Answers to the Quantum Information exercise 4

Exercise 4: Entanglement

a) 1= <\I/|\If> = |000’2 + ‘001|2 + |610|2 + |611|2 = trech.

b) singular value decomposition: there exist unitary 2 x 2 matrices U, V such that

cl 0
c=v|” V.
0 dy

The coefficients ¢, and ¢}; are the socalled singular values of the matrix ¢ (equal to
the eigenvalues of c¢ if ¢ is Hermitian, but this does not need to be the case). We may
choose ¢y, and ¢}; real > 0 (by absorbing phase factors in U or V'). Substitute into the
expression for |¥),

1 1
W) = Z Crm|n)|m) = Z (UnoctoVom + Un1¢yy Vim)|n) [m)
n,m=0 n,m=0

Perform a change of basis by a unitary transformation from [¢)4 + UT[t))4 and
|Y)p +— V|¢)p, and in this new basis one has |¥) = 2711:0 chnlnyaln) g, which is the
Schmidt decomposition.

¢) trp|UN (W] = 3o cinCipli)alila = pa = ccf

d) A and B are entangled < p% # pa; the eigenvalues of p4 are A and 1 — A, with
0 < X\ < 1/2 (since p4 is Hermitian, non-negative definite, with unit trace). Take a basis
where p4 is diagonal, to see that p% # pa < A\ £\ & A\ # 0 & det pg # 0.

e) (PB)ij = Do ChiCh; = (cte) T, det (cfe)T = det cfe = det ect.
f) det pa = \(1—N) € [0,1/4

2 V3 1 V3
g) pa = % = pp; the singular values of the matrix ¢ = 273/2 are
V32 V3 1

A+ = (14 /3)273/2 so the Schmidt decomposition is ) = A, ]|00) 4+ A_|11).



