Exam Quantum Information, 11 November 2019, 14.15-17.15 hours.

1. The not gate transforms a qubit in the state j i jOi j11 into the
orthogonal state j i JO1 jli.

a) Show in a drawing the relative positions of the two states j 1and j 1
on the Bloch sphere.

b) Whatis if and are both real numbers?

c) Explain why there is no such thing as a “universal” not gate, which would
work for arbitrary complex ;

2. The density matrix has the general expression
X - - -
Pnj nih nj:
n

F)
The coe Lciehts p, are real positive and ,pn 1. Each state j i is nor-
malized to unity, but pairs of states ] 1 and j ,,1 need not be orthogonal.

a) Derivethath j7j 1 O for any arbitrary state j 1.
b) Show, using the Schrodinger equation with Hamiltonian H for , t , that
the density matrix evolves in time according to

d
i — t H t t H:
dt
c) The density matrix of a pure state satisfies 2 . Show that a state is

pure at time t > 0 if and only if it is pure attimet O.

3. Two qubits A and B are in the state
j i 3j0iajOis  3jliajlis 3jliajOis  3jOiajlis:
a) Are the qubits entangled? Explain your answer.

b) Calculate the reduced density matrix A of qubit A. Does this density
matrix represent a pure state or a mixed state?

c) You are given two qubits C and D in the state J 1  jOicjOip. Construct
a circuit using a cnot gate and any desired single-qubit gate that entangles
the qubits C and D.
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4. The Deutsch algorithm can tell whether a function ¥ from f0; 1g to fO; 1g
satisfies ¥ O f1ofO f 1 . It does so with a single evaluation of
T in a two-qubit gate Ug that maps jxijyi , jxijy Ff X I.

a) Why is it in general not possible to represent ¥ by a single-qubit gate?

The diagram below shows the circuit, containing in addition to the gate U
three single-qubit Hadamard gates H and a Pauli gate X x-

0) H H |~
Uy

0) X H

P 111 1

[Wo) = [0)|0) |W1) [W2) Ws)  |Wa)

b) Give the expressions for the two-qubit states J 1 at each stage n
1;2; 3; 4 of the quantum computation.

c) After the final Hadamard gate that qubit is measured. Explain how the
measurement outcome decides whether ¥ O f1lorfO f1l.



