l  p r a c t ic a l  c a s e s .  M ore  a c c u ra te  e x p re s s io n s  a r e  (B oerboom ,
T a sm a n  and W achsm uth  39):

a s  nb + -^ n ( l - n ) b 3 + . . .  (4, 11)
6

X -  2 n + - n ( l - n ) b 2 + . . . (4 ,12)
3

C 3 = -  n 3 + ±n(l - n ) 2( l  +2n)b2 + . . . (4, 13)

C,  = n4 n (1 -n)2 (1 + 2n + 3n2 ) b2 + . . .  (4,14)
*  D

4 d : Influence o f the fin ite  perm eability  o f  the pole shoe m ateria l.
Due to th e  f in ite  p e rm e a b il ity  of th e  po le  sh o e s , th e i r  s u r fa c e s

need  not be eq u ip o ten tia l s u r fa c e s  fo r  th e  s c a la r  m ag n e tic  p o ­
te n t ia l .  R em anen t m ag n e tism  m ay  co n tr ib u te  to  th e  fie ld , but
it is  u n lik e ly  to  have a p p re c ia b le  in fluence  on th e  fie ld  shape
a t in d u c tio n s  above 1000 G au ss , w hich a r e  of m ain  in te r e s t  in
m a s s  s p e c tro m e try .

If th e  flux d e n s ity  a t  th e  t r a n s i t io n s  betw een  the  yoke and the
po le  sh o es  m ay  be a s su m e d  to  be hom ogeneously  d is tr ib u te d ,
th e  s itu a tio n  is  eq u iv a len t to  th a t w ith s lig h tly  th in n e r  pole
sh o es  w ith  in fin ite  r e la t iv e  p e rm e a b il ity  u, th e i r  th ic k n e ss
be ing  m u ltip lie d  by (u~l)/iu. If the  ex c ita tio n  c u r r e n t  is  in ­
c re a s e d  su ch  a s  to  r e s to r e  th e  d e s ire d  fie ld  s tre n g th  a t the
m ain  pa th , the  f in ite  p e rm e a b il ity  r e s u l ts  in  a  d e c re a s e  in the
e ffec tiv e  va lue  of n:

n eff
U-l

U
n

( u ~  oo)
(4 ,15)



- 5 7 -

The re la t io n s  (4, 11)-(4, 20) re m a in  v a lid  if  n eff is  su b s titu te d
fo r  n.

C om plica tions  a r i s e  due to  the  dependence  of th e  p e rm e a b i­
l ity  on the  induction . To get an  idea  of the  o r d e r  of m agnitude
of th is  e ffec t, le t u s  suppose  th a t the  pole  shoe  th ic k n e ss  is
about equal to  th e  gap w idth, and th a t in  a  la y e r  of about h a lf
the  po le  shoe  th ic k n e ss  a d jacen t to  th e  gap the  induction  c o r ­
re sp o n d s  to  th a t in  the  gap w h e re a s  in  th e  r e s t  of th e  po le  shoe
it is  hom ogeneously  d is tr ib u te d . T he fie ld  s tre n g th  in th e  m ed ian
p lane  is  ro u g h ly  in v e r s e ly  p ro p o rtio n a l to  the  d is ta n c e  of the
" v ir tu a l"  pole fa c e s , w hich h as  in c re a s e d  due to  the  f in ite  p e r ­
m e a b ility  of th e  " inhom ogeneous la y e r "  by the  fa c to r  n ! ( n ~  1).
C o n s id e rin g  only  the  f i r s t  o r d e r  te r m  in the  fie ld  shape  ex p an ­
sion , we find fro m  (2, 33):

n = -  -9-' ln B) » n  ( l - d ( l / / u ) / d ( l n  B ) \  (4 ,16 )
3 (In r ) (/u=const.) x '

F ig s . 10 and 11 r e p r e s e n t  1/ju and d (l/ju ) /d (ln  B) re s p e c tiv e ly
fo r  som e so ft m ag n e tic  m a te r ia ls  a c c o rd in g  to  the  m an u fa c ­
tu r e r s 's p e c i f ic a t io n s .  F o r  th e s e  m a te r ia ls  the  e ffe c ts  e x p r e s ­
sed  by (4, 15)-(4 , 16) a r e  n eg lig ib le  a s  c o m p ared  w ith the  in -
avo idab le  m ach in ing  in a c c u ra c ie s  in the  reg io n  betw een  100
G auss and the  induction  a t m ax im um  p e rm e a b ility .

____HYPERM  4
____VAC OFLUX 5 0
____TRAF0PERM N3
____VACOFLUXMASSIV
____HYPERM CO 35
+ ++HYPERMC0 50
........ARMCO

B  (O a u ss l

Fig. 10. 1/^t as a function of the induction of some soft magnetic materials, according to
the manufacturers’ specifications for the properly heat-treated condition. (Trafoperm and
Vacoflux: Vakuumschmelze A .G . , Hanau, Germany;Hyperm: Fried. Krupp Widia Fabrik,
Essen, Germany; Armco: Armco Corp., Middletown, Ohio, USA.)
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HYPERM U
VACOFLUX
TRAF0PERM N3
MAGNE TREINE IS EN S 3
HYPERMCO 35
ARMCO

Fig. 11. d(l/jU)/d(ln B) as a function of the induction for the same materials as in Fig. 10,
according to the manufacturers' specifications.

T h e se  p re d ic tio n s  w ere  te s te d  w ith an  a c tu a l se t of co n ica l pole
fa c e s . T h ese  pole  fa c e s  w ere  m ounted  w ith a  gap w idth 2b=22 m m
at th e  ra d iu s  of th e  m ain  p a th  r m = 200 m m , and ex tended  r a d ia l ­
ly  to  -28 m m  a n d +32 m m  f ro m  th e  m ain  pa th . (F ig . 1 2 .)  T he cone
ang le  w as c a lc u la te d  to  ob tain  n = 0. 91. T he pole  fa c e s  w ere
v e ry  c a re fu lly  m ach in ed , h ea t t re a te d , and ground fro m  T r a -
fo p e rm N -3 , w h ic h is a 2 .  9% S i-F e a l lo y , m ade  by  the  V akuum -
s c h m e lz e , H anau, G erm any .

Spacing ring Main path
Correction turnsWater cooling

Pole shoe

rm *200

Fig. 12. Radial cross section of the pole shoe mounting. On the pole faces water cooled,
copper disks are shown, carrying the correction turns discussed in sect. 4e.
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T he fie ld  shape  w as m e a s u re d  w ith a H all g e n e ra to r  (S iem ens,
Type FA 21), w ith a  sp e c if ie d  se n s it iv e  a r e a  of a p p ro x im a te ly
1 . 5 x 3  m m 2. In th e  m ounting  in  th e  p rö b e , the  la r g e r  of th e se
two d im en sio n s  w as in r a d ia l  d ire c tio n . The p o sitio n  of the
s e n s it iv e  a r e a  w as e s ta b lish e d  by m oving  the  p ro b e  betw een
two opposed  m ag n e tise d  sew ing  n e e d le s . By c o m p a riso n  of the
re s u l t in g  s ig n a l a s  a  function  of p ro b e  p o s itio n , w ith the  c a l ­
cu la ted  fie ld  betw een  two opposed  m ag n e tic  c h a rg e s  a t a  d i s ­
tan c e  of the  n eed le  t ip - to - t ip  d is ta n c e  p lu s  tw ice  th e  tip  ra d iu s ,
the  e ffec tiv e  ex ten s io n  of th is  s e n s it iv e  a r e a  in r a d ia l  d i r e c ­
tio n  w as found to  be s m a l le r  than  0 .3  m m . T he re a d in g s  w ere
taken  a s  poin t re a d in g s .

T he p a r t ic u la r  H all g e n e ra to r  w as c a lib ra te d  a g a in s t p ro to n
re so n a n c e . A ttem p ts  w ere  m ade to  m in im ise  te m p e ra tu re  f lu c ­
tu a tio n s  by  th e rm a l  in su la tio n  of th e  p ro b e , which w as not t h e r -
m o sta te d , how ever. No te m p e ra tu re  c o rre c tio n  was app lied .
To re d u c e  th e  in te rn a l  h e a tin g  of th e  p ro b e  and the  th e rm a l  lag
th ro u g h  the  change in  r e s is ta n c e  in v a ry in g  f ie ld s , the  H all
g e n e ra to r  w as supp lied  w ith on ly  20 m A, c o n tro lle d  by m e a s  -
u r in g  th e  v o ltage  developed  a c ro s s  a  100 Ohm r e s i s to r  w ith
a  p re c is io n  c o m p a ra to r . The H all s ig n a l w as c o m p ared  w ith
a  v o ltag e  d e riv e d  fro m  a  m e rc u ry  c e ll  w ith an  a p p ro p r ia te
s e r ie s  r e s is ta n c e  th ro u g h  a  "D ekapot" decade  p o te n tio m e te r
w i th lO p .p .m . re so lu tio n . A H e w le tt-P a c k a rd  M odel 425A m i ­
c ro -v o l t- a m m e te r  w ith a  s e n s i t iv i ty  of ± 10 /uV f. s . d. s e rv e d
a s  a  nu ll d e te c to r . By v e ry  c a re fu l  sh ie ld in g , u s in g  sh ie ld ed
b a tte r ie s  fo r  th e  p ro b e  c u r r e n t  and the  c o m p a ra to r  c u r r e n t  and
a  m oving  co il g a lv a n o m ete r  fo r  the  n u ll d e te c to r  in  the  c o m p a -

Fig. 13. The "error-curve" ofthe field shape, (1 + 0.91u)B/Bo - 1, as a function of r -  rm;
a: without correction turns; b: with the current distribution through the correction turns as
shown in Fig. 15.
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r a t o r , th e  to ta l  n o ise  and s h o r t  t e r m  in s ta b il i ty  could be red u ced
to a b o u t ± 0 . 5  /uV, c o rre sp o n d in g  to  an a c c u ra c y  of 1 : 2 x 104
a t 10 k ilo G au ss , o r  1 : 2 x 103 a t  1000 G au ss . The vo ltage  of
the  m e r c u ry  c e ll  w as found to  be c o n stan t to  about 1 : 105 o v e r
th e  tim e  needed  fo r  the  m e a su re m e n t of about 30 po in ts  of the
fie ld  sh ap e . T he m agne t c u r r e n t  w as a lso  checked  on the  c o m ­
p a ra to r ,  and found to  be c o n stan t to  about 1 : 2 x 10 4 o v e r  the
sa m e  p e rio d .

F ro m  (4, 9 )-(4 , 14) it  fo llow s th a t the  fie ld  shape  betw een id ea l
co n ic a l po le  fa c e s  is  g iven by B / B 0 = 1 /(1 + nu), w here  u =
(j* -j* ) /  *̂ m *

T he " e r r o r - c u r v e " ,  (1 + 0 . 9 1  u )B /B 0 - 1, a s  a  function  of
r - r _ ,  w as found to  be independen t of the  induction  a t  the  m ain
p a th B  , w ith in  the  a c c u ra c y  of the  m e a s u re m e n ts , f c r  in d u c ­
tio n s  fe0 f ro m  1000 G auss to  12 k ilo G au ss . W ithout any  c o r ­
re c t in g  dev ice  fo r  the  f in ite  r a d ia l  po le  face  ex ten sio n , a reg io n
of about 7 m m  in r a d ia l  d ire c tio n  c o rre sp o n d e d  to  the  th e o r e ­
t ic a l  p re d ic tio n  w ith in  the  a c c u ra c y  of th e  m e a s u re m e n ts .

4e: Influence o f the fin ite radial extension of the pole faces.
C alc u la tio n s  and m e a s u re m e n ts  40-43 have shown, th a t the

in fluence  of the  edges is  n eg lig ib le  a t a  few gap w idths aw ay
fro m  th e  e d g es. See a ls o  F ig . 13. W ith a  gap w idth 2b m uch
s m a l le r  th an  the  ra d iu s  of de flec tio n  r m, one m ay  d isc u s s  the
e ffec t of one edge independen t of the  o th e r .

In F ig . 14, tw o c u rv e s  B z /B 0 a s  a  function  of th e  ra d iu s , a r e
show n, tak en  fro m  th e  m e a s u re m e n ts  of S e p tie r  44 on p lane
p a ra l le l  po le  fa c e s . One of th e s e  a p p lie s  to  the  m ed ian  p lane
z = 0, the  o th e r  to  z = ± 0. 8 b. If one is  only  in te re s te d  in e x ­
ten d in g  the  re g io n  w ith a p p ro x im a te ly  the  c o r r e c t  fie ld  shape
in the  m ed ian  p lan e , one m ay  d e c re a s e  the  gap w idth n e a r  the
edge to  c o m p en sa te  fo r  the  d e c re a s e  in  Bz / B 0 (F is c h e r  20 ),
o r  app ly  a lte rn a t in g  r id g e s  and g ro o v es  (M ates 45, Z i lv e r ­
schoon 46 ). O u ts ide  th e  m ed ian  p lane  th is  p ro c e d u re  is  e s ­
s e n tia l ly  in c o r r e c t ,  how ever.

Som ew hat s im i la r  o b jec tio n s  m ay  be m ade a g a in s t the  u se  of
ta n g e n tia lly  a r ra n g e d  c o rre c tio n  tu rn s  on the  pole fa c e s . T h is
d ev ice  p re s e n ts  an  a d ju s ta b le  c o rre c tio n , how ever, and w as
te s te d  w ith  the  pole  sh o es  of F ig . 12. The ta n g e n tia l c o rre c tio n
tu rn s  w e re  m ounted  on w a te r  coo led  co p p er d isk s , lay ing  on
the  pole  fa c e s . W ith an  a p p ro p r ia te  c u r re n t  d is tr ib u tio n , the
" e r r o r - c u r v e "  of F ig . 13b w as ob tained , show ing a  " c o r re c t
reg ion" o fa b o u t2 0 m m , which is  to  be co m p ared  w ith F ig . 13a.
F ig . 15 show s the  app lied  c u r re n t  d e n s ity  a long  the  p ro file  in
A m p è re - tu r n s /c m  fo r  B 0 = 7500 G auss.
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7 » t  0.8 b

Pole face boundary

median plane 2- 0

Fig. 14. Bz/B0 as a function o f the radius, from the measurements of Septier 44. The curves
apply to the median plane z -  0, and to z = ± 0.8b.

Ampère turns/c

-20

Fig. 15. Required current density through the correction turns for correction with B0 = 7500
Gauss, in Ampère-tums/cm. The sign is taken as positive where the positive current
flows parallel with the positive ion current.
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4f: Effect of fringing fields.
F or the ca se  of an e le c tro sta tic  deflecting  fie ld , exten sive

calcu lations w ere m ade by H erzog 48 , who showed that the
extension  of the s tra y  fie ld s  m ay be reduced and their  influence
com pensated by p lacing a grounded sh ield  near the entrance or
exit boundary. The arrangem ent is  shown in F ig . 16, where
the th ick n ess of the sh ield  is  assum ed  to be large . F ig . 16
rep resen ts  a c r o ss  section  which is  assum ed  to be independent

of the z-coord in ate  (norm al to the plane of paper). The e x ­
ten sion  of the s tra y  fie ld s  was assum ed to be short as com pared
with the radius of deflection  of the m ain path, and the deflection
in the stra y  fie ld s  should be sm a ll of f ir s t  order.

It fo llow s from  H erzog's ca lcu lation s, that the effect of the
stra y  fie ld s  m ayb e rep laced  in good approxim ation by a hypo­
th etica l fie ld , extending undisturbed by the boundary to a
d istance 5  outside the m echan ical boundary, fa lling off abruptly
to zero  at that point. If the potentials of the deflecting  e le c ­
trod es are and anc* that of the grounded sh ield  equals
zero , H erzog found that 5  is  given by:

-•̂ 1 arc cos q
arc cos p

Fig. 16. Thick fringing field shield for an electrostatic condensor.

b it I b
d , s_ a rcco s  q + _1  arccosh  I l Z S  -  In + 5 _ t ! i  In 2 1 ,

(4,17)
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where U is  the accelera tin g  voltage of the ions. F or re feren ce ,
H erzog's graph of (4, 17) for the ca se  9X + 92 = 0 is  reproduced
here in F ig . 17.

S_
b

b
Fig. 17. Effective extension of the fringing fields of an electrostatic condensor with a thick
shield. The graph is symmetrical with respect to the line s/b = 0.

In ca se  of a -sy m m etr ic a l grounding, ? is  m odified som ewhat
accord ing to:

—  ~ n 11 ¥i + * 2  (4 ,18 )
b U

It fo llow s that the effective  extension  of the fringing fie ld s  m ay
be reduced to zero  by a proper choice of s /b  and d /b . Then the
hypothetical boundary co in cides with the m echan ical boundary
as regard s the angle of deflection . H owever, the stray  fie ld s
exert a lso  a focu sing  action, con sistin g  of two term s. One of
th ese , with rad ia l foca l len g th fj, is  independent of «*i + 92,
w hereas the other term , with rad ia l foca l length f 2 van ishes
for o + p = 0 . In fact, H erzog found that:



- 6 4 -

7T

r 2 (a rc c o s  p -  a rc c o s  (-q)) -  a rc c o s h  LLES. + ln  2^ ' q^

(4 ,19 )
e

+ * ,

(4, 20)

A s th e  a r ra n g e m e n t of F ig . 17 w as supposed  to  the  independent
of the  z -c o o rd in a te , th e r e  is  no a x ia l fo cusing  a c tio n . T he c a l ­
cu la tio n s  of H erzo g  do not p e rm it  a  c a lc u la tio n  of the  second
o r d e r  a b e r r a t io n s  of th e  fr in g in g  f ie ld s , but a s  f i / r e is  la rg e ,
no a p p re c ia b le  second  o r d e r  e ffe c ts  should  be expected .

If the  po le  shoe  p e rm e a b il ity  is  su ff ic ie n tly  high, th e  s itu a tio n
in  c a se  of m ag n e tic  d e flec tio n  is  s im i la r .  Now F ig . 17, w ith
the  a p p ro p r ia te  changes in  c o o rd in a te s , r e p r e s e n ts  a  ta n g e n ­
t ia l  c ro s s  se c tio n . T he grounded  sh ie ld  should  be re p la c e d  by a
m a g n e tic a lly  s h o r t - c i r c u i te d  r in g . T he sum  of th e  s c a la r  m a g ­
n e tic  p o te n tia ls  of th e  po le  fa c e s  eq u a ls  z e ro , w hich c a u se s  the
la s t  t e r m  in (4, 17) to  v an ish . H ow ever, if  5 = 0 ,  th e re  is  no
r a d ia l  fo cusing  ac tio n  due to  th e  fr in g in g  f ie ld s  c o rre sp o n d in g
to  (4, 19)-(4 , 20), a s  th e i r  e ffec t i s  independen t of th e  r a d ia l  c o ­
o rd in a te . . . . .  . . . .

U nlike in  th e  e le c tr o s ta t ic  c a se , the  fr in g in g  f ie ld s  a t an  o b li­
que b o u n d ary  e x e r t  an  a x ia l  fo cusing  aq tion , a s  m en tioned  in
(2, 57). T h e ir  e ffec t on th e  im ag e  c u rv a tu re  w as m en tioned  in

In the  a b se n c e  of fr in g in g  fie ld  sh ie ld s , 5 a s  g iven  by  (4 ,17)
b eco m es in fin ite , w hich is  a  consequence  of the  a ssu m e d  in fin ite
pole  shoe th ic k n e s s . A ctua l m e a s u re m e n ts  w ith f in ite  pole shoe
th ic k n e ss  r e s u l te d  in  v a lu e s  fo r  5 /b  ran g in g  fro m  2. 0 to  2. 2 .
(König and H in ten b e rg e r  42 ; N ie r  49 ).

4g: Field  shape o f the toroidally curved e lectrostatic  fie ld .
T he e le c tro s ta t ic  p o ten tia l ? obeys th e  L ap lac ian  equation:

E xpanding 9 in a pow er s e r i e s  in u  and v around  th e  m ain  path:

(2 ,104 ).

V2*> = 0. (3,2)

00

A ui v*t,
i.ki,k=0

(3 ,1 )
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(w here th e  s y m m e try  c a u se s  the  A ik  w ith k = odd van ish ), we
have the  re la tio n  fro m  (3, 1) —(3, 2):

(k + 2)(k + l ) ( A ik+2 + A i+ik+2) = - ( i  + 3)(i + 2 )A i+ 3 k - ( i  + 2 )2A i+2k

(4 ,21 )

The fie ld  shape  m a y b e  defined  th ro u g h  the  A , 0 a s  independent
v a r ia b le s , to g e th e r  w ith the  cond ition :

A j k = 0 fo r  i  < 0. (4 ,22 )

In th e  p re c e d in g  c h a p te r  we u sed  the  q u an titie s  E 0, c, and
R e' a s  independen t v a r ia b le s  to  e x p re s s  the  im ag ing  p ro p e r t ie s
up to  th e  second  o r d e r  included . T h e se  q u a n titie s  a r e  r e la te d
to  the  A i k th rough :

-"10

u=v=0

/  -d 2u /d v 2 || ,  2 A 02 ,  _ I[ 1 + 2 A 20 J
+ (du /dv)2] 3/2j1 UsVsO A 10 i A l J

TJ t _ ( ® 5 |  -  A 2 0 A 0 2 -  2 ^ 1 0 - ^ 1 2
e - \ a r  lu= v -0  ---- T — 2 —

“ 02

(4 ,23 )

(4, 24)

(4 ,25)

C o n v erse ly , the  re le v a n t co e ff ic ien ts  in  th e  expansion  (3, 1)
a r e  equa l to :

A c = u - A ,„ = - r  E  ;10 e o
1 + C ,

r ,  E 0 < - ^ >  ;

A = - r  E  c;02 e o A , . :  - r E  .30 e o l± a +£-(l + Re') ;

c . c
1

(4 ,26 )

A 12 = r e E 0J — +
I 2 2 J

(1 + R e') .

4h: Shape of the deflecting electrodes.
T he to ro id a l  r a d i i  of c u rv a tu re  follow  d ire c tly  f ro m  th e  t o ­

ro id a l  ra d iu s  of c u rv a tu re  of the  eq u ip o ten tia l s u rfa c e  c o m p r i­
sin g  the  m ain  pa th , R e = r e /c ,  and i ts  f i r s t  r a d ia l  d e riv a tiv e
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R '. D esig n atin g  the  ra d i i  of c u rv a tu re  of the  e le c tro d e s  by
R e, r e + a , and R b, r e - b, re s p e c tiv e ly , we th u s  have:

T he cond ition  th a t the  in te r s e c tio n s  of th e  e le c tro d e  s u rfa c e s
w ith a  p lane  w = co n st, shou ld  be p a r ts  of c i r c le s ,  defines the
h ig h e r  o r d e r  t e r m s  o m itted  in  (4, 28). L ie b la n d  Ew ald ^  quote
th e  fo llow ing  e x p re s s io n s  fo r  R e ' < 0 . 5 ,  w hich should  be exact
to  the  th ird  o rd e r :

R a * (re /c )  + a R e';
R b a (re /c )  -  b R e';

(4 ,27)

T he e le c tro d e s  shou ld  be a t p o ten tia ls  Va and Vb :

V a = U + r e E 0( -a  + K l + c )a2 );
v b = U + r e E 0(b + £ ( l+ c )b 2 ).

(4, 28)

k2( l - 2 R p')a + k  +
a  + k

k2 (1 -2 R P')U - b  + k  +■b = 2 (4 ,29)

k = R e / ( l - R e ').



C H A P T E R  5

ADJUSTABLE DEVICES FO R TH E ELIM INATION O F
ABERRATIONS

5a: Scope of the adjustments.
F o r  s y s te m s  c o m p ris in g  e ith e r  an  inhom ogeneous m ag n e tic

o r  a  to ro id a l  e le c tro s ta t ic  s e c to r  f ie ld , th e  c a lc u la tio n s  p r e ­
se n te d  in  c h a p te rs  2 and  3 d e te rm in e d  the  m agn itude  of the
a b e r r a t io n s  up to  th e  second  o r d e r .  L ik ew ise , s y s te m s  co n ­
s is t in g o f  a  tan d em  a rra n g e m e n t of an  e le c tro s ta t ic  f ie ld , f o l ­
low ed by  a  m ag n e tic  fie ld , w ill be d isc u s s e d  in  c h a p te r ’6. In
a l l  c a s e s , the  z e ro th  o r d e r  a b e rra tio n , a s  w ell a s  a t  le a s t  som e
of th e  f i r s t  and second  o r d e r  a b e r r a t io n s ,  can be e lim in a te d  by a
p ro p e r  cho ice  of the  in s tru m e n t p a ra m e te r s .

H ow ever, i t  s e e m s  d e s ira b le  to  in c o rp o ra te  som e a d ju s ta b le
d ev ices  to  c o m p en sa te  th e  e ffec t of s lig h t d ev ia tio n s  f ro m  th e
p re s c r ib e d  p a ra m e te r s .  In s e c t .  5f, an  a u x il ia ry  d ev ice  is
p re s e n te d  fo r  th e  e lim in a tio n  of the  im ag e  c u rv a tu re , which
is  not r e a d i ly  ach iev ed  by a  c a re fu l  cho ice  of the  in s tru m e n t
p a ra m e te r s  a lone .

T he d isc u ss io n  o f th e  e lim in a tio n  of th e  f i r s t  o r d e r  v e lo c ity
a b e r ra tio n  w ill be p re s e n te d  in  th e  nex t c h a p te r . T he p re s e n t
c h a p te r  d e a ls  w ith the  z e ro th  o rd e r ,  and one second  o r d e r  a b e r ­
ra tio n  and two f i r s t  o r d e r  a b e r r a t io n s :

1. T he z e ro th  o r d e r  a p p ro x im atio n  c o rre sp o n d s  to  th e  r e ­
q u ire m en t, th a t the  t r a j e c to r y  of th e  m ain  path  shou ld  fit in to
th e  in s tru m e n t d esig n  fo r  ions of the  a p p ro p r ia te  m a s s - to -
c h a rg e  r a t io  and en e rg y .

2 . T he im ag e  shou ld  be fo rm e d  a t th e  c o lle c to r  s l i t .  D eviation
fro m  th e  c o r r e c t  im ag e  d is ta n c e  1" r e s u l t s  in  a  f i r s t  o rd e r
a b e r ra tio n .

3. T he o b jec t and im ag e  s l i t s  shou ld  be c o r r e c t ly  a lig n ed ,
i . e . th e y  shou ld  be p a ra l le l  to  each  o th e r  and  n o rm a l to  th e
m ed ian  p lane  of th e  d e flec tin g  fie ld . M o re o v e r, in  a  tandem
a rra n g e m e n t, the  m ed ian  p lan e s  of th e  d e flec tin g  f ie ld  should
co in c id e . M isa lignm en t r e s u l t s  in a  f i r s t  o r d e r  a b e r ra tio n .

4. The im ag e  c u rv a tu re  (6 2-a b e r ra tio n )  is  b e s t e lim in a te d
by an  a u x il ia ry  d ev ice .

5b: The trajectory of the main path.
T he a c c e le ra tin g  v o ltage  of the  ions and th e  fie ld  s tre n g th s

in the  d e flec tin g  f ie ld s  should  be a d ju s te d  to  s a tis fy  (2, 6) -(2 , 7),
(2, 39). M o reo v e r, so m e  a d d itio n a l a d ju s te m e n t m ay  be in c o r ­
p o ra te d , e ith e r  m e c h a n ic a lly  by bellow  d e v ic e s , o r  e le c t r o -
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s ta t ic a l ly  by u sin g  v a r ia b le  d e flec tin g  f ie ld s . (F ig . 18). The
p o sitio n  of e n tra n c e  and ex it a r e  a ffec ted  by d e flec tio n s  n e a r

laiigtslit

Fig. 18. Adjustment of the trajectory of the main path by variable electrostatic deflecting
fields.
th e  s l i t s  (A), w h e re a s  d e flec tio n s  n e a r  th e  fie ld  b o u n d a rie s
(B) a ffec t th e  an g le s  of e n tra n c e  and ex it in to  the  d e flec tin g
fie ld .

5c: Adjustment of object and image distances.
In th e  u su a l s y m m e tr ic a l  d esig n  of s in g le  focusing  ho m o g e­

neous fie ld  s e c to r  type  m a s s  s p e c tro m e te r s ,  th is  a d ju s tm en t
m ay  be e ffec ted  by  m oving  th e  a n a ly s e r  tube re la t iv e  to  the
d e fle c tin g  fie ld  p a ra l le l  to  th e  p lane  w = /2 . T h is  r e s u l ts  in
a  s im u lta n e o u s  change of th e  o b jec t and im ag e  d is ta n c e s  and
of th e  ra d iu s  of th e  m ain  path . O nly  th e  r a t io s  Vm/ r m anc*
l{n /r m a r e  io n -o p tic a lly  re le v a n t, a n d a s a n  in c re a s e  in  1^ and

is  a cco m p an ied  by a  d e c re a s e  in  r m, both v a r ia tio n s  a c t in
th e  sa m e  s e n se . _

C o m p lica tio n s  a r i s e ,  how ever, when th e  d e flec tin g  fie ld  is
inhom ogeneous and /o r  the  b o u n d a rie s  a r e  cu rv ed , and fo r
Now th e  a d ju s tm e n t m ay  be ach iev ed  m ech an ica lly , o r  ion -op  -
t ic a l ly b y  p lac in g  an  ion len s  of v a r ia b le  s tre n g th  betw een  s l i t
and fie ld  boundary . M agnetic  le n s e s  a r e  ap t to  in tro d u ce  c o m ­
p lic a tio n s  w ith m ag n e tic  scann ing , and ro ta te  th e  im age  (see
S6ct> 5dJ«

C a re  shou ld  be tak en  in  th e  cho ice  of th e  type  of le n s e s  in
view  of th e i r  a b e r r a t io n s .  S y stem s w ith two p lan e s  of sy m m e try
exh ib it no second  o r d e r  a b e r r a t io n s ,  but th e i r  th ird  o r d e r  a b e r ­
ra tio n s  m ay  becom e o b jec tio n ab le . F o r  a  ro ta tio n a lly  sy m m e ­
t r i c  len s  sy s te m , c o n s is tin g  of c o a x ia l tu b es  of equa l d ia m e te r
D, th e  o r d e r  o f m agn itude  of the  a b e r ra tio n  m ay  be d e riv ed
fro m  da ta  of Z w orykin  50 and K le m p e re r  51. Ions e n te r in g  the
len s  a s  a  p a ra l le l  b eam  a t a  d is ta n c e  r  fro m  the  a x is  a r e  focused
a t a  s h o r te r  d is ta n c e  th an  the  p a ra x ia l  ions; fo r  w eak le n se s
th is  d iffe re n c e  in  fo ca l leng th  is  of the  o r d e r  of:
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* 1 . 5 ( 5 , 1)

T h e se  le n s e s  a r e  e s s e n t ia l ly  p o s itiv e . The o b jec t and im age
d is ta n c e s  should  th u s  be m ade s h o r te r  th an  th e  p re s c r ib e d  va lue
to  m ake th em  ap p lic ab le . E xcep t fo r  v e ry  s m a ll  a d ju s tm e n t
ra n g e s  the  a b e r ra tio n  (5, 1) is  so  s e r io u s ,  th a t th e  advan tage
of the  fa c ili ty  is  la rg e ly  lo s t . T h e se  le n s e s  c o m p a re  u n fa v o u r­
ab ly  w ith th e  d e flec tin g  f ie ld s  in  view  of th e i r  a b e r r a t io n s ,
b e c a u s e th e  d is ta n c e  fro m  th e  a x is  is  m e a s u re d  in  u n its  D in ­
s te a d  of in  u su a lly  m uch  la r g e r  u n its  r  m o r  r e .

H ow ever, e le c tro s ta t ic  quadrupo le  le n s e s  w ith h y p erb o lic
e q u ip o ten tia ls  do not exh ib it s e r io u s  a b e r ra tio n s  excep t fo r  the
in fluence  of th e  end e ffe c ts , w hich is  p ro p o rtio n a l to  th e  o p en ­
in g -to -le n g th  r a t io .

5d: Alignment o f the object and image s lits .
R otation  out of i ts  c o r r e c t  p o sitio n  o v e r  th e  ang le  3 of an

im age  s l i t  of he igh t h, c o rre s p o n d s  to  an  im ag e  b ro ad en in g  hd.
M isa lignm en t of th e  o b jec t s l i t  m ay  be tak en  in to  accoun t s im ­
i la r ly  a s  a  v i r tu a l  o b jec t b roaden ing .

The obvious w ay of c o r re c tin g  m isa lig n m e n t is  ro ta tin g  the
s l i t s  m e c h a n ic a lly  in to  th e i r  c o r r e c t  p o s itio n . It is  a ls o  p o s ­
s ib le  to  in c o rp o ra te  a  d ev ice  fo r  th e  con tinuous ro ta t io n a l  a d ­
ju s tm e n t by m ea n s  of e le c tro s ta t ic  o r  m ag n e tic  f ie ld s .

A quadrupo le  f ie ld  w ith th e  p o te n tia l d is tr ib u tio n

* = U + Vyz, (5, 2)

and w ith the  f ie ld  com ponents

E y = -  Vz, (5, 3)
E z = -  Vy, (5, 4)

p laced  n e a r  th e  c o rre sp o n d in g  s l i t ,  e x e r ts  a  ro ta tin g  ac tio n .
T he eq u ip o ten tia l s u r fa c e s  a r e  h y p e rb o lic  c y lin d e rs . F ig . 19
r e p r e s e n ts  a  c ro s s  se c tio n  w ith a  p lane  x = co n st. The fie ld
m ay  be g e n e ra te d  by h y p e rb o lic  c y lin d r ic a l  e le c tro d e s  o r  a p ­
p ro x im a te d  w ith c i r c u la r  c y lin d r ic a l e le c tro d e s .

At f i r s t ,  we a s su m e  th e  quadrupo le  fie ld  (5, 2) to  be p re s e n t
o v e r  an  e ffec tiv e  leng th  L , s ta r t in g  a t a  d is ta n c e  D fro m  e . g.
the  o b jec t s l i t .  (Shaded a r e a  in  F ig . 20). C o n s id e rin g a  t r a j e c ­
to r y  e m e rg in g  fro m  th e  s l i t  w ith a m * a zm = 0; 6 ^ 0; we find
fro m  (5, 3) fo r  th e  point w h ere  it le a v e s  the  quadrupo le  fie ld :



Fig. 19. Intersection with a plane x = const, of the quadrupole field (5,2) for virtual slit
rotation.

ËZi = 1 Z l 6; (5 ,5)
dx! 2 U

I V  2y  . - I I l V  (5 ,6)
1 4 U

H ence the path se e m s  to com e from  a v irtu a l object point,
d isp laced  over the d istance A:

A = £ + D ) ï ^ ó ;  (5,7)
2 2 U

Object slit

Fig. 20



- 7 1 -

w h ic h is  equ iva len t to  a  v i r tu a l  ro ta tio n  of the  o b jec t s l i t  o v e r
the  a n g le :

« = —  = ( - + D ) t X .  (5 ,8 )
6 2 2 U

F o r  t r a j e c to r i e s  w ith a zxn f  0, th e  above re a so n in g  re m a in s
v a lid , p ro v id ed  th a t:

a zm '
iL, + D

(5 ,9 )

T r a je c to r ie s  w ith a m ^ 0 u ndergo  an  i r r e le v a n t  d e flec tio n  in
the  z -d ire c t io n  due to  (5, 4).

In th e  a r ra n g e m e n t of F ig . 20, the  v ir tu a l  s l i t  ro ta t io n  is  a c ­
com pan ied  by  a  de flec tio n  of th e  t r a j e c to r i e s  o u ts id e  th e  m ed ian
p lan e . R o ta tion  w ithout r e s u l t in g  d e flec tio n  is  p o ss ib le  by an
a rra n g e m e n t a s  in  F ig . 21, w h ere  th e  a v a ilab le  leng th  L is
d iv ided  in  two p a r ts  of leng th  L /2 , in  th e  second  of w hich the
p a ra m e te r  V is  m ade  th e  r e v e r s e  of th a t  in  th e  f i r s t  p a r t .  At
th e  ex it of th e  second  p a r t  we now have:

and th u s :

d y 1/ d x l  = 0;

A = L 2V------ o,
8 U

« = l 2v

8 U ’

(5 .10 )

(5 .11 )

(5 ,12 )

Object s lit

L/2 Lh

Fig. 21.
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T h e r e s t r ic t io n  (5, 9) r e m a in s  unchanged. T he re s u l t in g  r o t ­
a tio n  is  s m a l le r  th an  (5, 8), and in the  opposite  s e n se .

It i s  a ls o  p o ss ib le  to  ro ta te  a  s l i t  v ir tu a lly  by m ean s  of a  lo n g ­
itu d in a l m ag n e tic  f ie ld . As m a y b e  d e riv e d  fro m  B u s c h 'th e o re m
{ P ie rc e  52), a  m ag n e tic  f ie ld  com ponent B x in  th e  d ire c tio n  of
th e  m ain  pa th  c a u se s  ro ta tio n  of th e  beam  o v e r th e  ang le :

tip— f
lf2mU J

2L dx.B x dx

T he in te g ra l  is  to  be ev a lu a ted  a long  th e  m ain  pa th , w here  the
lon g itu d in a l f ie ld  is  supposed  to  ex tend  f ro m  x=a to  x=b. B0 is
the  m ag n e tic  f ie ld  s tre n g th  a t th e  m ain  path  in  the  de flec tin g
fie ld .

B e s id es  a  ro ta tin g  a c tio n , a  long itud ina l m ag n e tic  fie ld  e x e r ts
a lso  a  focusing  a c tio n , a c tin g  a s  a  (weak) len s  w ith fo ca l length
f  g iven  by:

If th e  d is ta n c e  a  -  b i s  not s m a ll  a s  co m p a red  w ith r m, th e  fo ­
cu s in g  a c tio n  accom pany ing  s m a ll  ro ta tio n s  is  n eg leg ib le .

5e: Correction o f the image curvature.
An e le c tr o s ta t ic  hexapo le  f ie ld  m a y b e  u sed  to  c re a te  a  v ir tu a l

o b jec t o r  im ag e  c u rv a tu re , w hich m ay  be m ade  th e  r e v e r s e  of
th a t p ro d u ced  by th e  r e s t  of th e  sy s te m , such  a s  to  r e s u l t  in
an  im age  f re e  fro m  the  6 2-a b e r ra t io n .

The a r ra n g e m e n t, i l lu s tr a te d  in  F ig . 22, c o n s is ts  of s ix  th in
c y lin d r ic a l  ro d s  w ith ra d iu s  r h, in te r s e c tin g  the  p lane  of d ra w ­
ing  o rth o g o n a lly  a t  th e  c o rn e r s  of a  r e g u la r  hexagon w ith
s id e s  Rh- T he v o ltag es  ap p lied  to  th e  ro d s  shou ld  be a l t e r n a ­
tiv e ly  p o s itiv e  and n eg a tiv e , of equa l a b so lu te  m agnitude  with
r e s p e c t  to  g round .

L et us f i r s t  t r e a t  th e  ro d s  a s  line  c h a rg e s . T he fie ld  s tre n g th
ca u se d  by one line  ch a rg e  is  in v e rs e ly  p ro p o rtio n a l to  the  d i s ­
ta n c e  to  th a t line  c h a rg e . A s fo llow s fro m  s y m m e try  c o n s id e ra ­
t io n s , the  p o te n tia l a long  th e  z -a x is  is  z e ro , and consequen tly
th e  fie ld  s tre n g th  a t the  z -a x is  h as  only  a  com ponent E y. The
y -a x is  is  a  lin e  of s y m m e try , and consequen tly  the  fie ld  s tre n g th
a lo n g th e  y -a x is  h as  o n ly a  com ponent E y. By v e c to r  add ition  of
the  co n tr ib u tio n s  f ro m  th e  s ix  line  c h a rg e s  we find:
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F ie ld  s tre n g th  a long  the  z -a x is :

E  (z -a x is )  = Ü  6 (z / Rh>2 •
R h 1 + ( z /R h)®

F ie ld  s tre n g th  a long  th e  y -a x is :

E  (y -a x is)  = —
y Rh

6 ( y /R h)2 .
i  -  ( y / R h)6 ’

(5 ,15 )

(5, 16)

T ak ing  the  o r ig in  a t z e ro  po ten tia l, we find th e  p o ten tia l a long
th e  y -ax iS  by  in te g ra tio n  of (5, 16):

V (y -a x is)  = K In 1 + f r / R h)3 . (5 ,17 )
i  - (y /R h ) 3

The fa c to r  K is  p ro p o rtio n a l  to  th e  c h a rg e  p e r  un it length .
Now a ssu m in g  th in  ro d s  w ith ra d iu s  rh  in s te a d  o f th e  line
c h a rg e s , th e  re la tio n  betw een  K and th e  v o lta g e s  on th e  ro d s
Vr re a d s :

V * ± K In  1 + (1 -q )3 * ± K In A  . (5 ,18 )
1 -  (l-q )3  3q

w h e re :

q = rh/ R h <<1' (5 ,19)
W riting:

Q = 6 / l n _ i _ ,  (5 ,20 )
3q

we have:

E (z -a x is )  * ± Q _ ^ Z ^ L _ _ |V r I . (5 ,21 )
y 1 + ( z /R h)6

The u p p er s ign  in (5, 21) a p p lie s  to  v o ltag es  w ith s ig n s  a s  in d i­
ca ted  in  F ig . 22; the  low er sign  when th e  s ig n s  of the  v o ltag es
a r e  r e v e r s e d .

If the  hexapo le  fie ld  ex tends o v e r  an  e ffec tiv e  leng th  L  s ta r t in g
a t a  d is ta n c e  D fro m  the  o b jec t s l i t  (F ig . 20), the  v ir tu a l  d is
p lacem en t A of the  o b jec t po in t eq u a ls :
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Z

Fig. 22. Electcostatic hexapole field for correcting the image curvature.

a a X k 2_+ 2LD &2Q |v t | , (5 ,22)
4U ^

p ro v id ed  th a t th e  cond ition  (5, 9 )h o ld s . The o b jec t is  th u s  cu rved
v ir tu a l ly  w ith a  ra d iu s  of c u rv a tu re  R obj equal to :

-  2U R h________
obi* (L 2 + 2L D )Q | Vr |

(5 ,23 )

H ow ever, th is  e ffec t i s  acco m p an ied  by  a  r a d ia l  d e flec tion  of
th e  t r a j e c to r i e s  o u ts id e  the  m ed ian  p lan e . C ontinuously  v a r ia b le
v i r tu a l  o b jec t c u rv a tu re  is  p o ss ib le  w ithout re m a in in g  r a d ia l
d e flec tio n  by an a r ra n g e m e n t a s  in  F ig . 21, w here the  s ig n s  of
the  v o ltag es  in  the  second  p a r t  of length  L /2  should  be the  r e ­
v e r s e  of th o se  in  th e  f i r s t  p a r t .  T hen  we have:

„  ^  4 U R j *R , . ~ ± —- ■ >

ob3 L 2 Q|Vr|
(5 ,24)



- 7 5 -

th e  sign  of th e  c u rv a tu re  being  r e la te d  to  th e  v o lta g e s  in th e
f i r s t  p a r t .

A hexapo le  fie ld  n e a r  the  im age  s l i t  in flu e n ce s  th e  im ag e  c u r ­
v a tu re  in  th e  s a m e  way, and th u s  a  s tr a ig h t  im ag e  is  o b ta in ab le .
S tr ic tly , one hexapo le  s y s te m  p lac e d  so m ew h ere  betw een  ob jec t

im ag e  s l i t  su ff ice s  to  e lim in a te  th e  ó ^ -a b e rra tio n j how ever,
if  th e  condition  (5, 9) does not app ly , the  re la tio n  betw een  the
re s u l t in g  o b jec t o r  im ag e  c u rv a tu re  and th e  ap p lied  v o ltag es
is  not of th e  s im p le  fo rm  of (5, 23) o r  (5, 24).



C H A P T E R  6

ION O PTIC S O F  TH E DOUBLE FOCUSING
MASS SPE C TR O M ETER

6a: Radial imaging properties o f the tandem arrangement; f ir s t
order double focusing.

In a  tan d em  a rra n g e m e n t a s  c o n s id e re d  in  th is  c h a p te r , the
ion b eam  p a s s e s  a t f i r s t  th ro u g h  an  e le c tro s ta t ic  de flec tin g
fie ld , and su b seq u en tly  th ro u g h  a  m ag n e tic  d e flec tin g  fie ld , not
o v e rla p p in g  th e  e le c tro s ta t ic  fie ld . It w ill be shown, th a t by a
su ita b le  cho ice  of th e  p a ra m e te r s  a t  le a s t  th e  f i r s t  o r d e r  v e lo c ­
i ty  a b e r r a t io n  a t  th e  p o s itio n  of the  m a s s  sp e c tru m  m a y b e  e l im ­
in a ted , p ro d u cin g  an  im ag e  w hich is  in  f i r s t  o r d e r  independent
of the  v e lo c ity  s p re a d  o r  e n e rg y  s p re a d  of th e  ion b eam . T hus
one of th e  lim itin g  fa c to rs  in  th e  re so lv in g  pow er of s in g le  fo ­
cu sin g  m a s s  s p e c tro m e te r s  is  e lim in a te d .

T he d isc u ss io n  w ill be r e s t r i c te d  to  a  com bination  of two s e c ­
to r  f ie ld s  in  the  s e n se  a s  defined  in  c h a p te rs  2 and 3. The in ­
fluence  of th e  s t r a y  f ie ld s  a s  e x p re s s e d  by (2, 57) is  accoun ted
fo r . T he in fluence  of th e  s t r a y  f ie ld s  on th e  im ag e  c u rv a tu re
(2, 104) w ill be m en tioned  la te ro n .

At f i r s t  we w ill a s su m e  th e  ions to  be of m a s s  m 0 and c h a rg e
e Q, and u se  j3 to  denote  th e  r e la t iv e  v e lo c ity  dev ia tion :

v  = vo (l+j3). (2, 37)

F ro m  now on we w ill u se  a to  deno te  th e  r a d ia l  a p e r tu re  ang le
in  th e  o b jec t sp a c e :

or = — dyx /d X j, (6 ,1 )

and a z to  in d ic a te  th e  a x ia l a p e r tu re  ang le  in  the  o b jec t sp a ce :

az = - d z1/ d x 1. (6,2)

We w ill e x p re s s  th e  t r a j e c to r i e s  in  th e  g e n e ra l  co e ffic ien ts
(3, 20 )-(3 , 27), (3, 32)-(3 , 37), (2, 49)-(2 , 56), (2, 75)-(2 , 78). With
the  a b b re v ia tio n s :

[K] = K xa  + K2/3 + K n o-2 + K 12a|3 + K 22/32 +
+ K 33az 2 + K ^ t ó / r J  + K ^ ó /r ,)» ; (6,3)
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[L] = Li-yCt + Lg/3 + L n a 1 2 * * + L 12orj3 + L 22/32

+ L 3 3 « z 2 + L 34ffz<Ó/ r e> +  L 44<6 / r e ) 2 i

+

(6 ,4 )

[77] = 773a z + 774(ó / r e ); (6 ,5 )

[P] -  P3 o-z + P4 ( 6 / r e ); (6 ,6 )

we m ay  w rite  the  e x p re s s io n s  (3, 18)-(3, 19) in  th e  fo rm :

y 2 * r e [K] + x 2 [L]; (6 ,7 )

z 2 = r e [77] + x 2 [P ]. (6 ,8 )

T he de flec tio n  in  th e  m ag n e tic  f ie ld  m ay  be e ith e r  in  th e  sa m e
se n se  a s  in  the  e le c tro s ta t ic  f ie ld  (F ig . 23), o r  in  th e  o pposite
se n se  (F ig . 24). T he m ag n e tic  f ie ld  s e e s  th e  ion t r a j e c to r y  a s
if it  o r ig in a te s  f ro m  an  o b jec t a t the  o b jec t d is ta n c e :

Fig. 23. Deflection in the seme sense. Projection on the median plane.

1'ni= d + r e [K ]/[L ]. (6 ,9 )

w h e re as  the  a p e r tu re  ang le  eq u a ls :

cr = ± [L].m L ( 6 , 10 )
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Fig. 24. Deflection in the opposite sense. Projection on the median plane.

The upper sign r e f e r s  to  deflection in the sam e sen se , the low er
to  deflection in the opposite sense .

The ax ia l component of the tra je c to ry  is  independent of the
sense  of the m agnetic deflection. Thus F ig . 25 r e fe r s  both to
deflection in the sam e and in the opposite sen se . The object for

V / / / / / A

Fig. 25. Development along the main path, showing the axial components. Deflection
eirner in the same or in the opposite sense.

the m agnetic field  is  located  a t the d istance from  the m edian
p la n e :

6* = r j / f i -  [F](K ]/[L]}, (6 ,11 )

w hilst the ax ia l a p e r tu re  angle is :

a = [P].zm ( 6 , 12)
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W riting the abbreviations:

S . = n. +v .  (1" / r  ),] j j '  m' -m'*
(j = la ,lb ,2 a ,1 1 a ,lib ,1 1 c ,1 2 a ,1 2 b ,2 2 a ,3 3 a ,3 3 b ,3 3 c ,3 4 a ,3 4 b ,4 4 a .)

and using the re la tion s:

S 34a

34b

"  33b
2 S,., 2 S

(6 ,13 )

(6 ,14 )
33c

the rad ia l component of the ion tra jectory  y B at the im age
distance l 1̂  is  found from  (2, 47) with (6, 3 )-(6 , 6), (6, 9 )-(6 , 14)
to be given by:

yB/] B l 0  +  B2j3 + B ,or2 + B , 0a p  +  B R 2 +

+ B ! + B 34Qfz (6 / re ) + B 44(6/ r e )2*

w here, with the abbreviations:

T i = (r e / r m )K i +  (d / r m ) L i  ;
( i = 1 ,2 ,11 ,12 ,22 ,33 ,34 ,44)

F i = (r e / r m ) ^ i + (d /*m )P t ;
(i = 3,4)

(6 ,15 )

(6 ,16 )

(6 ,17 )

th e c o e f f i c i e n t s B 4 a r e  g:

B i " *  Sla L 1 ± S i b Ti i
B 2 " ±  S la L 2 ±  S lb T 2 +  1

B 11 = ±  S la L 11 *  S lb T u

B 12 = ±  S l a L 12 ± S i b T 12

+ 2S llc t x t 2 + :

B 22 = i  S ia B 22 ± S l b T 22

-  ®12a L 2 -  S 12b
B 33 = ï  S i a  L  33 *  ® lb T33
B 34 * *  ® la B  34 *  S  lb ^ 34

+  2® 33c: F 3 F 4 *

B 44 = *  S la L  44 ± ^ 1 ^ 4 4

2a '
+ S L ,2 + S , , u L ,T , + S ,, T 2 ;lla 1 1 " lib '““'I •*' 1 ' "lie
+ 2S lla L 1 L 2 + S Ub ( L ^ + L j T , )  +

* 12a L 1 -  ® 12b T1 ;
+ S n a L 22+ S l l b L 2T2 + Sllc T22 +

T 2 +  ® 22a •
+ S
+ 2S

P,2 + S oou R R  + S,33a * 3  ' " 3 3 b  x 3 ‘ 3  ' "  33c *'3

3 3 a P 3 P 4 + S 33b ( P 3 F  + P 4 f 3 ;

+  S 3 3 a P 4 + S33bP 4F4 + S33c 4 •
(6 ,18 )
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T he e x p re s s io n s  fo r  B ^ —B 22 id e n tic a l to  th o se  p ub lished
by  H in ten b e rg e r  and K önig 53 ; the  e x p re s s io n  fo r  B 33 is  e q u i­
v a le n t to  th a t p u b lish ed  by  W achsm uth , L ieb l, and Ew ald 54.

F i r s t  o r d e r  d ire c tio n  fo cusing  o c c u rs  if:

B x = 0; (6 ,19 )

and f i r s t  o r d e r  v e lo c ity  fo cusing  if:

B 2 - 0 .  (6 ,20 )

To ach iev e  f i r s t  o r d e r  double focusing , both (6, 19) and (6 ,20 )
shou ld  be s a tis f ie d . T h is  d e te rm in e s  the  im ag e  and o b jec t d i s ­
ta n c e s  a s  53:

C  .  a z + b z ( r e / r m ) + c z(d / r m ) ; (6, 21)

r m "  " a n + b n ( r e / r J  +  Cn(d / r m)

1'. A« + B , ( r , / r m) + C , ( d / r m) . (6> 22)
r e A n + B n(re / r m) + Cn( d / r m)

w h ere  th e  a b b re v ia tio n s  r e a d  w ith  th e  s e c to r  f ie ld s  t r e a te d  in
C h a p te rs  2 and  3:

a z = ± X2a Mia + ^2a » a n = *  +  1/ 2 4 ;

b  z = -  K2aA«lb * b  n -  i  *  2a ^lb *

c  z = -  A2aMib ' c  n = -  Vib *

(6 ,23)

Az = ± AiaM2aJ An = ± Xlb
B z * t  * l a (*72 . + p 2a ‘ , ) +  K2a * B n = ± Klb ('*2a +  * 2a l ' >+ X2a *
Cz = ± Xla(i72a+Ü2at'); Cn = * Xlb (Ps.+ f fa .f) .

(6 ,24 )

F o r  a  t r a je c to r y  w ith a z = 0, the  a x ia l c o o rd in a te  z B a t the
im ag e  d is ta n c e  1'^ is  g iven by:

z J r m * ( < CT3 . + (1'm / r m > T3 a > P4 + <CT3b+ < C  ' >  T3b> F 4)  ( « / r e )  =
- G ( « / r e ).

(6 ,25)

T he im ag e  b ro ad en in g  due to  th e  (6 / r e )2 a b e r ra tio n  w ith c o e f­
fic ien t B ^  c o rre s p o n d s  to  an  im ag e  c u rv a tu re  w ith ra d iu s  R ^ .
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rm / Rim= i B4 4 / Q2- (6,26)

This cu rv a tu re  should be added to  tha t re su ltin g  from  the f r in g ­
ing fields of the m agnetic se c to r  field:

r m/ R fr= S ib-  !•  (2 .104)

The m ass  d isp ers io n  in the y -d irec tio n  p e r  unit 6 m /m 0 equals:

Dm = * rmS 2a* (6.27)

The angu lar m agnification in ra d ia l d irec tion  is  found a s  the
product of the angu lar m agnifications of the e le c tro s ta tic  and
m agnetic field:

M ang = * L i / S i b . ( 6 , 2 8 )

As object and im age a re  at the sam e e le c tro s ta tic  potential,
the ra d ia l la te ra l  m agnification is  the in v e rse  of M ang:

M lat = ± S l b / L l* ( 6 . 2 9 )

The m ass  reso lv ing  pow er is  given by:

R a Dm/ ( s ' M ut + s " +EA i)’ (2,106)

In a double focusing a rran g em en t, the im age p lanes w here
B j = 0 and w here B 2 = 0 in te rse c t a t the m ain path at the  im age
distance lJJ,. The inclinations w ere calcu la ted  by L iebl 55,
who found fo r the d irec tion  focusing plane:

tan  X» = . - g 2 a (* ^ , L l i  y l b T l ) .  ( 6 , 3 0 )
±  S 12a L j ±  Si2b

and for the energy  focusing plane:

t a n V ^ -  S 2a ( ±  ^ l a 1^ *  v l b T 2 + v 2a)  ( 6 , 3 1 )

-  ® 12a ^ 2 ^  ® 12b ^ 2 + 2®22a + ®2a

6b: Axial imaging properties of the tandem arrangement; first
order stigmatic focusing.

A fter p assin g  through the e le c tro s ta tic  fie ld , the ax ia l com ­
ponent of the ion tra je c to ry  (3, 8) co rresp o n d s to  f i r s t  o rd e r
ax ia l focusing a t the ax ia l im age d istance l"  :
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1" /  r ' W
(6 ,32)

and a fter  p assin g  through the m agnetic fie ld  at the axia l im age
d istance 1'' :

1"zm P 3 a+  g 3 b ( d - 1'z e > /r r
Taa + Tok (d-1" ) / r

(6 ,33)

Equating (6, 33) to (6, 21), we find the condition for stigm atic
focu sing  as a cubic rela tion  between (re / r  ) and (d /r  J :

A x + A 2(re / r m ) + A 3(d /r ffi) + A 4(re / r mf  + A 5(re / r m )(d /rm) +

+  A 6 (d / r m ) 2 +  W O 3 +  A 8 ( r e / r m ) 2 (d / r m ) +

+ A 9<re / r m >(d / r J 2 + A 10 (d / r m ) 3 = °*
(6 ,34 )

With the abbreviations:

P„ *"3« A n ” T3b A z ‘

Qz
R„

3a B n ” n Zb B z ‘

3a ^ n “ ^ b ^ z '

P n = P3 a A n ‘  P 3bA z ;

On = P3a B n ” P 3bB z ‘

R n = P3a P3 b ^ z '

(6 ,35)

a l  = CT3 a a iT  T3aa z;

b l  = CT3a b n“ T3ab z*

CT3 a c .T T3 a < V

a  2 = °3b  a n ~  T3b a  z*

b  2 = CT3 b V  T3 b b z;

CT3b c  n" T3b C z;

(6 ,36)

the co effic ien ts  in (6, 34) are given by:

■Al=ai Pn* A 2= a1Qn+a2Pz +b1P n; A 3=a1Rn+ (a2+ c1)Pn ;
A 4=a2 Qz+ b iQn+b2 Pz ' A 5= a2(Q n+R2)+b1R n+b2Pn + c 1Q n+ c2Pz ;
A 6 = (a 2+ c1)Rn+C2 Pn ; A 7=b2Qz; A 8=b2(Q n+Rz )+ c2Q z;

A 9= b 2B n + c 2 ^ n + B z A 10=C2 R n*
(6 ,37 )

A sy stem  which sa t is f ie s  (6, 21)-(6 , 22) and (6 ,34 ) provides
f ir s t  order stigm atic  double focusing, with axia l angular m ag­
nification:

M Lang
p3a +  P3b (lg /  r e )

a 3b+ T3 b (C /r m)
(6 ,38)
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and a x ia l  l a te r a l  m ag n ifica tio n  (see  6, 25):

M z = g 3b +  T3b (1m/ r m) = f t  rm . ( 6 ,3 9 )
la t P3a +  P3b ( ! ;  /  r e ) r e

6c: The Mattauch arrangement.
If ions of equal e n e rg y  t r a v e l  p a ra l le l  be tw een  th e  e le c t r o ­

s ta t ic  and th e  m ag n e tic  f ie ld , and th e  de flec tio n  in  th e s e  f ie ld s
o c c u rs  in  o pposite  d ire c tio n , th e  p re v io u s  e x p re s s io n s  tak e  a
p a r t ic u la r ly  s im p le  fo rm . T h is  c a se  is  com m only  r e a l is e d  in
m a s s  s p e c tro g ra p h s . We now have:

L x = 0; (6 ,40 )

and b e c au se  of (6, 19):

S l b = 0 ;  (6 ,4 1 )

a s  the  so lu tio n  T x = 0 is  devoid  of p h y s ic a l m ean ing . (6, 41) is
equ iva len t to :

V ' J T m = " / i l b / l ' l b ; <6 ' 4 1 a )

and (6, 40) to :

W rc * '  \ J  Xib* (6 ,4 0 a)

On equating  e ith e r  (6, 41a) to  (6, 21) o r  (6, 40a) to  (6, 22), we
find the  condition  fo r  f i r s t  o r d e r  double fo cusing  a s :

^  2a = ^  lb v1a ~  ^2a vlb • (®. 42)

The condition  fo r  s tig m a tic  fo cusing  ta k e s  a  p a r t ic u la r ly  s im ­
p le  f o rm a s  on ly  one ro o t of (6, 34) r e m a in s . On equating  (6 ,41a)
to (6, 33), we find the  condition :

d  +  ^ a ^ - l b -  ^ b ^ - l a  . £e_  +  CT3a ^ lb -  T 3 a ^ lb  = 0. ( 6 ,  4 3 )
r P<> X1U- Pou*-, r  cr„. v , . -  T -./i..m 3a lb  3b la  m 3b lb  3 b ^ lb

In v iew  of (6, 42), the  m a s s  d isp e rs io n  in th e  y -d ire c t io n , p e r
un it 6 m /m 0, eq u a ls :

D = - j r  X„ / v .m m 2a' ]

i r m ( i -n ) -1
l - ( l - n p t a n ( t f * / 2 )  f

(6 ,44 )

l - ( l - n ) -* cot ( t '+ t” ) - ( l  -n)-1 t ' t "
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The r a d ia l  m a g n ific a tio n s  take  the  fo rm :

M „ g -  ■ * / * » > -  ‘ / “ i .  • <6- 4S>

W ith  a v e r y  n a r ro w  im age  s l i t  and in  the  absence o f a b e r ra ­
t io n s , the  e s s e n tia l q u a n tity  w h ich  d e te rm in e s  the m ass  r e s o lv ­
in g  p o w e r is  D m/ M la t, w h ich  equals in  th is  case :

* - K  V *» - <6’46>
A s co m pa red  w ith  the  t r a d it io n a l a rra n g e m e n t w ith  a c y l in d r ic a l
condenso r (k 2 = 2 -c  = 2), the  q uo tien t D m / M i at has in c re a se d
b y  the  fa c to r  2 /jc2 . F o r  n o rm a l e n try  and e x it in  the  m a g n e tic
f ie ld ,  th e  m ass  d is p e rs io n  has in c re a s e d  b y  the  fa c to r  l / ( l - n )
as co m p a re d  w ith  the  t ra d it io n a l a rra n g e m e n t w ith  a hom oge ­
neous m a g n e tic  f ie ld  (n=0).



C H A P T E R  7

NUM ERICAL EVALUATION O F  TH E CONDITIONS FO R FIRST
ORDER STIGM ATIC DOUBLE FOCUSING, AND FO R THE

ELIM INATION O F THE RADIAL SECOND ORDER
ABERRATIONS

7a: Computation procedure.
The f i r s t  o r d e r  equa tions  to  be s a tis f ie d  a r e :

= 0; (6 ,19 )

B2 = 0; (6 ,20 )

(which a r e  equ iva len t to  (6, 21)-(6 , 22)), and:

1" = 1" ; (7 ,1 )zm m .
w hich is  equ iva len t to  (6, 34). Of the  second  o r d e r  a b e r r a t io n s ,
th o se  p ro p o rtio n a l  to  a2, afi and /32, s e e m  to  be th e  m o s t im ­
p o rta n t; thus we put th e  cond itions , in  th e  sym bo ls  of (6, 15):

B n  = 0 ; (7 ,2 )

oII(N

ccT (7 ,3 )

B 22 = °- (7, 4)

We chose  a s  independen t v a r ia b le s :
4 e; n; c ; t 1; t" ;  r / r m.

T hen d / r m is  f ix e d th ro u g h  (6, 34), a n d l m / r m a n d l [ . / r e th ro u g h
(6, 21)-(6 , 22). In th is  w ork  we a ssu m e d  the  pole  fa c e s  to  be
co n ica l and th e  gap w idth to  be v e ry  s m a ll  a s  co m p a red  w ith r  m,
and th u s  fro m  (4 ,1 2 ): X = 2n. Now R ^, r m/ R ' ,  and r m/ R " ,
a r e  f ix e d th ro u g h  (7, 2 )-(7 , 4). T hrough  the  b oundary  c u rv a tu re s
of th e  e le c tro s ta t ic  f ie ld  we a r e  in  a p o s itio n  to  e lim in a te  two
m o re  a b e r r a t io n s ,  fo r  w hich we ch o se :

B 33 = 0; (7 ,5 )

B 34 = 0 . (7, 6)

(7, 5 )-(7 , 6) then  d e te rm in e  r e/ R j  and re / R n . The re s u l t in g
va lue  of th e  re m a in in g  r a d ia l  second  o r d e r  a b e r ra tio n , p ro p ­
o r tio n a l to  ó2, w as com puted .
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T he cho ice  of (7 ,5 ) - (7 ,6 )  is  som ew hat a r b i t r a r y .  H ow ever,
th e  fr in g in g  f ie ld s  c o n tr ib u te  to  the  im ag e  c u rv a tu re  (2, 104) in
a  w ay w hich can not be m in im a lis e d  by sh ie ld s , w h e re a s  i t  can
be e lim in a te d  s e p a ra te ly  th ro u g h  a  s im p le  d ev ice  su ch  a s  an
e le c tr o s ta t ic  hexapo le  f ie ld  (5, 31) o r  (5, 32).

To r e p r e s e n t  a  p h y s ic a lly  a c c e p ta b le  com bina tion , s e v e ra l
ad d itio n a l c ond itions a r e  re q u ire d . A ll d is ta n c e s  should  be r e a l
and p o s itiv e . T he m ax im um  a c c e p ta b le  d is ta n c e s  a r e  a  m a t te r
of p e rs o n a l  ta s te ;  fo r  r e a s o n s  of s im p lic ity , r e la te d  to  the
b in a ry  re p re s e n ta tio n  of th e  n u m b ers  in  the  com puting  m ach ine
u se d , we ch o se :

0 < d / r ro<+16; (7,7)

0 < 1' / r  < +16;e e (7,8)

0 < 1" / r  <+16.m m (7,9)

L ik ew ise , the  a c c e p ta b le  b oundary  c u rv a tu re  w as su b je c ted  to
th e  r e s t r ic t io n s :

-8  < r m/ R ' < + 8 ; (7 ,10)

- 8 < r m/ R " < + 8 . (7 ,11 )

On app ly ing  s im i la r  r e s t r ic t io n s  to  the  b oundary  c u rv a tu re s
of th e  e le c tr o s ta t ic  f ie ld , it  w as found th a t a c c e p ta b le  so lu tio n s
w e re  r a r e .  As in  p a r t ic u la r  the  a b e r r a t io n s  p ro p o rtio n a l to  a 2,
a/3, and/32 ten d  to  in c re a s e  s h a rp ly  w ith v ir tu a l  in c re a s e  of the
ra d iu s , th e i r  e lim in a tio n  w as thought to  be m o re  im p o rta n t than
of th o se  p ro p o rtio n a l  to  a z and az6. T hus th e  cond itions (7, 5 )-
(7, 6) w e re  r e p la c e d  by:

| B 331 + |B 341 = m in im um , (7 ,12)

to g e th e r  w ith:

- 6 < r e / R ! < + 6; (7 ,13 )

-6  < r e / R n <+6 . (7 ,14 )

(7 ,1 2 ) is  c le a r ly  eq u iv a len t to  (7, 5 )-(7 , 6) if  the  c u rv a tu re s  fa ll
w ith in  the  a c c e p ta b le  ra n g e .

A co m p u te r  p ro g ra m m a  w as m ade  a long  th e s e  lin e s  fo r  the
ARMAC au to m a tic  m ag n e tic  d ru m  co m p u te r of the  M a th e m a ­
t is c h  C e n tru m  in A m ste rd a m .
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At an y  given s e t  of th e  independen t v a r ia b le s  # m, <j>e ,  n, c,
t ' ,  t " ,  th e  v a lu e  of r e / r m w as v a r ie d  s te p w ise  by a  co n stan t
fa c to r  f ro m  0 .5  to  2, th e  p ro c e d u re  being  re p e a te d  a f te r  each
change in  th e  o th e r  independen t v a r ia b le s .  T he f i r s t  ro o t of
(6, 34) w as e x tra c te d  by i te ra t io n  a c c o rd in g  to  Newton; th e  r e s t
of th e  c a lc u la tio n  is  th en  s tra ig h tfo rw a rd . (7 ,2 ) - (7 ,4 )  a r e  th re e
s im u ltan eo u s  l in e a r  equa tions w ith th re e  unknow ns, (7, 5 )-(7 , 6)
a r e  two l in e a r  equa tions  w ith tw o unknow ns. If in  the  r e /R j  -
- r e /R n  - p lane  th e  in te rs e c tio n  of the  lin e s  (7, 5) -  (7, 6) does
not fa l l  w ithin the  s q u a re  a ro u n d  th e  o r ig in  p e rm itte d  th ro u g h
( 7 ,1 3 ) - (7 ,14), it  fo llow s f ro m  th e  l in e a r i ty  th a t (7, 12) is  s a t ­
is f ie d  e ith e r  a t  th e  in te rs e c tio n  of e i th e r  (7, 5) of (7, 6) and a
sid e  of the  s q u a re , o r  a t  a  c o rn e r .

F i r s t  o r d e r  s tig m a tic  fo cusing  could be ach iev ed  by choosing
c = +1; n = +£, w hich c a u se s  a l l  r a d ia l  and a x ia l  im a g e s  to
co in c id e . T h is  s p e c ia l  c a se  w as not t r e a te d  h e re .  T hen  (6, 34)
b eco m es t r iv ia l ,  and th e  so lu tio n s  p ro d u ced  by th e  m ach ine
depend on th e  rou n d in g  off e r r o r s ,  and a r e  devoid  o f p h y s ic a l
m ean ing  i

7b: Combinations with deflection in the same sense. The
"pretzel"-configuration.

W ithn  = 0 .9 1 , t ' = t "  = 0, no a c c e p ta b le  so lu tio n s  w ith d e f le c ­
tio n  in  th e  sa m e  se n se  w ere  found w ith  $ m = 90° o r  120°,
60°<  <t>s  < 180°, and 1 .720  < c < 1 .8 8 5 . N e ith e r  did t e s t s  with
n = 0. 765; t '  = t "  = 0, 1. 525 ^  c < 1. 740, and th e  sa m e  ra n g e s
fo r  <j> m an<3 </>e p ro d u ce  any  a c ce p tab le  r e s u l t s .

H ow ever, the  w eak  r a d ia l  converg ing  ac tio n  of d e flec tin g  f ie ld s
w ith  v ir tu a lly  e n la rg e d  ra d iu s  m ak e s  a  new c la s s  of a r r a n g e ­
m en ts  p o ss ib le  w ith a n g le s  of de flec tio n  exceed ing  270°, fo r
w hich th e  n am e " p re tz e l" -c o n f ig u ra tio n  m ight be p ro p o sed .
A ccep tab le  so lu tio n s  w e re  found fo r  = 0 e = 300°. T h is  g e o ­
m e try  r e q u i r e s  the  a d d itio n a l co n d itio n s :

d > r  + r  ;e m (7 ,15 )

>i; (7 ,16 )

■VV.?- (7 ,17 )

A ccep tab le  so lu tio n s  w ere  found w ith n = 0,.91 and n = 0 .7 6 5 .
c w as g iven th e  v a lu e s  1 .885 ; 1 .875 ; 1 .850 ; 1. 815; 1 .765 ; 1 .720 .
t ' w as v a r ie d  fro m  -1 .0 0  to  + 1 .00  in + 0 .25  s te p s , keep ing
t"  + t ' = 0.

V ary ing  r e / r in, a l l  o th e r  p a ra m e te r s  being  kept co n stan t,
m a in ly a ffe c ts  d / r  ln (which in c re a s e s  with in c re a s in g  r e / r ni),
and the  boundary  c u rv a tu re s . RJ, w as found to  be n e a r ly  constan t
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and eq u a l to  +0. 5 o v e r  th e  whole ra n g e  in v e s tig a te d  h e re . A
d e c re a s e  in  c r e s u l t s  in a  d e c re a s e  in  l'e / r e , a  d e c re a s e  in  n
c o rre s p o n d s  to  a  d e c re a s e  in  1'̂ , / r m. In m any  c a s e s ,  the  in ­
c lin a tio n s  of the  fo cu sin g  p lan e s  a s  com puted  fro m  (6, 30)-(6 , 31)
d iffe re d  by le s s  than  1°. A s could  be exp ec ted  th e s e  in c lin a tio n s
depend s tro n g ly  on t ' and t S o l u t i o n s  w ith n o rm a l inc idence
and ex it a r e  un fav o u rab le  b e c au se  of th e  la rg e  M fat. E ven  though
s tig m a tic  fo cusing  is  ach iev ed  in  th e s e  a r ra n g e m e n ts , th is
la rg e  a x ia l  m ag n ifica tio n  p ro h ib ite s  a l l  ions  e m e rg in g  fro m  a
s h o r t  ob jec t s l i t  to  be c o lle c te d  th ro u g h  an  im ag e  s l i t  of c o m ­
p a ra b le  leng th . K e e p in g t' + t"=  0, it  w as found th a t M^at could
be re d u c e d  by  in c re a s in g  t ' ,  and by d e c re a s in g  c.

Som e of th e  so lu tio n s  a r e  p re s e n te d  in  T ab le  1. A s an  exam ple ,
c a se  No. 3 is  i l lu s tr a te d  in  F ig . 26.

Focusing plane

c*  1.875 n= 0.915
Ré z * 0.496 x - 2 n

re//?J=fe/« zrr*e.o

Fig. 26. Case No. 3.

7c: Combinations with deflection in the opposite sense.
One exam ple  of th is  c la s s  h a s  b e e n  p re s e n te d  by W achsm uth,

L ieb l, a n d E w ald  54. T h e se  a u th o rs  looked fo r  a  M attauch  a r ­
ran g e m en t sa tis fy in g  (7, 2 )-(7 , 5) and th e  a d d itio n a l condition :

XR= X E , (7 ,18 )

le a v in g re /R j = r  / R ij. F o r  r e f e re n c e ,  th e i r  so lu tion  is  r e p r o ­
duced h e re  a s  c a se  No. 10 in T ab le  2.

T he sa m e  independen t v a r ia b le s  a s  in c a se  No. 10 w ere  now
fed in to  the  co m p u te r  p ro g ra m m e  used  h e re . T he r e s u l ts  a r e
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r e p re s e n te d  a s  c a se  No. 11 in  T ab le  2. Now the  cond itions
(6, 40 )-(6 , 42) of th e  M attauch  a rra n g e m e n t a r e  no lo n g er s t r i n ­
g en tly  im posed , and s m a ll  d ev ia tio n s  fro m  No. 10 a r e  caused
by round ing  off e r r o r s .  T he condition  (7 ,18 ) w as d ropped , and
(7 ,5 ) w as re p la c e d  by ( 7 ,1 2 ) - (7 ,14), r e s u ltin g  in  d iffe ren t
b oundary  c u rv a tu re s  fo r  the  e le c tro s ta t ic  fie ld .
T he v a lu e s  fo r  X R and  XE in c a se  No. 10, quoted by  W achs-
m u th e t a l .54, w e re  found to  be in c o r r e c t .  It s e e m s  th a t th e se
a u th o rs  m igh t have o verlooked  th e  dependence  of XR and XE
on r m/R " ,  a s  a  com bination  w ith th e  sa m e  p a ra m e te r s  but
r m / R " ■ 0, would p ro d u ce  th e i r  v a lu e s  of X R and X E.

Som e m o re  e x am p les  of th is  c la s s  a s  r e p re s e n te d  in  T ab le  3,
show s im i la r  t re n d s  a s  found in th o se  of T ab le  1. In m any  r e s ­
p e c ts  th e s e  com bina tions  p o s s e s s  m o re  d e s ira b le  p ro p e r t ie s
th an  th o se  w ith d e flec tio n  in  th e  sa m e  se n se , a s  in  T ab le  1,
a n d th e  com bina tion  chosen  by W achsm uth  et a l .  a p p e a rs  to  be
a  fav o u rab le  one. A s an  exam ple , c a se  No. 14 is  i l lu s tr a te d
in F ig . 27.

n *  0.910

c*  1.720

Focusing planes

Fig. 27. Case No. 14.





TABLE 1

"Pretzel"'-arrangem ents with deflection in the sam e sense.

No. 0 e c K n t ' t" re / rm W re d /r m Ré rm /R’ rm /R” re'/RI V RII Mlat M?lat D /r m X r * E B33 B.,a B44 rm / Rim
1 300° 1.850 300° 0.915 0 .0 0.0 1. 000 0.783 8.826 2.146 +0.538 +0.200 -4 .277 +6.000 +6.000 +0.814 -18.248 +9.30 - 6 .64° - 6 .86° -2 .226 +2.237 -41.701 -1 .643
2 300° 1.850 300° 0.915 +0. 5 -0 .5 1 .000 0.888 4.763 1.739 +0.515 +0.893 -1 .119 +6.000 +6.000 +0.314 - 7.923 +3.71 -43 .69° -4 6 .0 6 ° -0 .8 5 7 +1.385 -12 .715 -1 .340
3 300° 1.850 300° 0.915 +1.0 -1 .0 1 .000 0.955 3,769 0.966 +0.504 +0.382 -1 .460 +6.000 +6.000 +0.156 - 3 .840 + 1.85 -44 .79° -4 5 .9 3 ° -0 .423 +0.771 - 5.467 -1 .306
4 300° 1.875 300° 0.915 + 1.0 -1 .0 1 . 000 0.726 7.218 0.955 +0.496 +0.524 -1 .480 +6.000 +6.000 +0.155 - 8 .126 +1.89 -4 5 .03° -4 5 .7 4 ° -0 .290 +1.403 -33 .014 -1 .3 3 1
5 300° 1.885 300° 0.915 +1.0 -1 .0 1 .000 0.663 9.716 0.915 +0.492 +0.571 -1 .488 +6.000 +6.000 +0.154 -11.243 + 1.90 -45 .10° -4 5 .6 5 ° -0 .2 7 9 +1.607 -68 .685 -1 .337
6 300° 1.850 300° 0.875 + 1.0 -1 .0 1.000 0.952 4.032 0.840 +0.507 +0.475 -1 .731 +6.000 +6. 000 +0.166 - 2.677 + 1.96 -45 .31° -4 6 .5 1 ° -0 .4 5 6 +0.722 - 7.620 -1 .660
7 300° 1.850 300° 0.875 +1.0 -1 .0 0.707 0.990 2.560 0.856 +0.505 +1.548 -1 .705 +6.000 +6.000 +0.225 - 2.467 + 1.90 -42.48° -4 4 .0 5 ° -0 .4 5 4 +0.493 - 2 .094 -1 .521
8 300° 1.850 300° 0.875 +1.0 -1 .0 1.414 0.930 6.101 0.828 +0.508 +0.017 -1 .747 +6.000 +6.000 +0.120 - 2.810 +2.00 -48 .01° -4 8 .9 2 ° -0 .461 + 1.023 -20 .913 -1 .7 2 4
9 300° 1.850 300 0.875 + 1.0 -1 .0 2.000 0.917 9.019 0.820 +0.509 -0 .217 -1 .757 +6.000 +6.000 +0.087 - 2 .896 +2.03 -50 .37° -5 1 .0 5 ° -0 .4 6 4 +1.432 -50 .700 -1 .8 2 4

TABLE 2

Arrangements with deflection in the opposite sense.

No. <̂ e c K n t ' t" re / r m le / ! e d /r m 1" / r mm m Ré r /R ’m r /R"
m re /RI re /RII M, „lat M? ,lat D /r m X r

X F B33 B34 ^44 rm  ̂ Rim
10 61.35° 1.75 128.60° 0.889 0 .0 0 .0 1.800 3.371 0.292 3. 232 -1 .419 +1.855 -1 .124 +2.94 +2. 94 -24.33° -2 4 .3 3 ° 0.00

11 61.35° 1.75 128.60° 0.889 0 .0 0 .0 1.800 3.371 0.289 3,231 -1 .4 3 2 +1.870 -1 .130 +6.000 +6.000 +0.625 +0.734 +4.50 -47.51° -4 7 .5 1 ° +13.509 +19.320 + 4.149 +0.189

TABLE 3

Arrangements with deflection in the opposite sense.

No. Ó c <t>m n t ' t" re / r m Vre d / r m V/rm Ré V R' rm /,R" re /RI re / RII Mlat M? tla t D /r m Xr X F, B33 B
A  A B44 r /R.m tm

12 60° 1.720 120° 0.910 0 .0 0 .0 1.000 2.947 0.140 4.873 -1 .618 +5.732 -1 .008 +6.000 +6.000 +1.684 +1.293 +5.83 -25 .89° -2 9 .0 4 “ +12.134 +20.565 +5.118 +0.481

13 60° 1.720 120° 0.910 0 .0 0 .0 1.260 2.935 0.238 4.838 -1 .525 +3.586 -1 .0 4 2 +6.000 +6.000 +1.333 + 1.289 +5.80 -24 .72° -2 7 .2 1 ° + 6.800 +18.764 +5.083 -0 .081

14 60° 1.720 120° 0.910 0 .0 0 .0 1.587 2.924 0.362 4.804 -1 .481 +2.326 -1 .030 +6.000 +6.000 +1.055 +1.286 +5.77 -25 .61° -2 7 .8 8 ° + 4.346 +18.918 +5.370 -0 .3 9 4

15 60° 1.720 120° 0.910 0 .0 0 .0 2.000 2.914 0.518 4.772 -1 .466 + 1.551 -0 .987 +6.000 +6.000 +0.836 + 1.283 +5.74 -28 .09° -3 0 .3 8 ° + 3.503 +20.395 +5.888 -0 .586

16 60° 1.765 120° 0.910 0 .0 0 .0 2.000 3.399 0.402 4.894 -1 .433 +1.571 -0 .886 +6.000 +6.000 +0.742 +1.093 +5.86 -32 .84° -3 6 .0 9 ° +14.291 +25.847 +5.858 -0 .4 4 2

17 60° 1.815 120° 0.910 0.0 0 .0 2.000 4.129 0.285 5.047 -1 .401 +1.595 -0 .777 +6.000 +6.000 +0.636 +0.899 +6.01 0
-40.21 -4 5 .1 9 ° +35.635 +34.178 +5.843 -0 .178

18 60° 1.850 120° 0.910 0 .0 0 .0 2.000 4.825 0.209 5,165 -1 .380 +1.614 -0 .703 +6.000 +6. 000 +0.561 +0.772 +6.12 -47 .35° -5 4 .1 5 ° +61.962 +42.283 +5.850 +0.125

19 60° 1.875 120° 0.910 0 .0 0 .0 2.000 5.466 0.158 5.257 -1 .367 + 1.629 -0 .650 +6.000 +6.000 +0.506 +0.684 +6.21 -53 .87° -6 2 .3 0 ° +91.438 +49.857 +5.864 +0.449

20 60° 1.885 120° 0.910 0 .0 0 .0 2.000 5.767 0.138 5.295 -1 .3 6 2 +1.635 -0 .629 +6.000 +6.000 +0.484 +0.650 +6.25
0

-56.87 -6 6 .0 2 ° >  100 +53.456 +5.873 +0.615





I N D E X  O F  S Y M B O L S

A M agnetic v ector  potential.
-A-11» A 3 3 ,  A34> A ^ C oeffic ien ts of second order aberrations,

(2, 99)-(2 , 102).
®*n > An , a z , A z

Aw
se e  (6, 22 )-(6 , 23).
w -com ponent of A .

a u'(0); in Ch. 6 -7  a lso: -d y x /d x j.

«e
a m
a z

a ze » ttzm

-dy1 /d x 1 , e le c tr o sta tic  c a se , s e e  F ig . 7.
-dy1 /d x 1 , m agnetic c a se , se e  F ig . 2.
v'(0); in Ch. 6-7  a lso: - d z 1/ d x 1.
-dzj^/dxj, see  F ig s . 2 and 7.

b half gap width at the m ain path; in (4, 6)-
(4, 14) ex p ressed  in units r m.
M agnetic fie ld  strength .

B, B 0 A bsolute value of the m agnetic fie ld  strength
at the m ain path.

B i ,  B 2

Bi> B 2 , B lx, B 12>
®22» ^ 3 3 ,  B34j B44

> k z, ®z
B u» Bv , B x, B z

se e  (2, 30)-(2 , 32), (2, 34)-(2 , 35).

s e e  (6, 14)-(6 , 17).
s e e  (6, 22)-(6 , 23).
component of the m agnetic fie ld  strength
in the u - ,  v - ,  x - ,  and z -d irectio n .

P 6 v /v 0, re la tive  v e lo c ity  spread, se e  (2, 37).

c re /R e, see  F ig . 6.

0 CO O s e e  (4 ,2 ); coeffic ien ts  in fie ld  shape e x ­
pansion.

c n' ^n» c z* C z se e  (6, 22)-(6 , 23).

d distance betw een e le c tr o sta tic  and m ag­
n etic  fie ld  in tandem  arrangem ent.

Dm m a ss d isp ersion  in the y2 -d irection  per
unit 6 m /m Q.
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D v v e lo c ity  d isp ersio n  in the y2 -d irection  per
unit p.

ö d istance of the object point to the m edian
plane, see  F ig s , 2 and 7.

e charge of the proton.
E e le c tr o sta tic  fie ld  strength.

E ' E1 >E 2
E o
e , e \ e "

se e  (3, 9).
e le c tr o sta tic  fie ld  strength at the m ain path.
inclinations of the fie ld  boundaries, see
F ig . 3.

rj (e/2m U )±.

"o se e  (2, 38).

F ion -op tica l "index of refraction" , see  (2, 3).

Faa, Fiqi Faa , Faa ,
F , F 12 coeffic ien ts  in  the expansion of F , see

ou u (2 ,5 ) .
F  Fr 3 '  4

f , f z

se e  (6 ,1 6 ).
radial and axial focal len gths, se e  (2, 80),
(2 ,8 5 ), (3 ,3 6 ), (3 ,4 0 ).

f ,
str str

se e  (2, 57).

g
G
ë ',ë " .ë 'z . ë ”

se e  (2, 5).
se e  (6, 24)-(6 , 25).
s e e  (2 ,8 0 ), (2 ,8 5 ), (3 ,3 6 ), (3 ,4 0 ).

k x , k 2

K x , K 2 ,  K xx, K 12,
K 22 ,  E 33* E 3 4 j E 44

see  ( 2 ,1 0 ) - (2 ,11).

se e  (3, 20).

K (2 -c )* .

Kl a j K lb  *K 2a j K l l a »
Kl lb>K l l c J K12a jK 1 2 b '
K22a>'c 3 3 a 'K33b>K 33c' .
^ * 34* ^  se e  (3 ,2 5 ), (3, 32)
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1 ' 1 '■‘•e object d istan ces in the m agnetic and e le c ­
tro sta tic  c a se .

1'M "m e im age d istances in the m agnetic and e le c ­
tro sta tic  ca se .

1*1,  L 2, L u , L 12,
L 2 2 * ^ 3 3  * ^ 3 4  * L4 4 se e  (3, 21).

^la’ ^lb’ -̂2a* ^lla’
^llb' ^llc’ ^1 2a' 1̂ 2 b'
"■22a’ 3̂3a’ *33bJ 3̂3C*
3̂4a’ * 34tf 4̂4a se e  (3 ,2 6 ), (3, 33).

m m a ss  of the ion.

^  lat* ^ang ^ax la te r a l, angular, and axia l m agnification
in radial d irection .

Mf , Mzlat ang la tera l and angular m agnification in axial
d irection .

Ml , Mg |M y ,  M.n *
M2 2 j M3 3  , M3 4  , M4 4 see  (2 ,4 9 ).

*̂la * ^lb’ ^2a* wlla*
^llb’ ^llc’ 1̂2a' **12b'
2̂2a* w33a* 3̂3b* w33c*
3̂4a> « 3 4 b* «44a see  (2, 54)-(2 . 76).

n -(r /B )( 8 B /a r ) , se e  (2 ,3 3 ).
Ni . N2  , N11 * ^ 1 2  *
N22* N 3 3 , N 34> N 4 4 see  (2, 50).

^la'^lb ‘v 2a » "lla*
^Llb' l̂lc *v1 2 a *v1 2b *
V22a’I,33a *V33b >V33c *
v34a* v 34b> v 44a se e  (2, 55), (2 ,7 7 ).

P3  . P4 .ZT3 . 7 7 4 se e  (3, 22)-(3 , 23).

T3a* T3b * *4a see  (3, 27), (3, 34).

r radius
R m ass reso lv in g  pow er, se e  ( 1 , 1 ).
r , re m radius of deflection  of the m ain path in the

e le c tro sta tic  and m agnetic fie ld .
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R e
R'e
R'

see F ig . 6; rad iu s  of to ro id a l cu rv a tu re ,
see (3, 8).
rad iu s  of the m agnetic en trance  boundary,
(F ig . 3).

R" rad iu s  of the m agnetic ex it boundary,
(F ig . 3).

Rr Rn e le c tro s ta tic  en trance  and ex it boundary
rad iu s , F ig . 8.

R im
i '<

P  > P

rad iu s  of a curved  im age,
see  (2, 75).

P  3 a ’  p 3 b ‘ 04a see  (3, 27), (3, 34).

Si
s ',  s "

P i  +  i/jC C /r,!,), see (6, 12).
object and im age s li t  w idths.

° 3 a '  ° 3 b J CT4a

^ 3 > ^ 4

see  (2, 56), (2, 78).
see  (2, 51).

t
t ' ; t "
T

tan  e
tan  e ';  tan  e"; see (2, 75).
tan  (* * /2 ).

T 3 - T 4

Ti
see  (2, 52).
( re / r m)Ki + ( d / r m)Li, see  (6, 15).

T 3a»T3b» T 4a see  (2, 56), (2, 78).

U (r - r m ) / r m •
U
U ' ;  u"

acce le ra tin g  voltage of the ions,
du/dw ; d2u /d w 2.

V

v '; v"
z / r m •
dv/dw ; d2v /dw 2.

w path coord inate , see F ig s . 1 and 5.
w* (l-n ) iw , (C hapter 2); k w , (C hapter 3).



- 9 5 -

w t n±w, (C hapter 2); c*w, (C hapter 3).

X second o rd e r  m agnetic field  shape p a ra ­
m e te r , see  (2, 35); (4 .10).

x i , y i , zx c a r te s ia n  coord ina tes in  the object space,
see F ig s . 1 and 5.

x2» y?. » z2 c a rte s ia n  coord inates in  the im age space,
see F ig s . 1 and 5.

? d istance between the hypothetical se c to r
field  boundary and the m echanical pole face
o r e lec trode  boundary.

9

* m

K
K

4
K
* t

e le tro s ta tic  potential,
s c a la r  m agnetic poten tial,
e le c tro s ta tic  s e c to r  angle,
m agnetic se c to r  angle.

ci<£e .
(1-n)* <t>m .

n i *M‘

<if angu lar coord inate .

Xr

Xe

inclination  of the plane of d irec tio n  focusing,
inclination  of the plane of energy  focusing.
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S U M M A R Y

It i s  found th a t the  m a s s  d isp e rs io n  of m agnetic  ana ly sing
f ie ld s  fo r  m a s s  s p e c tro m e te r s  m ay  be in c re a s e d  w ithout in ­
c r e a s e  in  ra d iu s  of de flec tio n  by em ploying inhom ogeneous
m agnetic  f ie ld s . If a t the  m ain  pa th  - ( r /B )9 B /9 r  -  n  (0< n < l ) ,
th e  m a s s  d isp e rs io n  and re so lu tio n  a re  in c re a s e d  e s se n tia l ly
by th e  fa c to r  l / ( l - n ) .

The im ag ing  p r o p e r t ie s  of th is  type  of s e c to r  f ie ld s  a re  d e ­
r iv e d  up to  th e  second  o r d e r .  The shape of the  po le  fa c e s  and
the  in fluence  of boundary  in c lin a tio n  and c u rv a tu re  a r e  d is c u s s ­
ed . S e v e ra l a d ju s ta b le  d ev ices  a r e  d isc u s s e d  fo r  the  e lim in a ­
tio n  of f i r s t  and second  o rd e r  a b e r r a tio n s .

A ctual m e a s u re m e n ts  w ith a  p a ir  of v e ry  c a re fu lly  m ade c o n ic ­
al po le  fa c e s  show a g re e m e n t w ith th e  c a lc u la te d  fie ld  shape .
It is  show n th a t  the  in fluence  of th e  f in ite  r a d ia l  ex ten sio n  m ay
be red u c e d  by a p p ro p r ia te  c o r re c tio n  tu rn s .

S im ila r  c o n s id e ra tio n s  apply  to  to ro id a lly  c u rv e d  e le c tro s ta t ic
s e c to r  f ie ld s , w h ere  th e  e n e rg y  d isp e rs io n  can  be in c re a s e d
a s  c o m p a red  w ith th a t in  the  c y lin d r ic a l e le c tro s ta t ic  fie ld .
The im ag ing  p ro p e r t ie s  a r e  d e riv e d  up to  th e  second  o rd e r
along th e  sam e  lin e s  a s  fo r  th e  inhom ogeneous m agnetic  s e c to r
f ie ld s . The re q u ire d  shape  of th e  de flec tin g  e le c tro d e s  is  m en ­
tio n ed .

F o r  a s o -c a l le d  tan d em  a rra n g e m e n t of a to ro id a lly  cu rv ed
e le c tro s ta t ic  s e c to r  f ie ld  fo llow ed by an  inhom ogeneous m ag ­
n e tic  s e c to r  f ie ld , th e  im ag ing  p ro p e r t ie s  a r e  d e riv e d  up to
th e  second  o r d e r ,  includ ing  th e  t r a je c to r ie s  o u tsid e  the  m ed ian
p lan e . The cond itions a r e  p re s e n te d  fo r  double focusing  and
fo r s tig m a tic  focusing .

F o r  d e flec tio n  in  the  sam e  s e n se  in  th e s e  subsequen t f ie ld s ,
n u m e r ic a l  ev a lu a tio n  re v e a le d  th e  p o ss ib ili ty  of a new  type  of
" p re tz e l" - a r r a n g e m e n t,  c o n s is tin g  of 300° e le c tro s ta t ic  de­
fle c tio n  fo llow ed by 300° m ag n e tic  d e flec tio n . In th e s e  a r r a n g e ­
m en ts  s tig m a tic  double focusing  m ay  be ach ieved  in  f i r s t  o rd e r ,
to g e th e r  w ith e lim in a tio n  of the  second  o r d e r  a b e r ra tio n s  in
the  m ed ian  p lane  and m in im a lisa tio n  of th o se  o u tsid e  th e  m e­
d ian  p lan e . S tigm atic  double focusing  w ith subsequen t d e fle c ­
tion  in  the  o pposite  s e n se  i s  a lso  p o ss ib le ; so m e  n u m e r ic a l
ex am p les  a r e  g iven . In a ll  th e s e  ex am p les  the  re so lu tio n , de­
pending  on the  r a t io  of the  m a s s  d isp e rs io n  to  the  la te r a l  m ag ­
n ific a tio n , i s  c o n s id e ra b ly  in c re a s e d  a s  co m p a red  with s im i­
la r  com b in a tio n s  of hom ogeneous m agnetic  f ie ld s  w ith c y lin ­
d r ic a l  e le c tro s ta t ic  f ie ld s , w h e re a s  the  s tig m a tic  focusing
ob tained  m ay  im p ro v e  th e  t r a n s m is s io n  and s e n s it iv ity  of the
in s tru m e n t.



S A M E N V A T T I N G

De m a s s a  d is p e r s ie  van  m ag n e tisch e  a n a ly sa to r  v e ld en  v o o r
m a s s a s p e c tro m e te r s  kan zo n d er v e rg ro tin g  van  a fb u ig s tra a l
v e rg ro o t w orden  d o o r g eb ru ik  te  m aken  van  inhom ogene m a g ­
nee tv e ld en . Ind ien  t e r  p la a tse  van  de h o o fd b a a n - ( r /B )9 B /a r  = n
(0 ^ n < l) ,  w o rd e n m a s s a d is p e rs ie  en  op lo ssen d  v e rm o g e n  ru w ­
weg v e rg ro o t m e t de fa c to r  l / ( l - n ) .

Van d it type v e ld en  w erden  de a fb ee ld in g se ig en sch ap p en  to t
in  tw eede o rd e  d o o rg ere k e n d . De inv loed  v an  scheve  e n /o f  g e ­
k rom de ve ld b eg ren z in g en  w ord t behandeld , zow el a ls  de v o rm
van  he t p o o lsc h o e n p ro fie l. V e rsch ille n d e  in s te lm o g e lijk h ed en
w orden  b e sp ro k e n  v o o r de opheffing van  e e r s te  en  tw eede o rd e
afbe e ld ings fo u ten .

De v e ld v o rm , g em e ten  tu s s e n  een  s te l  z e e r  zo rgvu ld ig  v e r ­
v aa rd ig d e  co n isch e  poo lschoenen , kom t o v e re e n  m e t de th e o ­
r e t i s c h  b e re k e n d e . E r  w ord t aangetoond, da t de afval n a a r  de
ran d e n  do o r de e ind ige  r a d ie le  u itg e b re id h e id  van  de poo lschoe -
nen , v e rm in d e rd  kan w orden  do o r h e t a an b ren g en  van  c o r r e c ­
t ie  w indingen.

Ook in  to ro id a a l  g ek ro m d e  e le c tro s ta t is c h e  se c to rv e ld e n  tre e d t
een  s o o r tg e li jk  e ffec t op, w a a r n .1 . de e n e rg ie d is p e rs ie  v e r ­
g ro o t kan w orden  v e rg e le k e n  m e t h e t c y lin d r isc h e  e le c t r o s ta ­
t is c h e  ve ld . T o t in  tw eede o rd e  w erden  de a fb e e ld in g se ig e n ­
schappen  a fg e le id , op dezelfd e  w ijze  a ls  v o o r de inhom ogene
m agn ee tv e ld en . De v e re is te  e le c tro d e n v o rm  w ord t aangeduid .

Van een  z .g .  ta n d e m -o p s te llin g  van  een  to ro id a a l  gek rom d
e le c tro s ta t is c h  afbu igveld , gevolgd do o r een  inhom ogeen  m a g ­
nee tve ld , w erden  de a fb ee ld in g se ig en sch ap p en  to t in  tw eede
o rd e  a fg e le id , m e t in b eg rip  van  de banen  bu iten  h e t m e d ia a n -
v lak . De v o o rw a a rd e n  v o o r  d u b b e lfo c u sse rin g  en  v o o r p u n tv o r­
m ige a fbeeld ing  w orden  gegeven .

N um erieke  u itw erk in g  toonde aan , da t b ij g e lijk g e r ic h te  a f ­
buiging in  deze tw ee opeenvolgende ve lden  een  nieuw  s o o r t  " k r a ­
keling  -o p s te llin g m o g e lijk  i s ,  b e s taan d e  u it  300° e le c t r o s ta ­
tis c h e  afbuiging, gevolgd do o r 300° m ag n e tisch e  afbuig ing .
H ie rin  kan pun tvo rm ige  d u b b e lfo c u sse rin g  v e rk re g e n  w orden
in e e r s te  o rd e , m e t opheffing van  de tw eede o rde  a fb e e ld in g s-
fouten  in  het m ed iaan v lak  en  m in im a lis e r in g  van die d a a rb u i-
ten . H et is  ook m o gelijk  pun tvorm ige  d u b b e lfo cu sse rin g  te  v e r ­
k r ijg e n  m e t opeenvolgende afbuiging in  teg e n g e s te ld e  r ic h tin g :
e r  w orden  en ige n u m eriek e  v o o rb ee ld en  gegeven . H et op lo ssend
v erm o g en , b epaald  do o r de verhoud ing  van  d is p e r s ie  en  d w a rs -
v e rg ro tin g , is  in  a l deze  gev a llen  a a n z ie n lijk  g r o te r  dan in
so o rtg e lijk e  c o m b in a tie s  van  hom ogene m ag n ee tv e ld en  m e t c y ­
lin d r is c h e  e le c tro s ta t is c h e  v e lden . De pun tvo rm ige  a fbeeld ing
kan de l ic h ts te rk te  en  gevoeligheid  van  he t in s tru m e n t te n  g o e­
de kom en.
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