
Answers to the Exam Quantum Theory, 4 March 2025
each item gives 2 points for a fully correct answer, grade = total × 9/24 + 1

1. (a) Yes, it still holds that ⟨ψ|H(t)ψ′⟩ = ⟨H(t)ψ|ψ′⟩, the time dependence
of the potential has no effect on the Hermitian conjugate.
(b) [H(t1), H(t2)] = [− ℏ2

2m
d2

dx2 , 1
2m

�
ω2(t2) − ω2(t1)

�
x2] ≠ 0,

because [d2/dx2, x2] = 2 + 2xd/dx ≠ 0.
(c) dE/dt = ⟨ψ|dH/dt|ψ⟩ + ⟨ψ|H|(iℏ)−1Hψ⟩ + ⟨(iℏ)−1Hψ|H|ψ⟩
= ⟨ψ|dH/dt|ψ⟩ = mω(dω/dt)⟨ψ|x2|ψ⟩.

2. (a) [c, c†] = [a cosh λ+b† sinh λ, a† cosh λ+b sinh λ] = cosh2 λ−sinh2 λ = 1,
similarly [d, d†] = 1. The other commutators vanish, in particular, [c, d] =
([a, a†] + [b†, b]) cosh λ sinh λ = 0.
(b) Substituting the expressions for c and d gives c†c + dd† = (cosh2 λ +
sinh2 λ)(a†a+bb†)+(2 cosh λ sinh λ)(a†b†+ab); note that cosh2 λ+sinh2 λ =
cosh 2λ and 2 cosh λ sinh λ = sinh 2λ = γ cosh 2λ, so that (cosh 2λ)−1(c†c +
dd†) = a†a + bb† + γ(a†b† + ab).
(c) The operators c†c and dd† = d†d + 1 have eigenvalues 0, 1, 2, . . . and
1, 2, 3, . . ., respectively, so the spectrum of H consists of integer multiples
of (cosh 2λ)−1 =

p
1 − γ2.

3. a) ⟨ψ|ψ⟩ =
P

n,m c∗
ncm⟨Φn|Φm⟩ =

P
n |cn|2, because ⟨Φn|Φm⟩ = δnm.

b) ⟨ψ|H−E0|ψ⟩ =
P

n,m c∗
ncm⟨Φn|H−E0|Φm⟩ =

P
n,m c∗

ncm(Em−E0)⟨Φn|Φm⟩ =P
n |cn|2(En − E0) ≥ 0.

c) Calculate E(a) =
R ∞

−∞ Φ∗
a (x)HΦa(x)dx, and solve dE(a)/da = 0 to find

the minimal value Emin of E(a) as a function of a > 0. This is the optimal
upper bound of the ground state energy E0.

4. a) dr⃗/dt = (i/ℏ)[H, r⃗ ] = (1/m)(p⃗ − qA⃗)
b) exp(iqχ/ℏ)(p⃗−qA⃗)2 exp(−iqχ/ℏ) = [exp(iqχ/ℏ)(p⃗−qA⃗) exp(−iqχ/ℏ)]2 =
(p⃗ − qA⃗ − q∇χ)2 = (p⃗ − qA⃗′)2

c) H′ is related to H by a unitary transformation, so it represents the same
system described in a different basis.


