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Abstract

In this paper, based on the lectures by PCH and WvS at this
summer school, we give an intro duction to amplitude equationswhich
describe slov modulations in spaceand time of patterns occuring in
systemsdriven out of equilibrium. Emphasisis on generalideasrather
than detailed formalism. The rst part introducesthe phenomenology
of the well-known Rayleigh-Benard instability and the basic linear
stability and bifurcation theory usedto describe the developmert of
patterns. In the secondpart we derive the amplitude equations that
govern the time ewlution of patterns and discusssimple solutions of
these equations. In the third part we considersomephysical systems
displaying patterns and their amplitude equations. In the fourth and
nal part we discussthe physical interpretation of more complicated
solutions of the amplitude equations and compare the theory with
numerical simulations and experimerts.

This article appearedin FundamentalProblemsin Statistical MechanicsVIII ,
H. van Beijerenand M. H. Ernst, eds(North-Holland, Amsterdam, 1994).

NB! Keep in mind that the article is somewhatdated by now; we make it
available as there are not too many intr oductory articles on the subjet. A
more extendel version of this article appeared in the thesis of Martin van
Hecke in 1996. If you would like to have a copy of this thesis, write to
mvheke@loentz.leidenuniv.nl
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1 Patterns.

1.1 Intro duction.

In this paper we presein a generaltheoretical description of the dynamics of
nonequilibrium patterns closeto the threshold of the instability that leads
to their formation. As explainedin more detail below, sud nonequilibrium
patterns occur e.g. in convection, in crystal growth and in reaction-di usion
systemssud as oscillatory chemical reactions.

In Fig. 1 snapshotsare shovn of crystal growth in a system with a
constart temperature gradiert, known asdirectional solidi cation. This par-
ticular experimert shovs the growth of a nematic phaseinto the isotropic
phaseof a liquid crystal. Ead photo is taken at a di erent value of the
growth velocity. As the picture illustrates, for valuesof the growth velocity
smaller than somecritical value v, the growing interface (the curve in eah
picture) remainsstraight (topmost picture), while above v, (about 2:5 m=s
in this experimert), the interface dewelopsspatial modulations. The forma-
tion of theseperiodic patterns is dueto a nite wavelengthinstability at v..
Note that the modulation is weak closeto v, and that the strength of the
modulation increasewith increasingv V.. The weakly nonlinear behaviour
of this growth pattern closeto the instability threshold is an exampleof the
type of pattern formation we wish to discusshere.

The starting point for the theoretical analysis consistsof equations of
motion of the physical systemdisplaying pattern forming behaviour. These
are often a deterministic set of nonlinear partial di erential equations:

@I(x;t) = GlU;@U;:: 15 R] (1)
where U is the order parameter sud as the height of the interface and G
is in generala nonlinear function of U and its spatial derivativesand of R,
which is a cortrol parameterlike (v v¢) in our example. Theseequations
sometimesneedto be supplemered by stochastic terms describingnoise,but
for a large macroscopigpattern forming systemthe noiseis rather small and
can often be neglectedas we will discusslater in section2.5. A typical class
of equationsof interest are so called reaction-di usion equationsof the form

@U = Dr ?U + f (U;R); (2)

which for f 0 is the di usion equation with well known behaviour (U
is in generalan n-componert vector). A nonzerof modelsreaction in the
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Figure 1: Directional solidi cation experimert, in which an isotropic liquid
grows with constant velocity (indicated by the numbers on ead panel) in
a constart temperature gradiert and freezesinto a nematic phase. For in-
creasingvelocities (down), the solidi cation front displays a transition to a
spatially periodic interface pattern, in which nonlinearities becomeincreas-
ingly important asthe velocity is increased.After [1].

system,and the behaviour of the solutionsof this equationcanthen be highly
complex. The aim of the theory is to descrile the solutionswhich are likely

to be reated starting from physical initial conditions and to persistfor long
times.

In generalthe nonlinear equationscannot be solved analytically, and one
therefore aims to descrike their solutions qualitatively or perturbatively. It
will turn out that patterns typically emergeafter a cortrol parameterexceeds
a certain critical value and that often the amplitude of the pattern grows
cortinuously from zero when the cortrol parameteris increasedbeyond its
critical value. Onethen rst constructs solutions of the linearized equations
of motion, which are exact in the limit that the cortrol parameter goesto
its critical value. Then onetakesinto accourt the nonlinearities that start
to play a role for nonzeroamplitude, that is for cortrol parameter above
its critical value, by meansof perturbation theory. The perturbation of the
linear pattern is governed by the amplitude equations. In other words: A
large numter of pattern forming phenomenacan be analyzel perturbatively
by using so-alled amplitude equations, which descrile slow modulations in
space and time of a simple basic pattern that can be determined from the
linear analysisof the equations of motion of the physial system.

The form of the amplitude equation dependsonly on the nature of the

5



linear instability, but not on other details of the system. The mostimportant
distinction is whether the basicpattern is stationary, leadingto the real am-
plitude equation, or intrinsically time depender, in which casean equation
with complexcoe cien ts describesthe amplitude. As noted beforethe form
of these equationsis independen of details of the underlying system, only
the coe cien ts in the amplitude equationsre ect the physical details. The
descriptionin terms of amplitude equationstherefore can be usedto under-
stand something of the universal pattern forming behaviour displayed by a
number of di erent physical systems.

One should realize that the amplitude equationsare only strictly valid
for weakly nonlinear conditions, i.e. closeto threshold. In strongernonlinear
regimestheseequationscan at most provide qualitativ e information. Within
their range of validity, howewer, the amplitude equationsyield an almost
completedescription of the e ects that are crucial in pattern formation out-
side of equilibrium.

We will proceedby introducing somepattern forming systemsand by elu-
cidating someof the methods usedto analyzetheir patterns. Recertlly some
review papers’ have appearedboth on the amplitude equationapproad and
on generalaspects of nonequilibrium pattern formation. We will therefore
con ne oursehesto introducing and illustrating the main ideas of the ap-
proac and referto thesereviewsfor further discussion.

1.2 The Rayleigh-B enard instabilit vy.

Probably the most famous pattern-forming systemis the Rayleigh-Benard
experimenrt, wherea horizontal layer of uid is heatedfrom below. Sincethe
hot uid expands,the vertical temperature gradiert acrossthe uid results
in a density gradiert. Therefore, we encourter a destabilizing force, the
buoyancy force, sincethe colder, heavier uid would like to fall down soasto
minimize the gravitational energy The viscosily of the uid hasa stabilizing
e ect, and for smalltemperature gradierts the uid remainsat restandthere
is only heat conductionin the system. Small perturbations of the stationary
conducting state deca/ sothe conducting state is lineary stable.

Howewer, whenthe temperature gradiert exceedsa certain critical value,

1Exceptions are nonadiabatic e ects sud as those discussedoy Bensimonet.al. [2].
2Seesection 6.



the viscosily can no longer balancethe buoyancy force and the conductive
state becomesunstable. It is usefulto de ne the so called Rayleigh number
R, which measuresthe ratio of destabilizing buoyancy force to the viscous
force (CH 11 A)3, and is the important cortrol parameter of the system. So
when R increasesabove a certain critical value R, small perturbations of
the basic state grow and a so-calledconvecting pattern emerges.Since not
all the cold uid canfall down simultaneously the uid will start to move up
and down in a certain pattern, and the onsetof cornvection therefore breaks
the homogeneiy of the basicconductingstate. The simplestordering of suth
a corvective pattern consistsof parallel rolls, asshown in Fig. 2.

Figure 2: Sketch of parallel convectingrolls in a Rayleigh-Benardexperimert.

The situation sketched above is the simplestway in which patterns are
formed in physical systems. By injecting energyinto a system, typically a
homogeneou®quilibrium state becomesunstable above a certain threshold,;
asa result of this instability space-timepatterns emergeabove this threshold.
To get an idea of the questionswhich onefacesin pattern formation, let us
take a look at the top view of a Rayleigh-Benard experimert in a cylindrical
cell.

A number of featuresof the patterns are visible and somequestionsim-
mediately arise.

3Referencesto a specic section x of the review paper by Crossand Hoherberg listed
in section 6 are denoted as CH x.



Figure 3: Top view of a roll pattern in a Rayleigh-Benard experimert. The
curvesindicate the location of the certers of the convecting rolls. After [3].

In large areasof the cell the patterns consistof almost equally spaced,
parallel rolls like in Fig. 2. The wave vector that descrikesthis period-
icity variesonly slowly throughout the cell. Why is this and how can
we understandit?

The pattern itself may in generalewlve slowvly in time; how can one
descrite this motion?

In a few placesrolls split, mergeor end. Theseso called defectsplay
an important role in the dynamics of the pattern.

Due to the rotational symmetry of the systemin the plane, there is no
prefererial direction of the rolls. Howewer, the rolls apparertly try to
align themsehesperpendicular to the sidewvall, and this hasimportant
consequencefor the nal pattern.

If the cortrol parameteris increasedfar above its critical value, it is

possiblethat the pattern itself becomesaunstable againstso called sec-
ondary instabilities. If the cortrol parameteris increasedeven further,
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the pattern may becomechaotic or turbulent, i.e. disorderedin space
and time.

In this paper we will not try to discussall the points raisedabove, but will
instead focuson the basictheoretical ingredierts for describingthe dynamics
of the pattern closeto threshold. As wewill shaw, in large portions of the cell,
the pattern can be consideredas a slov modulation in spaceand time of a
simple basicstructure, in this caseparallel rolls. Therefore,the uid motion
is descriled asthe product of a slovly varying amplitude and an underlying
pattern with faster dependencein spaceand/or time. This approad leads
to a separationof space-timescales,and to the determination of an equation
of motion for the amplitude that descritesthe slow ewlution of the pattern.

But beforewe derive the amplitude equationvalid in the weakly nonlinear
regime(i.e. R nearR;), we rst focuson the linear stability analysisand the
di erent bifurcations ass@iated with changesin stability.

1.3 Linear analysis.

Although the uid is not at rest in the convecting state of the Rayleigh-
Benard experimert in a stationary layer of uid, the regular basic pattern
that emergesis time independer. In dierent systems,like for instance
Rayleigh-Benard corvection in a rotating layer of uid, the basic pattern
may be explicitly time dependernt and may consistof traveling waves. The
principle of linear analysisis not di erent in this case but for the sake of sim-
plicity we will limit the discussionhereto time independen basic patterns.
When the systemis rotationally invariant in the plane, the direction of the
wave vector is immaterial, and we canfor simplicity take the wavewector par-
allel to the x-direction. In the presen sectionwe shall neglectall y-variation,
i.e. we considerone-dimensionapatterns. We take the systemin nitely long
in the x-direction, so asto avoid studying the e ects of lateral boundaries,
and moreover we assumeleft-right re ection symmetry (x ! X). In this
casewe may look for Fourier-mode-like solutionsfor the linearized equations
of motion of the form

U(x;y;z;t) = F[z]e ""'% + c:c:; (3)

wherec:c: denotesthe complexconjugate,U is a vector describingthe phys-
ical elds sud asvelocity and temperature and F [z] is somebasic mode in
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the vertical direction whosedetails are not of interest to us now; the growth
rate is a real number for the presen caseand q is the wave vector of
the mode. Substituting the ansatz (3) into the linearized equationsof mo-
tion of the uid, we nd the dispersionrelation (q). This dependenceof the
growth rate on g is sketched for three valuesof the reducedcortrol parameter
"= (R R¢)=R;in Fig. 4.

Figure 4: Growth rate asa function of the wave number for various™".

The homogeneousgasicstate is stableif thereis no g sud that the growth
rate is positive, and this is clearly the casefor " < 0. If the cortrol parameter
passeghrough zero, there starts to emergea small band of wave numbers
around ¢, that correspnd to growing modes, therefore the homogeneous
state becomesunstable and a pattern with wave numbers inside the band
around g, emerges.

Sincethe uid equationsare relatively complicated, it is usefulto intro-
ducea simple model equationwhich illustrates the linear instability sketched
above. The linear part follows immediately from Fig. 4 and the x ! X
symmetry, sowe nd an equation of the form @u = "u D(@ + )%u+
nonlinear terms. If the ansatzu(x;t) = e /9 + c:c:is substituted into this
equation,we nd that =" D(¢¢ ¢?)? soindeedthe growth rate behaves
assketched in Fig. 4.
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Let us require that this model equation be invariant under a change of
sign of u, then the simplest nonlinearity is a cubic one. If we include a
cubic term of the form  u® ( > 0), we nd the so-calledSwift-Hoherberg
equation [6]:

@="u (@+du u* @

Here we have usedthe fact that with a proper rescalingof spaceand u,
and D can be put equalto one. Note that this equation is much simpler
than the uid equationsto be discussedbelow. For instanceu is meart to
be a singlereal function of x and t, whereasin the equationsof motion for
the Rayleigh-Benard experimert we have a vector velocity and temperature
eld dependingon x;y;z and t.

Now that we have a simple model to descrike the instability of the homo-
geneousstate in a one-dimensionaRayleigh-Benard experimert, we can ask
ourseleswhether this model alsodescritesthe birth of the convecting state.
In the next sectionwe will shav that when the homogeneousi = 0 state
becomesaunstable, a new periodic state emergesvhich describesthe periodic
pattern found in the Rayleigh-Benard experimert.

1.4 Instabilities.

It should be noted that since one in general cannot de ne a free energy
for pattern forming systemsand since there is usually no thermodynamic
limit involved, the transition to corvection is not a phasetransition, but is
assaiated with a qualitative changein the behaviour of solutions of a set of
equations,which occurswhen a cortrol parameteris varied. This is called
a bifurcation. Above threshold, i.e. for " > 0, it turns out that generally
there exists a cortinuous family of solutions, e.g. periodic roll patterns with
wavelengthsin a band. This is another di erence betweenthe bifurcations
found in pattern forming systemsand phasetransitions, wherethe transition
is betweentwo thermodynamically di erent states.

1.4.1 Bifurcations.

We will proceed by analyzing the bifurcation that occurs for the Swift-
Hoherberg model when " passesthrough zero. From the linear stability
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analysiswe know that the fastestgrowing mode haswave number ¢., and so
we attempt to nd a solution of the Swift-Hoherberg equation of the form

u(x;t) cogagx) + h:h:; (5)

where h:h: denote higher harmonics which we needto include becausethe
nontrivial solutionsof the Swift-Hoherberg equationcannotbe written down
in closedanalytic form.

If we substitute Eq. (5) into the full (including nonlinearity) Swift-
Hoherberg equation (4), it is found that for small " we can construct a
solution of the form

S

u(x; t) = %cos@cx + )+ O("%?) cos(3kx) + O("*?) cos@kx); (6)

with  arbitrary. It can be shown that this solution is stable for small ".
We will interpret this periodic state asthe analogueof the corvecting state
in the Rayleigh-Benard experimert. If we now sketch the amplitude of the
\conducting” u = 0 and \convecting” u  coqq.Xx) solutions as a function
of the cortrol parameter and denote the linear stability of these solutions
by cortinuous (stable) and dashed(unstable) curves, we obtain a so called
bifurcation diagram.

We now focuson the typesof bifurcations that areimportant in the study
of patterns. In Fig. 5 we sketch the bifurcation diagramsof a supercritical
(forward) pitchfork bifurcation asfound in the Swift-Hoherbergequationand
in the Rayleigh-Benardexperimert, and of a subcritical (backward) pitchfork
bifurcation asfound for instancein the Rayleigh-Benardexperimert in binary
uid mixtures (seesec.3.1.2).

In the supercritical case,when we increase" through zero,we nd that
the homogeneous = 0 state becomedineary unstableat " = 0 and a new
solution bifurcatesfrom the u = 0 state. For " > 0 the systemwill be pushed
from the unstable\conducting" state (by in nitesimally small perturbations
sud as noise) and end up in this \convecting" u 6 0 state. Note that
for this supercritical bifurcation the amplitude of the \convecting" pattern
grows like a squareroot above onset,and whenwe let the cortrol parameter
passthrough zero,the amplitude of the stable and therefore experimertally
obsened mode variescortinuously. In that sensehe supercritical bifurcation
is reminiscen of a secondorder phasetransition.
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Figure 5: Supercritical and subcrical pitchfork bifurcations. Solif lines refer
to stable solutions, dashedlines to unstable ones(seeCH 11 A 2).

The subcritical bifurcation diagram, on the other hand, descrites a dif-
ferert situation. If " is increasedthrough zero,the u = 0 state losesstability
and the systemwill make a jump and will end up on someu 6 0 branch. If
we now decreasée' again,the systemwill remain on this branch untill " < ",
and then jump bad to the u = 0 state. This hysteresisand discortinous
changeof the amplitude is similar to a rst order phasetransition. Subcriti-
cal bifurcations occur for instancein Rayleigh-Benard experimerts in binary
uid mixtures, and considerablycomplicatethe analysis,becauseonein gen-
eral cannot make an expansionfor small " and u, as can and will be done
below for the supercritical case.

Having introduced the distinction between supercritical and subcritical
bifurcations, we will add another concept; a bifurcation is called stationary
if the resulting basic pattern is time independernt asin the Swift-Hoherberg
equation, and it is called oscillatory (also known as Hopf bifurcation) if the
critical mode is time-dependen. For oscillatory instabilities with nonzero
wave vector the basicpattern is a traveling wave mode of the form exp|i (gx
I't)]. Note that the distinction betweenthesetwo typesis independen of the
bifurcation being sub- or supercritical. Although as mertioned above the
uid is in motion in the Rayleigh-Benard experimert, the basicroll pattern
is stationary just above threshold, and the onsetof convection occursvia a
stationary supercritical (pitchfork) bifurcation. We will later seeexamples
of equationsand physical systemswith Hopf bifurcations.
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1.4.2 Convective and absolute instabilities.

The question of linear stability or instability is slightly more complicated if
there is a mean ow in the system. Supposewe are looking at the ow of
a liquid through a pipe. The simple homogeneousstate then correspnds
to laminar ow. Now supposethat this ow becomesunstable, becausewe
increasethe velocity of the uid. Thus, small perturbations of the laminar
state will grow in time. Howewer, when perturbations are advected away
by the overal uid velocity faster than they grow, then at a xed position
the perturbations will eventually die out, as shovn in Fig. 6a. In this
casethe instability is called convective. When perturbations grow faster
than they are advected away, or more precisely if there exists a position
in the lab frame sud that somein nitesimal perturbations do not decy,
then the instability is called absolute(Fig. 6b). Note that the de nition of
convective and absoluteinstability is frame-degenden. A systemundergoing
a Hopf bifurcation to travelling wavesis corvectively unstablein the lab frame
immediately above threshold (CH VI C 1).

Figure 6: Convective and absoluteinstabilities.

1.4.3 Gradien t dynamics.

Although for pattern forming systemsone cannot in generalde ne a free
energy whoseminima determine the solution at long times, for the Swift-
Hoherberg equation there exists a so called Lyapunov function F which be-
haveslike a freeenergy: this F will not increaseduring the time ewlution of

14



the equation, and the dynamicstends to drive the solutionstoward a local
minimum of F. To be more speci ¢, the Swift-Hoherberg equation (4) can
be written as

F
= — 7
Qu= —; (7)
where
z h i
Fluj=5 dx (@+ @u’ u”+ Jut (®)
From this it followsthat the dynamicsdecrease$, because
z z )
dF _ Fa@ _ F ]
e dx—u@ = dx " 0: (9)

Therefore the dynamicsis \downhill" and is sometimescalled gradiert dy-
namics. Note that the precisetime ewlution of u is not easily determined
from the Lyapunov function, but its importance is that nal statescan be
obtained by nding minima of F. We should stressagain that this sort of
gradiert dynamicsis the exception,not the rule.

Now that we have explained how one can understand the birth of pat-
terns via instabilities, we proceedin the next sectionto derive the so called
amplitude equationswhich descrilke these patterns near threshold.
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2 Amplitude equations.

2.1 Deriv ation of amplitude equations.

In this sectionwe will explicitly demonstratehow an amplitude equation is
derived from a given set of starting equations shoving a nite wavelength
instability. To x the ideas,one could think of Rayleigh-Benard convection
restricted to patterns of parallel rolls, therefore only allowing for modula-
tions in one direction, so that the amplitude equation is one-dimensional.
In section2.4, we shall briey discussthe extensionto the two-dimensional
case. We will indicate how sud a derivation is performed, but to minimize
technical details we will only illustrate the explicit calculation for the afore-
mertioned Swift-Hoherberg equation (4). The principles of the derivation of
amplitude equationsare the samefor many typesof pattern forming systems.
The method consistsof an expansionof the solution U of the full equationsof
motion in the cortrol parameter”, writing the leadingterm of this expansion
asthe product of a slovly varying amplitude and a basicpattern which is the
critical solution of the linearizedequationsof motion; in the Rayleigh-Benard
casethis basic pattern consistsof parallel rolls of waverumber ¢.. The goal
is to derive an equation of motion for the slowly varying amplitude.

We will start our derivation by shaving how from the linear stability
analysisthe slow scalescan be obtained. Therefore,return to Fig. 4 showving
the linear growth rate asa function of the waverumber q for three values
of the cortrol parameter”. For small ", only waverumbers closeto g, are

important, and one nds to lowestorderin " and (q ¢) that
| |

@ 1 @ 2
= - "+ - = + 10
@, 2 @, (0 ) (10)
so,accordingtrs) linear theory, only modeswith wave vectorsin a band around
g of width ™ are growing. Thesearethe modeswhich play the dominant

role in the long time behaviour of the full nonlinearequationsof motion. The
following trivial obsenation explains why this long time behaviour can be
descriked by slov modulations of the critical mode, at leastin the bulk of
the system: If a solution of the full equationsof motion cortains a mode with
x-dependenced?, we can write this as€(@ *)xgdex and sinceall dominart
modeshavejg ¢ "!%, the x-dependenceof the full solution canindeed
be approximated as the product of a slowv spatial modulation €@ %) and
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the critical mode €9*. When for these dominart modes the phasefactor
(g q)x changesby an amourt of order unity, the spatial scaleon which this
happensgoeslike 1=(q o) " ™. We thereforeexpect the length scaleof
the modulations to scalelike" 2,

The growth rate of the relevant modesvaries lineary in ", and from an
analogousargumert it is found that the characteristic time scaleof the mod-
ulations is proportional to " . Finally, from the shape of the bifurcation
curve (Fig. 5a) it follows that the amplitude grows as "**2. We therefore
expect solutions of the fully nonlinear equationsto be of the form

U = "A(X; T)Uin + cici+ hioit: ah

where X := "¥¥x and T := "t are the explicit slov scales,U;;, is the crit-
ical solution of the linearized equationsof motion and h:o:t: denoteshigher
order terms. For the presen discussionwe con ne ourselesto one spatial
dimension. Our task isto nd an equation for the amplitude A. As we shall
see the higher orderterms arisenaturally in this expansionaswell, but their
amplitude is driven by the amplitude A; this is called slaving.

To derive the amplitude equation, we construct a weakly nonlinear ex-
pansionof the full equationsof motion, by assuming

U= "Up+ "Usg+ "32U, + 11 (12)

where it will turn out that the leading order term U, can be written as
A(X;T)U;i, asin (11). If we substitute this expansioninto the equationsof
motion, we naturally arrive at a separationof fast and slov scales.

To seehow this works in practice, let us now apply the shemeto the
Swift-Hoherberg equation (4) in one dimension:

@u="u (@+d%u uw’:="u Lu u} (13)

by substituting the ansatz (12) into this equation. When derivatives are
taken of products of the form (11) in the ansatz, the chain rule shows that
we needto replace@ and @ as follows:

@' '@ @' @+"7@; (14)

wherein the expressionfor @, the x on the LHS acts on spatial dependence
onall length scalesand onthe RHS x only actson the fast spatial dependence
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of the e %X terms, while @ acts on the slow spatial variable. Carrying out
this separationof scaleswe nd for the linear operator L

L=(@+ ) ! (@ £+2"17@@ + '@ )’ (15)

- L @@ + L+ 4d)d + OC); (10

wherefor notational conveniencel is de ned as@+ ¢f. If we now substitute
this together with the ansatz for u into the Swift-Hoherberg equation, we
nd

"Low 4"l ‘L@@ +"(@ 1+ (2L+ 4@)@) + 0("?’:2)0
nl= 2u + "U + "3= 2U2+ O(IIZ) 4 "3=2 3+ O(HZ) — (17)

When we collect ordersin " this leadsto a hierarchy of equationsof which
the lowestis

O™ 1 (@+ &)U =0, (18)

soat leadingorder we nd an equation whichdeterminesthe linearized solu-
tion

Uo = €¥*Ag(X;T) + & "*Ay(X; T); (19)

where it should be noted that the complex amplitude function Ay can be
completely arbitrary at this level, sincethe linear operator (@ + ¢2)2 only
acts on the fast scales.At the next order we nd

o(") :|4(@+ qé)@@ u?+(@+ ®)%uy = 0 (20)
=0

wherethe rst term is zero becauseLuy = 0. Analogousto the previous
order, it thereforefollows that

u; = €9%A(X;T) + cic:; (21)

where A; also can be chosenarbitrarily at this level. It can howewer be
determined from higher equationsin the hierarchy. The previous equation
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doesnot help us, but at the next order we will nd an equation of motion
for Ao, the leading slov amplitude. We nd

O("%2) : L?%u, + 4L u+(@ 1+ +4@@ + ud)up = 0;(22)
910 1 pgda

which by eliminating the zeroterms and expandingthe nonlinear term leads
to

h i .
L2u+ €9%(@ 1 4@ + 3jAgjH)Ao+ c:c: +( ¥ A3+cic) = 0:(23)

From this it follows that u, is of the form €9XA, + €39XB, + c:c; whereA,
and B, are slow amplitudes which are not determinedat this level. Howewer,
the crucial point is the following: L2u, doesnot cortain any €9 dependence,
sinceLAe* = 0 for all slov amplitudesA. So,in order to satisfy Eq. (23),
the coe cien t of €9 in (23) must vanish, i.e. A, must satisfy

@Ap = Ag+ 4@ Ao 3jA%Ao: (24)

This is the amplitude equation we wanted to derive. By a simple scaling
of X and A, by a constart factor, we can eliminate the constans 4¢2 and
3. The ultimate justi cation for having chosenthe scalesof space,time and
amplitude as" 72, " 1 and "%, respectively, follows from the self consis-
tency of the above expansion.Indeedthis form of the amplitude equationis
independen of ".

The calculation of amplitude equations for more complicated systems
with a forward stationary bifurcation is technically more involved, but the
principles are the same:by separatingin the equationsof motions all deriva-
tivesinto a slov and a fast part (i,e. @! @ + "*?@) and assumingfor
U an expansionof the form (12), a systematicexpansionof the equationsof
motion is obtained. The rst equationin this hierarchy correspndsto the
linearized equation of motion and therefore doesnot tell us anything about
the amplitude Ay. The secondequation is also of no help, but the third
equationis in generalof the form

L:U, = RHS[A]; (25)

wherelL; is the fast part of the linear operator of the starting equation. The
above relation hasa solution if and only if the RHS is orthogonalto the zero
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spaceof the linear operator L;, 4 and this condition gives us the general
amplitude equation:

0@A = J@A+"A  QjAJ%A; (26)

which now is written down for the fast scalesx and t.

Although the coe cients o, o and gy can be calculated from the full
equationsdescribingthe physical problem under study®, for corveniencewe
can scalethem out by a suitable choice of space,time and amplitude scales.
Note that we cannot scaleaway the sign of go, becausefor positive gy the
nonlinear term is stabilizing and we have a supercritical bifurcation, while a
negative go givesrise to a destabilizinge ect on the amplitude and the bifur-
cation is subcritical; higher order stabilizing nonlinearitiesare then necessary
to obtain a stationary solution. We now assumea supercritical bifurcation
asin Rayleigh-Benard cornvection, and after the aforemerioned scaling we
obtain

@A = @A+ "A jAJPA (27)

We prefer to keep " explicit in (27), so as to avoid a cortrol parameter
dependert rescaling. This will make it easierto considerwhat happenswhen
" goesthrough zero.

Equation (27) arisesnaturally near any stationary supercritical bifurca-
tion when the systemis translationally invariant and re ection symmetric
(x!  x). The latter symmetry dictates that the secondorder term @=@?
arisesasthe lowest order spatial derivative, while the form of the cubic term
is prescribed by the requiremen that the equation be invariant upon multi-
plying A by an arbitrary phasefactor exp(i ): this correspndsto translating
the pattern by a distance =g, so translational invariance implies that the
equationfor A hasto be invariant underA! Ae' .

Equation (27) hasthe form of the Ginzburg-Landau equation for super-
conductivity in the absenceof a magnetic eld and is often referedto asthe
Ginzburg-Landau model. To distinguish it from the amplitude equation for
traveling waves given below, we will referto it asthe real Ginzburg-Landau
equation(RGL), sincethe coe cien ts in this equationarereal. Note that the

4According to the Fredholm theorem, discussedin appendix A of CH.
>From the equation for the linear growth rate (10) it follows that 1= @=@ and

3o'= (120 =@F

20



amplitude itself is a complexvalued function in order to take proper accoun
of the translational symmetry.

If the instability is to traveling waves, i.e. if the pattern which emergess
intrinsically time-dependen, the resulting amplitude equation generalizego
the complex Ginzburg-Landauequation (CGL). Still the principle of deriva-
tion is the same,but sincethe solutionsof the linearizedequationsof motion
are traveling waves of the form €(®x '<0) where! . is the critical frequency
we write the lowest order solution as Uy = €(®X '<DA(X;T) + c:c: Since
there is now both fast and slow time dependence,@ transformsto @+ "@ .
Performing the " expansionand scalingaway super uous constarts, we nd
as amplitude equationthe complex Ginzburg-Landau equation (CGL):

@A+ Vg@A = (1+ic))@A+"A (1 ica)jAj%A; (28)

wherec; and c; are real coe cien ts, and vy is the group speed. Naively, one
would expect (1 + icp) in front of the "A term, but unlike ¢; and ¢z, ¢y can
be transformed away by goingto a rotating frame, i.e. setting A = e '°o'A,
Solutions of the CGL equation are qualitativ ely di erent for di erent values
of ¢; and cz3. Thesecoe cien ts can be calculatedfrom the basicequationsof
motion by performing the sameexpansionasin the real case.

We have written only one CGL equation for a single amplitude, i.e. we
have brokenthe symmetry underre ection (x !  x). If the starting system
is itself symmetric both left- and right-moving traveling wavescan exist. For
sud systems,one actually obtains two coupled CGL equations,one for the
amplitude of the left-moving waves and one for the amplitude of the right-
moving waves. Dependingon the nonlinear interaction terms, one can either
have a situation in which standing waves are favoured, or one in which one
wave suppresseshe other in the bulk of the system. In the latter case,one
can e ectively use a single CGL equation like (28), at leastin an in nite
or periodic system, and the vy@A term can be eliminated by a Galilean
transformation; we then end up with:

@A = (1+ic)@A+"A (1 ic3)jAjPA; (29)

which is the form of the CGL equation we will usemost often. In the limit
c1; ¢! O werecover the RGL equation.
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2.2 Comparison betweenthe RGL and CGL equations.

To derive both amplitude equations,the only essetial assumptionwe used
was that there is a supercritical bifurcation with wave number unequal to
zero. If this is the case,the amplitude equations are generically the real
or the complex one, depending on whether the bifurcation is stationary or
oscillatory. Therefore, these equations descrike the weak nonlinear regime
of many physical systems,and are in a senseuniversal. For systemswith
subcritical bifurcations the situation is more complicated; if the amplitude
of the bifurcating mode is small, one can still do perturbation theory and
derive amplitude equations, but in generalthis is not su cient and higher
order terms must be added, so amplitude equationscan, at most, give qual-
itative behaviour. When the instability occurs for g. = 0, then the form
of the amplitude equationsis di erent, but for supercritical bifurcations an
amplitude description can still be given (CH IV A 1).

At rst glancethe real and the complex equation look rather similar,
but it turns out that the behaviour of solutions of these equationsis very
di erent.

It is easyto ched that the RGL equation (27) canbe written in the form

2 3
F . z 2

% = a0 with F = dx4 % "JAJ% + A5 (30)
from which it followsthat dF =dt 0. Thus, F playsthe role of a ‘freeenergy’
or Lyapunov function,® and many aspects of the dynamics of patterns can
be simply understood in terms of the tendencyof patterns to ewlve towards
the lowest free-energystate. In this sense,the dynamics of (27) is very
thermodynamic-like and is called relaxational.

For c;;c3 6 0, the CGL equation can not be derived from a Lyapunov
function and it displays a much richer variety of dynamical behavior than the
real equation (27). In fact, in the limit ¢;;c3! 1 the equation reducesto
the Nonlinear Sdredinger equation, which is not only Hamiltonian but also
integrable (it hasthe well-known soliton solutions). The fact that the CGL
equationreducesto an equation possessin@ Lyapunov function in one limit
andto a Hamiltonian equationin anotherlimit makesit very interestingfrom

_ SWhen c; = c3, the CGL equation can, after going to a rotating frame setting A =
€A, bewritten as @A = (1+ ici)(@A+ "A jA%jA) = (1+ic1)—t-.
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a theoretical point of view. In addition, thesetwo limits can be exploited as
starting points for perturbation expansions.

2.3 Phase winding solutions and secondary instabili-
ties.

We now proceedto discusssimplesolutionsof the real and complexGinzburg-
Landau equation. In the last chapter of these notes we will considermore
complicatedsolutions, but in generalthesecannotbe written down in closed,
analytic form. To get a grip on thesesolutions,we rst discussthe so-called
phasewinding solutions which can be found easily

The RGL equation admits plane wavesin spaceof the form A = agd,
with ¢ = " a2. Thesephasewinding solutionsdescrite steadystate periodic
patterns with total wave number slightly bigger (q > 0) or slightly smaller
(g< 0) than q.

For the CGL equation, there exists a band of traveling wave solutions
A = ae " ™9 with Im(!) = 0. Just as q measuresthe di erence between
the wave number of the pattern and the critical wave number, ! measures
the di erence between the frequency of the pattern and the frequency of
the critical mode, ! .. Note that the RGL equation does not permit these
traveling wave solutions.

When we substitute the ansatzA = ae " 9 into Eq. (29), we obtain

=" al: (31)

The expressionfor ! illustrates that c; is the coe cient which measureghe
strength of the linear dispersion,i.e. the dependenceof the frequencyof the
waveson the wave number, while c; is a measureof the nonlinear dispersion.

So, the RGL equation admits spatially periodic solutions €% with wave
vector "z < gq< "2, andthe CGL equationadmits travelling wavese i t*idx
with condition (31). What is the stability of thesesolutions? The linear sta-
bility analysisis quite straightforward but especially for the CGL equation
algebraicallyinvolved. The stability analysisconsistsof simply substituting a
trial function which is the sum of the phasewinding solution and a suitable
periodic perturbation into the corresppnding amplitude equation and lin-
earizingthe reponseto the small perturbation. This resultsin a growth rate
for the perturbation, which determineswhether the phasewinding solution
is lineary stable or unstable (CH IV A).

—_ 2 2.
I = Qg Cza“ ; q
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Figure 7: lllustration of the stability of phasewinding solutions of the one-
dimensionalreal and complexGinzburg-Landauequations. (a) The stability
diagram for ¢; = ¢z = 0 (left) and for c;c3 > 1 (right). (b) Sketch of three
roll patternsin a Rayleigh-Benard cell for g closeto the left edgeof the band
of allowed solutions,for g 0, and for a g closeto the right edgeof the band.

When a phasewinding solution becomesunstable, this is a secondary
instability sincethe solution itself emergedvia an instability of the homoge-
neousA = 0 state. Thesesecondaryinstabilities tend to make the patterns
more complexand accoun for someof the complexity found in real experi-
merts, aswe will seein sec.3.1.1. For the real casethe qualitative answer is
well-known; considerthe left part of Fig. 7a. Foragiven" > 0, the valuesof q
for which steadystate solutionsexist fall within the solid line. Howewer, only
the solutionswithin the dashedlinesare stable| solutionscorrespnding to
valuesof q in the hatched region, closeto the edgeof the band, are linearly
unstable. This instability is called the Eckhaus instability. Intuitiv ely, one
may understandit asfollows. A wave number q closeto the left edgeof the
band correspndsto a smallertotal wave number of the pattern, and hence
a larger wavelength. When the wave vector is too small, as illustrated for
a roll pattern in a Rayleigh-Benard cell on the left of Fig. 7b, the pattern
is unstable becausea roll is sowide that it will split into three. Likewise,a
g near the right edgeamourts to a pattern which is unstable becausethree
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Figure 8: lllustration of the dynamical processby which phasewinding solu-
tions with too largejg gounstable. In (a) the complexervelope A is plotted
asafunction of x for three di erent times. Note that the plane perpendicular
to the x-axis is a complexplane. In (b) the dynamicsof jA]j is sketched; at
time t, the phaseslip occurs.

narrow rolls like thosein the right part of Fig. 7b mergeinto one. Only pat-

terns with wavelength closeenoughto the critical one (those in the certer

of Fig. 7b with q 0) are stable. Now in the Rayleigh-Benard example of

Fig. 7b the phasedi erence of Ae'%* betweentwo points, divided by 2 , is

equalto the number of pairs of rolls betweenthesetwo points’. Thus when

three rolls mergeinto one or when oneroll splits into three, the number of

phasewindings of A over a certain distance changesby one. But sincethe

phaseof A is well de ned and cortinuouswheneer jAj is nonzero,the only

way the number of phasewindings can changediscortiinuously in a localized
regionis if at somepoint in time and spacejAj = 0. At that point the phase
is unde ned, and so can \slip" by 2 . Thesepoints are called phaseslip

certers. Fig. 8 illustrates the rapid variation of the phaseand the decrease
in modulus jAj which lead to sud behavior.

For the CGL equation, the stability analysisis more complicated, since
onehastwo free parameters(c, and c3) which canbe adjusted. Just asin the
Eckhausinstability it is found that within the rangeof possiblephasewinding
solutions, a smaller band of thesesolutionsis stable; if oneleavesthis band,
one encourers the so-calledBenjamin-Feir instability®, which correspnds

"The phasewill be discussedin more detail in sec.4.1and 4.2.
8This instability is analogousto the Eckhaus instabilit y of the RGL equation, but in
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to a wave becomingunstable by resonan excitation of sidebands. The size
of this band is a complicatedfunction of ¢; and c;, but oneimportant feature
can be caugh in a simple formula: If the so-calledNewell criterion

cC> 1 (32)

is valid, all phasewindingsolutions are lineary unstable! This remarkable
result leadsto expectations that in this casechaoswill occur, asis indeed
obsened in numerical simulations (seesec.4.3.1).

2.4 Two-dimensional amplitude equations.

In a realistic Rayleigh-Benard experimert as shown in Fig. 3 the pattern is
explicitly two-dimensionalso an extensionof the amplitude equation consid-
ered above is neededto descrite the pattern. We will show that the ampli-
tude equationfor isotropic (i.e. rotationally invariant) systemsis anisotropic,
whereasfor anisotropic systemsthe correspnding amplitude equation can
take an isotropic form. The reasonfor this somewhatparadaical situation
is that a periodic roll pattern breaksthe rotational symmetry in an isotropic
system, so transverseand longitudinal variations are qualitativ ely di erent,
whereasin the anisotropic systemthey can be made the sameby a simple
scalechange.

The term in the amplitude equation which is di erent from the one-
dimensionalcaseis the spatial derivative term, which we can nd by looking
at the linear growth rate of plane waves. Suppose we have an isotropic
system and that the basic pattern has a wavewector g in the x-direction.
Then the growth rate  of modeswith waverumber g = ¢, + K is given by a
generalizationof Eq. (10) of the form

@= o'(" da &) o'("  §ka+ ki=20)?); (33)
wherewe have kept the lowest order terms in ead of k, and ky in expanding

jg epj? for smallR. Note that the di erence in scalingin the two directions
re ects the inherert symmetry breaking of the instability, which was here
chosenwith wave vector in the x-direction. The amplitude equation is now
found to have the form

@A="A+ H@ (F20)@)°A  wiAjPA; (34)

the context of the CGL equation it is usually referred to asthe Benjamin-Feir instabilit y.
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Figure 9: Stability balloon for stateswith wavewector ¢ = (¢ + k)R in the
two-dimensionalRGL equation. Within the curve N phasewinding solutions
exist. E and Z denotethe Eckhaus and zig-zaginstabilities.

in the real caseand its usual extensionin the complexcase. Theseequations
correctly descrite the variation of the pattern on a slow scale" ' parallel to
the roll wave vector and " perpendicular to the wave vector. An impor-
tant limitation of this amplitude equation thereforeis that it only describes
situations in which the rolls are almost everywhere parallel to a particular
direction, here labeled the x-direction. The slow reoriertation of the roll
pattern over large anglescommonly obsened in experimerts (seee.g. Fig.
3) cannot be accourted for by the presen theory.

If the systemis not invariant under rotations in the plane the amplitude
equation takesthe form

0@A="A+ @A+ (@A QiA°A; (35)

in the real case,and again the usual extensionin the complex case. By a
rescalingof the x or y-coordinate onecan bring the anisotropic equationinto
the isotropic form

0@A="A+ @A+ @A) QiAI’A: (36)

Thesetwo-dimensionalequationsalso have phasewinding solutions, but
the new feature is the occurenceof the so-called\zig-zag" instability for
negative valuesof ky, which is a modulation of the phasewindingsolutions
parallel to the rolls, hencein the y-direction (Fig. 9).
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2.5 Noise.

In deriving the amplitude equationswe assumedthat the noisein the un-
derlying physical systemcould be neglected.Howeer, one should be careful
with this. If the systemis closeto threshold, small stochastic terms have
a potentially important e ect. For instance, if the Rayleigh-Benard system
is just above threshold, perturbations of the conductive state grow and lead
to the corvective pattern. Howeer, it is clear that the amplitude of these
noisy perturbations determineshow quickly a corvecting state is reated,
and without noiseonein principle could remain in the unstable conducting
state forever (seesec. 3.5). As a simple model to study the in uence of
noise, one can supplemen the aforemenioned amplitude equationsby an
additive Langevin (white) noiseterm. The prefactor of this term then hasto
be determinedfrom a more detailed study of the underlying physical system.
Although we will not gointo detail on how to do this®, we note that at the
very least any physical systemis subjected to thermal uctuations, and in
sec. 3.6 we quote the strength of this thermal noisein various systems.

9The strength of the noiseterm in the amplitude equation can be determined by pro-
jecting the noiseterm in the original equationsonto the slow mode. Seesec. 3.5.
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3 Physical examples.

3.1 Rayleigh-B enard convection revisited.

So far we have conceitrated on the onset of corvection in the Rayleigh-

Benard experimert for simple, isotropic liquids. The hydrodynamic equa-
tions describing this system are the Navier-Stokes equation supplememed

with the heat equation and the massconsenration law. We are interested
in the situation where a temperature di erence is maintained betweentwo

horizontal plates. In generalthe parametersof the Navier Stokes equation
like viscosity and thermal conductivity depend on temperature and density,

and taking this couplinginto accoun makesthe equationsvery complicated.
Howe\er, in the weakly nonlinear regime the temperature di erence is typi-

cally of the order of 1K, sothis couplingis not very important. The so-called
\Boussinesgappraximation™ [4] only includesthe temperature dependence
in the all important buoyancy force term, and otherwiseassumesan incom-
pressible uid with constant material parameters.In this approximation the

uid equationsare:

(@+t At = F(P=)+ r2 g T2 (37)
(@+uw M)T = r?°T; (38)
o = 0 (39)

where g is the accelerationof gravity, is the viscousdi usivit y, is the
thermal diusivit y, is the thermal expansioncoe cient, is the density
and ¢, P and T denote uid velocity, pressureand temperature. These
equationsin principle should be supplemerted by stochastic noise terms,
re ecting the small scaledegreesof freedomof the molecularconstituerts of
the uid. Theseterms are howewer very small (as discussedn sec. 3.5, for
ordinary Rayleigh-Benard corvection they typically turn out to be of relative
order 10 °).

For the presen discussiorwe shall neglectthe stochastic forcing. To treat
the onset of corvection, we write down perturbation equations, perturbing
around a state of steady conduction. We rst rewrite the hydrodynamic
equationsin the Boussinescpproximation (37) - (39) in dimensionlesaunits,

(}@ re+ P 2 = }(H F)t; (40)
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@ r®» Ru, = (4 r); (41)
o = 0 (42)

where T is the temperature di erence betweenlower and upper plate, R :=
g Td®= denotesthe Rayleigh number, := = isthe Prandtl number
which measureghe ratio of thermal and viscousdi usivities [ shouldnot be
confusedwith the growth rate (10)] and is the deviation of the temperature
from its equilibrium distribution. If R is increaseda pattern of parallel rolls
emergesin simple cases. In a realistic experimert the horizortal layer of
uid extendsin both x andy directions, so modulations closeto onsetcan
be descriled by the isotropic two-dimensionalreal amplitude equation (34).

We will proceedby describingwhat happensin more complicated situa-
tions. First we indicate what may happenif the Rayleigh number is not close
to onset, and secondlywe will descrike corvection in binary uid mixtures
and in the anisotropic caseof a nematic liquid crystal.

3.1.1 Busse ballo on.

We have seenthat the simple phasewinding solutionsof the amplitude equa-
tions can becomeunstable against secondaryinstabilities, and an obvious
extensionis to the situation further away from threshold, as descriked by
Egs. (40) - (42). Theseequationsare simple enoughfor the stability of the
periodic roll structure to be described in detail. In a seriesof papers, Busse
and coworkers [5] gave a complete classi cation of the secondaryinstabili-
ties which occur in Rayleigh-Benard corvection in pure uids. The simplest
secondaryinstability is the Eckhaus instability, the well known modulation
of the wave number of the pattern that is already found in the amplitude
equation. Besidesthe Eckhaus instability a whole zoology of secondaryin-
stabilities is obtained, with exotic nameslike \zig-zag" (modulation of the
pattern parallel to the rolls) and \skewed-varicose"(roughly a combination of
zig-zagand Eckhaus). If we sketch the boundariesof the regionin the space
of wave number and cortrol parameterwhereparallel rolls are stable, we ob-
tain the so-called\Busse balloon" whosedetailed form dependson Prandtl
number only (Fig. 10). Inside this balloon the periodic roll structure is lin-
eary stable, but if we crossone of its boundaries, the rolls are destabilized
by a secondaryinstability. It is worth noting that only the Eckhaus and the
zig-zaginstabilities are found in the amplitude equation, shaving the limited
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range of validity of this equation. The other instabilities are only found if
oneincludeshigher order terms resulting from the full system(40) - (42). It
is interesting to note the complexity of the destabilisingscenarioswhich can
occur in real uids for higher Rayleigh numbers.

Figure 10: Busseballoon for = 7, appropriate to water, wherethe di erent
namesfor the various curvesindicate the secondaryinstabilities that occur
there. N denotesthe neutral curve, E the Eckhausinstability, Z standsfor
the zig-zaginstability and SV standsfor the skewed-varicoseinstability. K
and CR denote the \knot" and \cross roll" secondaryinstabilities, which
are not discussedn the text. The Eckhausinstability is to the right of the
cross-rollboundary in this caseand is thus not showvn. After [5].

3.1.2 Convection in binary uids.

If one usesinstead of a pure uid a mixture of two uids in the corvection
experimert, new phenomenaappear. The important new feature is that
apart from a concetration ow induced by ordinary di usion, temperature
di erences also induce a concetration ow. The hydrodynamic equations
(37) - (39) have to be supplemeted by equationsfor the conceitration c of
one of the componerts:

@ = r Jo (43)
J. = De(fc+ T)+ o (44)
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where D, is the diusion coecient of the componert in question. The
coupling betweentemperature and concetration ow is known asthe Soret
e ect and the dimensionlesscoe cient which measureshe strength of this
e ect, ,Iiscalledthe separationratio; canbe both positive and negative,
dependingonthe averageconcetration of the mixture. Onecanimaginethat
this e ect is important in corvection; if the signof is sud that the heavier
uid componert ows to relatively hotter regionsit has a stabilizing e ect,
whereadf the heavier componert owsto colderregionsit hasa destabilizing
e ect.

Sincethe dynamics of the concenration is in generalon a di erent time
scalethan the dynamicsof uid motion, the resulting behaviour canbe quite
rich. The ratio of time scalesis given by the Lewis number L = D=
which is typically very small (10 2) for liquids. The most interesting point
is that it turns out that for negative separationratios (destabilizing), the
onsetof convection occursvia a Hopf bifurcation, sothe roll pattern is time
dependert, and consistsof traveling waves. This is our rst exampleof a
physical system descrited by the CGL equation, and therefore Rayleigh-
Benard corvection in binary uids hasbeenthe object of intense study in
the last few years.

There are two major problems, howewer, with the amplitude approad
for this system. Due to the smallnessof the Lewis number it turns out that
an amplitude expansioncan only be valid for very small amplitudes of the
pattern. Moreover, the bifurcation turns out to be subcritical (gy is nega-
tive), sosmall amplitudes are quite exceptionaland in generala perturbative
approad is not valid (CH IX A).

3.1.3 Electroh ydro dynamic convection.

Nematicsare liquids, usually formed of long anisotropic moleculeswith prop-
erties characterizedby a single anisotropy axis, called the director. The di-
electric constart for instanceis coupledto this director and asa consequence
electricalforcescoupleto the uid ow. In addition the anisotropy of the con-
duction may be important, leadingto chargebuild up, which in turn couples
to electric elds. If a strong enoughelectrical eld is applied acrossthe ne-
matic, electrohydrodynamic instabilities occur which produce roll patterns
analogousto Rayleigh-Benard convection. The destabilizing forces are in
generalmuch larger then the buoancyforcesin ordinary convection systems,
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and consequetly the sizeof the rolls is much smaller.

The typical geometry of an electrohydrodynamic corvection experimert
consistsof a thin layer of nematic betweentwo parallel plates separatedby
10-100 m , acrosswhich a voltageis applied. The platesare treated to favor
the alignmert of the director in a particular orientation in the plane of the
plates, so that the homogeneousjuiesceh state consistsof the uid with
director pointing in one direction (say the x-direction) and no uid ow.
The instability dewelopswhen the voltage exceedsa certain critical value.
The most familiar instability is a supercritical stationary bifurcation to a
spatially periodic roll state normal to the x-direction; in this state there is
uid circulation coupledto the tilt of the director in the x z plane. Because
of the anisotropy of the system,the amplitude equation can, by a constart
scaling of the x and y directions parallel to the plates, be brought into the
isotropic form (36).

The main advantagesof electrotydrodynamic corvection are the ability
to cortrol the ow by electromagnetiomeansand the small spatial scaleof the
convection rolls, which makesit possibleto study systemswith many rolls,
soasto minimize the in uence of lateral boundaries;in addition uctuation
e ects can more easily be studied in sud systems. The major disadvantage
is that the electrolydrodynamic equationsare very complicated.

3.2 Taylor-Couette o0 w.

This systemsconsistsof two conceltric rotating cylinders with uid in be-
tween. If we rotate the cylindersthe uid alsostarts to rotate, and a pressure
gradiert emergedecauseof the certrifugal forces. We arethen in a situation
which is similar to the Rayleigh-Benard experimert, and one again looks at
the balanceof destabilizing certrifugal forcesand viscosity which acts as a
stabilizing force. The dimensionlesscortrol parameter measuringthis ratio
is the Reynoldsnumber which dependson the radii and rotation rates of the
cylinders and on the viscosiy. Sinceboth cylinders are allowed to rotate,
we have two Reynoldsnumbers. If the rotation is su ciently fast, the ho-
mogeneousuid motion becomeaunstable againsta roll structure with wave
vector parallel to the axis of rotation of the cylinders. This bifurcation to
the socalled Taylor vorticesis a stationary onewhenthe cylinders co-rotate,
but whenthe cylinders courter-rotate the bifurcation canbe oscillatory (Fig.
11). Often the patterns which occur are cylindrically symmetric, soin this
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casethe anisotropy of the systemleadsto a description in terms of a one-
dimensionalamplitude equation.

Figure 11: Stationary (! ¢ = 0) and Hopf (! ¢ 6 0) bifurcations for the
Taylor-Couette experimert. R, is the Reynoldsnumber oro(r, rj)= of
the outer cylinder of radius r,, R; is the Reynoldsnumber ri(r, rj)= of
the inner cylinder with radiusri, and ,and ; arethe rotation rates of the
two cylinders.

3.3 Parametric surface waves.

If we oscillate a shallov layer of uid in the vertical direction, this results
in a modulation of gravity. For large enoughmodulations, the surfacestarts
to dewelop waves of half the driving frequency Becausethe instability oc-
curs via a modulation of one of the parametersof the systemit is called
a parametric instability. From an experimertal point of view, this system
hasthe advantage that one cantune two parameters,the driving frequency
which setslength and time scalesfor the waves, and the driving amplitude.
Howeer, becausedissipation is rather small in these systems,the patterns
can be very complicatedand transierns die out slowly.

3.4 Directional solidi cation.

The regularity of the shapesproducedby crystals growing into a supercooled
or supersaturated ervironmert is a well known phenomenon.The beautiful
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feathery patterns with the hexagonalsymmetry of ice, photographedin se-
lected snav ak esgive an exampleof the possiblerichnessof crystal growth.
The tendencytowards pattern formation in solidi cation is demonstratedby
the instabiliy of a plane front of the solid phasegrowing in the supercooled
liquid. This instability, known asthe Mullins-Selerka instability, can be un-
derstood as follows. When the liquid freezes,it hasto transport a certain
amourt of heat, the so-calledlatent heat, into the supercwled liquid. The
larger the temperature gradiert at the solid-liquid interface, the faster the
latent heat is conductedaway and iso-temperature lines are squeezedFig.
12). Soaround a bulge in the interface the solid phasecan grow faster and
the bulge thereforegrows. Small uctuations of the surfacewill thus alsobe
unstable. If this werethe only medanism, it would meanthat perturbations

Figure 12: Sketch of the di usion mediated instability occuring for growth

of a crystal into an undercamled melt. In front of a bulge, the isotherms
are squeezedl|eadingto better conduction of the latent heat away from the
interface, and as a result to enhancedgrowth. For directional solidi cation

the diusion eld assaiated with impurities accunulating in front of the
interface givesrise to a similar instability. a) Flat interface. b) E ect on
isothermsof distortion of the interface.

on all length scaleswould grow, leadingto irregular, fractal like patterns as
in di usion limited aggregation. Howewer, due to surfacetension very steep
interfaceswill be damped. In the caseof free growth of an interfaceinto a
supercaoled region the instability doesnot saturate at small amplitudes, so
that an analysisbasedon the Mullins-Sekerka instability is only qualitativ ely
useful, for examplein idertifying characteristic length scales.
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In Fig. 1 we shoved an exampleof a directional solidi cation pattern in
a liquid crystal phasegrowing with constart velocity in an applied external
temperature gradiert. Note that when the systemis just above threshold
the pattern is very closeto being sinusoidalin that case.Howewer, whenwe
move away from threshold, the amplitude grows, nonlinearitiesbecomemore
important and the sinus is deformedby higher harmonics. Evertually, in the
last picture we seethat the discrete translational symmetry parallel to the
interfaceis broken, and that little drops of the melt are isolatedin the solid,
indicating strongly nonlinear behaviour. In liquid crystals the bifurcation is
supercritical and the weakly nonlinear behaviour closeto threshold can be
descriked by an amplitude equation.

3.5 Thermal noise.

As we mertioned in section 2.5, thermal uctuations may play a role near
onset. In this sectionwe shall list someresults for the strength of the noise
in various physical examples.We rst considerthe Rayleigh-Benard system
near threshold [6], for which the strength of the thermal noiseis estimated
as follows: At equilibrium, Landau and Lifshitz [7] have shovn that noise
can be taken into accourt by adding to the hydrodynamic equations (37)

and (38) Langevin forceswhose spectrum is white and whose strength is

determined by a detailed balance condition. We furthermore assumethat

the noisedoes not changeaway from equilibrium, sinceits origin is in the

molecular degreesof freedom which should be una ected by macroscopic
forcing. It is then straightforward to shaw [6, 8, 9] that in a large systemone
is led near threshold to the stochastic amplitude equation

@A ="A+ H@ (F20)@)°A  GwiAPPA+ fA(GY;1); (45)
wheref 5 is a white noisesourcewhith correlations

<falGyiOfaCCYSt) >=2Fa S0 (x XY (y ¥Y) (t 1) (46)
We will write the dimensionlessoisestrength in the form

Fa = QoQa( ); (47)
where
Kk
Q= ol (49)
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is the basicsmall parameter measuringthe ratio of the thermal energykg T
to the characteristic dissipative energyof corvection ( d 3)( =d)2. For a layer
of water of depth 1 cm. we have Q, 10 °. The quartity Q; dependson
parametersof the system(here on the Prandtl number ), and canbe shavn
[9] to be

Q= d'=§o 2+ + const): (49)

For the Taylor-Couette systemthe ratio of energyscalesQy is equal to
ke T=2 r, 2, whereasQ); is a function depending on the radius ratio of the
outer and inner cylindersr,=r; and on the Reynoldsnumber R, of the outer
cylinder [10].

For binary uids the ratio of energiesQ is the sameasin the Rayleigh-
Benard case,but Q; is a function of the Lewis number, the separationratio
and the Prandtl number [11].

In most casesthe dimensionlessnoise strength is extremely small and
e ects of noisearethus di cult to study experimertally. One systemwhere
noiseis enhanceds corvection in gaseqsince is smaller), and another one
is electrolydrodynamic corvection in nematics, since very thin layers can
be used. The correspnding amplitude equation is the anisotropic one (34),
with a noiseterm of the form (46) and (47) with

=~

_ keT,
Qo = Kd (50)

Ky being an orientational elastic constart. The quartity Q; has beenre-
certly calculated by Treiber and Kramer [12], and it dependson Prandtl-
number-like parametersrepreseting ratios of time scalesfor relaxation of
the momentum, the chargeand the nematic director.

3.6 Noise sustained structures.

Even when the noiseis very small, its e ects can be important in systems
which arecorvectively unstable. Let usconsiderthe one-dimensionaktochas-
tic amplitude equation

o(@A + so@A) = "oA+ @A  QAIPA + fa; (51)
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in ahalf-spacex 0, with constart cortrol parameter”, > 0, group velocity
So and the boundary condition A(x = 0) = 0. Sud a model descrikes for
exampleTaylor-Couette ow with axial through ow [13, 10].

Any uctuation in the systemwill grow since"y > 0, and will be advected
away solong asthe state A = 0 is convectively unstable(0 < " < s3 2=4 2).
Without noisethe unstable A = 0 state will be maintained, but if there
is a constart sourceof noise, asin (51), then uctuations are cortinually
createdand allowed to grow asthey advect downstream. At somedistance
Xo, Which dependson the noisestrength F5, and on sq, the order parameter
grows to macroscopicsizeand evertually saturatesto its bulk value jAgj? =
"0=@. Thus a measuremen of Xy canyield information on F,, if the other
parametersin (51) are known. Note that it is essehial that translational
invarianceis brokenin the system,otherwisethe advectionterm so@A could
be transformed away by a changeof referenceframe.

In arecen experimert on Taylor-Couette ow with throug o w, Babcock
etal. [13]wereableto t their data to a complexgeneralisationof Eq. (51),
and to determinethe small noisestrength Fa 5 10 °, which is howewer
larger than the estimate for thermal noise[10] by a factor of roughly 200.
The origin of this discrepancyis at presem unknown.

Recerly, Sthepf and Rehberg have performedmeasuremets of the ther-
mal noisestrengthin abinary uid convectionexperimert in the corvectively
unstable regime[14]. In this case,the measuredand theoretically predicted
strengths of the thermal noiseare in very good agreemen
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4 Beyond the phase winding solutions.

In the previous sections,we have derived the amplitude equationsand in-
dicated their validity for a number of physical systems. These equations
provide us with a proper starting point for answering someof the questions
we posedin section1.2in the cortext of Rayleigh-Benard cornvection. Some
speci ¢ theoretical issuesare:

Which (near) periodic patterns out of a cortinuum of possibilities nat-
urally emergeabove threshold, i.e. what is the medanism of \pattern

selection"? Initial conditions and boundary conditions play an impor-
tant role in this. This questionarisesesyecially for the RGL equation
and for the CGL equationwith jcij;jcsj 1.

To what extent is the long-time dynamics dominated by structures
like defectsor other elemenary objects (often referedto as coheren
structures| seebelow).

In addition, for the CGL equation with the Newell criterion (32) sat-
is ed, chaotic solutions are expected. What are the proper quartities
to characterizethesesolutionsin large systemswhere marny degreesof
freedomcomeinto play°?.

Thesequestionsare at the heart of modern researti on nonequilibrium pat-
tern formation. From atheoretical point of view onemay start by attempting
to understandvarioustypesof solutionsof the amplitude equations,their sta-
bility, and their basinsof attraction (i.e. the set of initial conditions from
which they are readed).

Providing a comprehensie overview of our presen understandingof these
issuesis far beyond the scope of this chapter. We will thereforecontent our-
selhes in this last section with giving some avor of recert work on these
problemsby shaving someexamples. The readerinterestedin a more thor-
ough discussionshould consult the relevant sectionsof the review by Cross
and Hoherberg cited in sec. 6 and the referencegherein.

We shall start by shaving a simulation of the ewolution of a two-dimensional
pattern from an Eckhausunstableto a stablestate in the RGL equation. This

0 Actually, this question may also be relevant in regimeswhere c;¢; < 1, as studied in
[15], in which spatio-temporal chaosalso arises.
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naturally leadsto the subject of defects. We then briey shov someof the
newphenomenawhich arisein the complexequation. This will leadto the in-
troduction of coherem structuresin the one-dimensionabmplitude equation,
structures which are closelyrelated to the defectsmentioned above.

4.1 The Eckhaus instabilit y

The two-dimensionalRGL equation (35) for anisotropic systemswith o and
0o scaledout as in equation (27), admits plane wave solutions of the form
A = aé¥ with wavewector parallel to the x-axis. Thesewavesexist for ¢ < "
and are Eckhausstableif o < "=3. If we preparethe systemin a plane wave
state with "=3 < ¢ < ", it will be Eckhaus unstable, and we might expect
it to ewlve into a state inside the Eckhaus stable band. This is indeed
what happens as illustrated in Fig. 13, which showvs a simulation of the
two-dimensionalRGL equation. In large parts of the pattern, the variations
of the modulus of the amplitude are relatively small, so the pattern can be
descrilked by the phase of A, which is de ned by writing A = ad . For a
phasewinding solution of the RGL equationwe have = gx, a = constan.
The phasevariable occurs naturally when one looks at nearly periodic
patterns. For instance, in the picture of a Rayleigh-Benard experimert in
Fig. 3, the phaseof the signal was usedto depict the pattern. In Fig. 13
the bladk curvesindicate regionswherethe phaseis 0, and the white curves
regionswherethe phaseis , say.

Figure 13: Four subsequen stagesin the simulation of the two-dimensional
amplitude equation (35), ewlving from an Eckhaus unstableto an Eckhaus
stable phasewinding solution. After [16].

The simulations we shov weredonewith the RGL equationwith " scaled
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out, which amourts to setting" = 1. The systemwaspreparedin an Eckhaus
unstableinitial state with gq= 0:7. In panel (a) we seea weakly modulated

periodic pattern. Thesemodulations grow in strength, and in panel (b) we
seethat someof the equal phasecurves merge, reducing the averagewave
number. Where sud curves merge,the phasebecomessingular, and if A is
smooth it hasto gothrough zero. This is analogougo our previousdiscussion
of phase-slipgn section2.3. In this two-dimensionalcasethe singularitiesin

the phaseare assaiated with topological defects, and they play an important

rolein the selectionof nal statesof patterns. In panel(c) many of the defects
have annihilated and the pattern is closeto a periodic Eckhaus stable state
with lower wave number, which is nally readed in panel (d). For a more
thorough discussionof the Eckhaus instability we refer the readerto (CH IV

A laii).

4.2 Topological defects

The previous discussionon the Eckhaus instability introduced defectsin a
somewhatsketchy way. We sharpen our formulation by consideringa two-
dimensionalpattern in which over somelarge closedloop C the phase varies
slowly, but for which the integer valued integral
|
a=2) ¢ do (52)
C

is equalto 1. It is not dicult to seethat this is not consisten with a slov
variation of the phaseewerywhere: If we smoothly shrink the cortour, the
integer value of the integral remains smooth if the phaseis smaoth. The
integral is therefore a nonzero constart for arbitrarily small loops, which
clearly cortradicts the assumption of smaothnessof . Thus a non-zero
value of an integral of the form (52) necessarilyimplies the existenceof at
least one topological point defectinside the loop, where the assumption of
slow variation breaksdown. Sud a defectis called topological, becausea
smooth deformation of the phase eld doesnot in uence its existence.The
motion of a defectdependsboth on the pattern in its neighbourhood and on
the long-rangeinteraction with other defects(CH V B).

The notion of atopologicaldefectis related to broken symmetries(CH 1V
B 2). As an examplewe may look at the onsetof convection in a Rayleigh-
Benard experimert. Below threshold the systemis uniform and arbitrary
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translations do not changethe solution, sothey are all symmetry transfor-
mations. Above threshold when a periodic pattern has emerged,arbitrary
translations are no longersymmetriesof the system. If we apply a translation
to a periodic pattern we obtain in generala di erent, but ertirely equiva-
lent, pattern. The di erent patterns that can be generatedby applying all
continuous symmetriesof the systembelow threshold, in this caseall trans-
lations, can be labelled by phasevariables. In the caseof a periodic pattern
this is simply an elemen of SO(2). A spatially uniform changeof any of the
phasevariablesproducesa new solution and thereforeno dynamics. A slowly
varying spatial change of the phasevariablesis expectedto relax slowly in
time, and therefore phasevariablescan be usedto descrike the dynamics of
slow spatial variations of the basicpattern. This remainstrue further above
threshold as well. We will not go into this subject in more detail, but refer
the readerto (CH IV A 2).

4.3 The Benjamin-F eir instabilit y

The local structures discussedabove have a topologicalorigin, but there also
exist local structures which do not have topological signi cance. In partic-
ular, asillustrated below, coheren structuresin the one-dimensionabmpli-
tude equation shav featuresreminiscen of defectsin two dimensionswhen
viewed in a two-dimensionalspace-timeplot (compare Fig. 14c). Howeer,
there is not necessarilya topological charge assaiated with sud structures,
even though both typesof solutions have similar behaviour.

In many situations local structuresseemo belonglived, and aretherefore
important for the selectionof nal states, aswas illustrated by the defects
in the simulation of the Eckhausinstability of the RGL equationin Fig. 13.

The stability diagram for phasewinding solutionsof the CGL equationis
very similar to the onefor the RGL equation(Fig. 7a)aslongasjcyj;jcsj 1.
In this parameter range the dynamics following the initial state of Fig. 13
would qualitativ ely resentle that of the RGL, exceptfor the fact that the
near-periodic pattern now correspnds to traveling waves. As we saw in
section2.3, howewer, whenthe product c;c; increaseshe band of stable phase
winding solutions shrinks, and if we satisfy the Newell criterion ¢;¢; > 1,
there are no stable phasewinding solutions of the form A = ae " t*19% |eft,
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4.3.1 Spatio-temp oral chaos.

Figures 14aand 14b in which the amplitude jAj is plotted vs. x at regular
time intervals, illustrate the chaotic behaviour typically obsenedwhenc;c; >
1. From these gures we seethat in the limit whereboth c;c;  landc; 1,
intermittent structures that we will refer to as\pulses" are found. In Fig.
14c, a grey-scalespace-timeplot of the phase is shavn for a simulation
with ¢; = 2, ¢ = 1. The simulation started with random initial conditions,
but the long-time dynamicsillustrated hereis qualitatitv ely independen of
the initial conditions. In this gure, lineswhere = 0 are white and lines
where = areblack, say. Moving up along the vertical time axis shawvs
the behavior of the phase at a xed position x asa function of time. The
defect-like points wheretwo bladk or two white curves mergecorresmpnd to
phaseslip ewverts in space-time.

This chaotic behaviour brings up a number of new questions. The under-
standing of chaotic systemswith only a few degreeof freedom,for which the
complex behaviour occursin the time ewlution only, has greatly increased
the past 20 years. The situation in spatially extendedsystemson the other
hand, sud asthe CGL equation, which have a large or evenin nite number
of degreef freedom,is much more complicatedand far lesswell understood.
Sincethe state at a xed time can be very complex, this behaviour is often
referredto as spatiotemporal chaos.

It has beensuggestedhat the limit of an in nite system,i.e. extensive
chaos, might be described using conceptsborrowed from statistical medan-
ics and critical phenomena. In particular, the chaotic behaviour shown in
Fig 14chasbeenanalyzedin terms of correlation functions of the phase[15],
but studiesalongtheselines have only just begun. It hasrecenly beensug-
gestedthat somephasecorrelation functions in these chaotic regimesmight
be related to the behaviour of interface growth models [17]. We also note
that someexperimerts on Rayleigh-Benard convection in binary mixtures
in an annulus [18] showv chaotic behaviour reminiscen of that in the left
two pictures of Fig 14, but a detailed comparisonbetween simulations and
experimerts hasnot beenmade.
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Figure 14: Time ewlution of a chaotic state of the one-dimensionalCGL
equation. (a),(b) Simulations of the amplitude equation for a case with
cs! 1 (after rescaling,the limit ¢! 1 amourts to setting the real part
of the prefactor of the cubic term in the CGL equationequalto zero,sothat
it readsijAj?A) and ¢; = 100in (a) and ¢; = 1in (b); the initial condition
was white noisewith spatial averagejAj? = :01. After [19]. (c) Grey scale
plot of the phasein a simulation of the CGL equationwith ¢; = 2andc; = 1,
which started with random initial conditions. After [15].

4.4 One-dimensional coherent structures.

As Fig. 14 illustrates, in the region c;cz > 1 the dynamics of the CGL
equationdisplays spatiotemporal chaos. In other regionsof parameterspace,
oneoften nds that part of the dynamicsis governedby well-de ned regular
solutions which we will refer to as coheren structures (some of them also
existin the RGL equation). Coheren structures are solutionsthat are either
themseheslocalizedor that consistof domainsof regular patterns connected
by localizeddefectsor interfaces. It isimportant to understandthe existence
and stability of thesecoheren structuresasa rst steptowards an analysis
of the dynamics of more complicated patterns. We shall now give a brief
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overview of what has been learned in the past few years about the four
coheren structures of the one-dimensionalCGL equation shown in Fig. 15.
All the solutionswe shall discussare uniformly translating, i.e. are solutions
of the CGL equation (29) of the form

A t) = e "tA(x  wt): (53)

Figure 15. Sdcematic represemation of coherem structures of the one-
dimensionalcomplexamplitude equation.

441 Sources and sinks.

Let us rst consider solutions which connect one phase winding solution
on the left to another one on the right. We will call them domain wall
or shack type solutions. In a space-timeplot like that of Fig. 14c, these
solutionswould appear like \grain boundaries"betweendomainsof di erent
wave number. Sincea traveling wave hasa nonzerogroup velocity vy, there
are se\eral possibilities depending on whether the group velocity of ead
phasewinding solution points away from or towards the localized structure
connectingthe two asymptotic states. It is usefulto usethe group velocity vy,
relative to the velocity v of the localizedstructure vy, Vg V. Thus v, is
the velocity of a small perturbation of a phasewinding solution in the frame
moving with the domainwall. If the relative group velocity points away from
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the localizedstructure on both sides,the latter hasthe propertiesof a source,
while if vy points inwards on both sides,we will call the domainwall a sink
[20],[21]. In principle, solutionswith the relative group velocities pointing in
the samedirection on both sidesof the wall might alsobe possible,but one
can show [21] that sud solutions do not exist in the cubic CGL equation.
They do, howewer, exist in higher-orderextensions,sud asthe quintic CGL
equation mertioned below. In the RGL equation, most of the dynamics of
domainwalls can be understood in terms of the tendencyof walls to move in
the direction of lower \free energy" [seethe discussionin 2.2]. The behavior
of sinks and sourcesin the CGL equation is more complicated.

Sinksarein a sensaather dull objects, sincethe very fact that the relative
group velocities point inwards meansthat the phasewinding solutions that
are connectedmust originate in someother regionsof space.One then tends
to focuson the dynamicsin theseregions. Newertheless the velocity of sinks
isimportant during transiens becauseat determineswhich regionsshrink and
which onesexpand. In the one-dimensionalCGL equation, there is typically
a two-parameterfamily of sinksfor not too large velocities [21]. This means
that if we selecttwo arbitrary asymptotic phasewinding solutions, one on
the left and oneon the right, with group velocities pointing inwards, there is
always a sink solution with someuniquely determinedvelocity v that connects
thesetwo states. The stability of sinkshasto our knowledgenot beenstudied
in detail, although one expectsthem to be stable over a rangeof parameters.

Sourcessendout waves,and so may determinethe large-time asymptotic
dynamics. On the basisof an analysisof the ordinary di erential equations
that can be derived for the function A in Eq. (53) one generically expects
the existenceof av = 0 source,aswell asa discrete setof v 6 0 sourceq21].
In other words, one expects that in addition to the v = 0 solutions there
are only sourceswith particular valuesof the velocity and asymptotic wave
numbers. Surprisingly, howewer, Bekki and Nozaki [22] found a continuous
family of exact sourcesolutions of the CGL equation. The existenceof a
family rather than a discrete set of sourceswas interpreted by van Saarlaos
and Hoherberg [21] as a hint that there might be somehidden symmetry or
someaccidenal nongenericiy in the cubic CGL equation for all parameter
values. Support for this point of view comesfrom recert work by Popp
em et al. [23], who discovered that if a small perturbation is addedto the
CGL equation, the stability of thesesolutionsdependssensitively on the sign
and strength of the perturbation. For certain rangesof the parametersc;
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and ¢z, the Bekki-Nozaki sourcesolutions seemto play an important role
in the chaotic dynamics of the CGL equation [23]. Recernly, Lega et al.
[24] obsened holesreminiscen of the Bekki-Nozaki type solutionsin a low
Prandtl number convection experimert.

4.4.2 Pulses

The work on pulsetype solutions of the type sketched in Fig. 15b was moti-
vated largely by obsenations of localized corvective regionsin experimerts
on binary mixtures (CH IX A 2). Sincethe instability to traveling wavesin
this system actually correspndsto a subcritical bifurcation (compare sec-
tion 1.4.1), this motivated a number of groupsto study the following quintic
extensionof the CGL

@ _ (1+ icl)% +"A+ (1+ic3)jAJPA (1 ics)jAj*A : (54)

@
Note that the real part of the prefactor of the cubic term is now positive, so
that this term is destabilizing instead of stabilizing. The quintic term now
plays the stabilizing role, giving rise to the subcritical behaviour sketched in
Fig. 5. Perturbation expansionsabout both the relaxational limit (¢! 0)
and the Hamiltonian limit (¢! 1 ) [21] have shownn that there exist stable
pulse solutions with zero velocity in large subcritical (" < 0) rangesof the
i C1; C3; Cs parameterspace.Pulsesolutionscan becomeunstable by splitting
into two fronts which move apart. The long time properties of eat front are
then given by that of a singlefront like the one showvn in Fig. 15a, soone
can get information on the range of existenceof pulsesby analyzing the
dynamics of a single front. Pulse solutions of (54) are stationary in the
frame moving with the group velocity of the traveling waves;in principle, if
one considersan amplitude expansionnear a weakly subcritical bifurcation
(meaningthat the prefactor of the real part of the destabilizing cubic term
is small), nonlinear gradiert terms will arisein the sameorder asthe quintic
term jAj*A, thus leadingto a drift velocity for pulsesslightly di erent from
the group velocity. Experimertally, howeer, pulsesare found to have a drift
velocity much smaller than the group velocity [25. Although this can be
accoured for on an ad-hoc basisby adjusting the coe cien t of the nonlinear
gradiert term to be large, a more fundamenal analysis[26] attributes the
small drift velocity of pulsesto the coupling of the amplitude A to the slow
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concerttration eld. This represets a correctionto the amplitude expansion
due to the existenceof an extra slow variable.

4.4.3 Fronts

The dynamicsof fronts in the cubic CGL equationfor " > 0 is relatively well
understaod in terms of so-calledmarginal stability selectioncriteria (see[21]
and referencegherein). Becauseof its importance for the stability of pulse
solutions, front propagation has recerly beenstudied in great detail[21] in
the quintic equation(54) for both " > 0Oand" < 0. It turns out that an exact
nonlinear front solution can be found, whosedynamics plays an important
role in the selectionof patterns. Togetherwith a set of rules and conjectures
a fairly complete picture of the stability of pulsesand of the dynamics of
fronts has emerged.Someof the surprising ndings are:

(1) In somerangesof the parameters,pulsescanremain stablein the limit
" " 0. In theseregions,fronts only advanceinto the state A = Ofor" > 0, and
dynamically the distinction between the supercritical and subcritical cases
seemdo have blurred.

(i) For uniformly translating fronts to propagateinto the A = O state,
the net nonlinear dispersionhasto be relatively small, i.e. c3 Cs.

(i) It is poasibleto have fronts whoseedgepropagateswith awell-de ned

velocity v = 2 "(1+ ¢) for " > 0, that are not uniformly translating, i.e.
not of the form (53).

(iv) There are subcritical regionsof parameterspacewherechaotic pulses
spread;theseare sometimesreferedto as\slugs".

(v) In the limit wherethe ¢! 1 there are dynamically important front
solutions which cannot be obtained perturbatively from the Hamiltonian
limit ¢ =1 .

5 Concluding remarks.

In the bulk of this chapter we have focusedprimarily on the derivation of
amplitude equationsfor pattern forming systems. The amplitude equation
approad brings out the common features of patterns in di erent systems
nearthreshold. Evenif the starting equationsdescribinga particular system
are not well known or too complicated, one expects on generalgroundsthat
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near the threshold of a nite wave number instability (which itself could
be a secondaryinstability), the amplitude equationwill capture the essetial
behaviour both qualitativ ely and quartitativ ely. Of coursethe readershould
keepin mind that the behaviour away from threshold is much richer than
that predicted by amplitude equations, as illustrated by the Busseballoon
of Fig. 10 for the caseof the Rayleigh-Benard instabilit y.

6 Suggested further reading

M. C. Crossand P. C. Hoherberg, \P attern formation outside of equi-
librium”, Rev. Mod. Phys. 65, 851(1993). For a shorter introduction,
see

P. C. Hoherbergand M. C. Cross,\An introduction to pattern forma-
tion in nonequilibrium systems”, in Fluctuations and Stachastic Phe-
nomenain Condensd Matter (Springer Verlag, NY), 55 (1987).

A. C. Newell, T. Passotand J. Lega,\Order parameterequationsfor
patterns”, Ann. Rev. Fluid Med. 25, 399(1993).
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