Exam Quantum Theory, 13 January 2020, 10.15-13.15 hours.

1. ﬂ'llﬁe wave function of a particle in position representation is X , normalized to unity:
1J X j?dx 1. (The particle is spinless and confined to the x-axis.)

a) What is the corresponding wave function p in momentum representation? Verify that
it is also normalized to unity.

b) The time-reversal operation T in position representation is
T X X . What is the corresponding time-reversal operation in momentum repre-
sentation?

¢) The Kramers theorem says that, under certain conditions, the eigenstates in the presence
of time reversal symmetry are twofold degenerate. Does Kramers theorem apply in this
case? Motivate your answer.

2. Consider the operator T, el@P= where a is a real constant and p i d=dx is the
momentum operator along the x-axis.

a) Explain why T, is the operator for translation over a distance a.

An electron in a chain of atoms at positions X, na,n 0; 1; 2;::: has wave function
amplitude , on atom n. The electron can move along the chain by hopping from one atom
to the next.

b) Explain why the Hamiltonian
H Ta T2

describes the electron motion for a real constant . How should H look like if was com-
plex?

c¢) Calculate the energy spectrum of H. (You may still assume a real .) How does the expec-
tation value v of the velocity of the electron depend on its momentum p?

3. In this problem we will investigate a two-level system (ground state jgi at energy '"=2,
excited state jei at energy ""=2) interacting with a harmonic oscillator (frequency ¥, bosonic
creation operator a¥). The Hamiltonian is

H Sigihgj  Sjeihej 1 a’a 2 jeihgja jgihejaY ;

where is the interaction energy. This socalled Jaynes-Cummings model describes how an
atom (modelled by the two-level system) can be excited by absorbing a photon in an optical
cavity (modelled by the harmonic oscillator).

a) Show that the operator
T =y = 1o .
N aYa 3jeihej 3jgihgj
commutes with H. What is the corresponding conserved quantity?
Because N is conserved, we can assume it has a definite value Ng and restrict the Hilbert
space to just two states: astatej 11 jg;Noi where the atom is in the ground state and the

cavity contains Ng photons, and a state j ,i je;Np 1i where the atom is in the excited
state and the cavity contains Ng 1 photons.

b) Calculate the four matrix elements h jHj 1i,h 1JHj 21,h 2jHj 10, h 2jHj 2.
Help: Recall that the harmonic oscillator at energy n % ¥ is in the state jni

n! 72 a¥ "joi.
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The four matrix elements can be combined into the 2 2 matrix
p__1
=2 No .
M  constant | DN—O -y
where | is the unit matrix and " L

¢) The two eigenstates of H at a given Ng have an energy di Lerence E. Calculate E and
check that E ¥ " ¥ inthe limit ¥ O.

. In class we studied the Casimir e [ect with two metal plates, here we consider instead three
parallel metal plates, at x Lj,atx Ly, andatx Lg, withO<L; <L, <Ljs. The plates
have infinite extent in the y-z plane. We treat the electromagnetic field as a scalar field

X;¥y;z (ignoring polarization). In vacuum the quantum fluctuations result in an energy
per unit area given by Eyotay E Lo Lg E Lz L, ,wherethe function E L is given by

X 21 dkyzl dk, 9
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C
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u?du: (1b)
a) Explain how to arrive at each of these two equations (1a) and (1b) for E L .

Because the integral over u diverges, we insert a factor e “ with > 0 and calculate as
follows:

c X 41
E L; e Yu?du (2a)
4 ni1 ML
cd21X el
11X . (2b)
4 d?2 no1
c d?1 1
4 d? e * 1 (2c)

b) Explain the two steps in this calculation, from Eqg. (2a) to (2b) and from Eq. (2b) to (2c).

We now take an infinitesimally small and expand Eqg. (2c) to arrive at
1

c 6L 1 3 5

E L; order

4 4 3 360L3

3)

c) Calculate the derivative F dEota=dL, the limit ¥ O,Lz ¥ 1. This is the force per unit
area which attracts the second plate to the first plate, separated by a distance L, L;j.



