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I. Introduction

The field of quantum computing is entering an exciting new phase: the era of
early fault tolerance. After years of progress in building quantum processors,
we are now witnessing the first devices capable of correcting their own errors
at the logical level [1-4]. While remaining modest in scale, early fault-tolerant
devices open the door to practical applications.

One of the most anticipated applications of quantum computing is the
simulation of quantum systems beyond the reach of classical methods, with
far-reaching implications for fields such as quantum chemistry [5], materials
science [6], and high energy physics [7]. A complete simulation workflow
consists of two essential steps: encoding the system of interest onto a quantum
device, and extracting relevant information from that encoding. This thesis
focuses on quantum parameter estimation (e.g. quantum phase estimation) as
a key tool for extracting information in quantum simulation, with particular
emphasis on algorithm design tailored to the constraints and opportunities of
early fault-tolerant devices.

The rest of this chapter is structured as follows: Section I.1 introduces
the foundations of quantum computing, including an overview of different
hardware generations and corresponding algorithm design paradigms. Sec-
tion 1.2 discusses quantum simulation and how parameter estimation fits
within this broader task. Section 1.3 reviews the basic concepts of quantum
parametric estimation theory. Section 1.4 provides an overview of quantum
phase estimation algorithms, which form the basis for the new techniques
developed in this thesis. Finally, section 1.5 summarizes the contributions of
this thesis.

I.1. Quantum computation

A quantum computer is a device that processes information according to the
laws of quantum mechanics. While a classical computer stores information
using bits, which can take values 0 or 1, a quantum computer uses qubits
— two-level quantum systems whose states are described as complex linear
combinations of the basis states |0) and |1). A classical register of n bits
can represent exactly one of the possible 2™ bitstrings at any given time. In
contrast, a quantum register can exist in a probabilistic superposition of all
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possible bitstrings (called computational basis states), represented as a vector
in a 2"-dimensional Hilbert space,

2" —1
W) =apl0...00) + a1 |0...01) + - +agn_1[1...11) = > aglz). (L1)
=0

This description encodes the probabilistic nature of quantum measurements:
according to the Born rule, the coefficients «, determine the probability
P(x) = |az|? of observing a bitstring x if the system is measured in the
computational basis.

Specifying a general state of n qubits in Eq. (I.1) requires 2" complex
numbers to be specified, which makes naive classical simulation infeasible
and underpins the expectation that quantum computers can outperform
classical ones for specific tasks. This concept, known as quantum advantage,
serves as a computational counterpart to Bell’s inequalities, which reveal
non-classical correlations in physical systems [8-10]. A famous example is
Shor’s factoring algorithm [11], which provides a polynomial-time solution to
a problem conjectured to require exponential classical resources. However, its
large-scale demonstration remains far beyond the reach of current hardware
[12, 13]. The first experimental claims of computational quantum advantage
[14-16] were made in the context of quantum random circuit sampling [17, 18],
where quantum devices generate outputs from randomly chosen circuits that
are believed to be hard to simulate classically. More recent demonstrations
have instead targeted physically motivated problems, whose solutions could be
verified by another quantum computer [19-22]. However, these results remain
the subject of debate, as classical algorithms continue to improve [18, 23-28].
The search for practical, unambiguous demonstrations of quantum advantage
continues.

Quantum computation is performed by applying unitary operations to a
quantum register initialized in a fiducial state (typically [00...0)). In the
quantum circuit model, these operations are built from a sequence of quantum
gates, which are the quantum analogs of logical gates in classical circuits.
Examples include the Pauli matrices,

X:((l) é) Y:(? oi>’ Z:(é _01>. (1.2)

For instance, the X gate acts as a quantum analogue of the classical NOT
operation, flipping the basis states |0) and |1). Building more general circuits
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relies on universal gate sets. A common choice includes the Hadamard gate

- 504) (L3
T gate
= (p won). (L4)

and CNOT gate

1 000
01 00

= = lo o0 01 (L5)

—b— 001 0

An example of a quantum circuit is shown in Fig. I.1. The Solovay—Kitaev
theorem ensures that any target unitary can be approximated to arbitrary
precision using a finite sequence of gates from such a universal set [29]. The
goal of quantum algorithm design is to construct quantum circuits that solve
the computational tasks in the least amount of time, which typically translates
to the smallest possible number of gates.

At the end of a quantum computation, information is extracted by mea-
suring the quantum state. The outcome of measurement is fundamentally
probabilistic, with the probability of each outcome dictated by the Born
rule. Quantum algorithms employ different measurement strategies to extract
information from these measurement outcomes, depending on the computa-
tional task. Direct computational basis measurements sample from quantum
probability distributions, while expectation value estimation usually requires
statistical averaging across many copies of a quantum state. This is required

|0) b—

0) —&—

Figure I.1.: Example of a simple quantum circuit preparing a Bell state. A
Hadamard gate H creates a superposition on the first qubit, followed by a
CNOT gate entangling the two qubits. Applying the gates from left to right
yields the state

00) +[10) _ [00) +[11)

CNOT (H ®1) |00) = CNOT
(H®1) |00) 7 7
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because measurement is destructive: once observed, the state irreversibly col-
lapses into the measured state. Thus, each measurement provides only a single
random sample from the underlying quantum distribution, and expectation
value estimation suffers from an inherent statistical noise. The combination of
statistical noise and destructive measurement means that quantum algorithms
must be designed to extract maximum classical information from minimum
measurement overhead, a principle that guides the algorithmic techniques
developed throughout this thesis.

The basic building blocks discussed above are used to construct quantum
algorithms, but what counts as an efficient algorithm varies across generations
of quantum devices. In the remainder of this section, we describe the different
computational regimes characterized by how the device handles noise. We
start by describing how noise affects quantum computation in section I.1.1.
Section I.1.2 introduces quantum error correction as the ultimate solution to
noise, which enables fault-tolerant quantum computation. Since implemen-
tation of these techniques remains out of reach, present-day NISQ devices
instead employ error mitigation to reduce the effects of noise through data
post-processing (sec. 1.1.3). Finally, section I.1.4 introduces the intermediate
regime of early fault-tolerance, which is central to this thesis.

I.1.1. Noise in quantum computers

Real quantum computers, like all physical systems, are inevitably subject to
noise and imperfections. A common way to characterize this noise is through
the error rate p, which denotes the probability that a given quantum gate
operation introduces a fault. Assuming each gate has an independent error
probability p, the probability of correctly executing a circuit with d gates
decays exponentially as (1 — p)¢. The exponential accumulation of errors
poses a fundamental threat to quantum computation, potentially eliminating
any quantum advantage unless errors can be actively corrected [30, 31].
Quantum computers face a broader spectrum of errors than classical devices.
In classical computers, the primary error mechanism is the bit flip, that changes
a 0 to a 1 or vice versa. However, quantum computers experience not only
bit-flip errors (corresponding to unwanted X operations), but also phase-
flip errors (unwanted Z operations) that alter the relative phases between
computational basis states. One common simplified model is local depolarizing
noise, where each qubit independently undergoes a random X, Y, or Z error
with equal probability p/3. Mathematically, this is equivalent to replacing
each qubit with a completely random classical state (mazimally mized state)
with probability 4p/3 [29]. This contrasts with global depolarizing noise, where
the entire quantum register is replaced with a completely random state, which
corresponds to treating all possible errors — from single-qubit flips to complex
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multi-qubit correlations — as equally likely.

Because of the broad landscape of quantum errors described above, quantum
error correction (QEC) faces several fundamental challenges that have no
analog in classical computing. First, QEC must protect against both bit-flip
and phase-flip errors, requiring more sophisticated codes than classical systems
that only handle bit flips. Second, the no-cloning theorem [29, 32] prohibits
copying unknown quantum states, eliminating the straightforward redundancy
strategies used in classical error correction. Third, any measurement used
to diagnose errors irreversibly alters the quantum state, creating a tension
between detecting errors and preserving information. Fourth, quantum states
are encoded in continuous complex amplitudes rather than discrete bit strings,
allowing small perturbations to accumulate gradually over time. Finally,
current quantum devices exhibit error rates on the order of 1073 to 1072 per
gate operation [1, 4, 33], orders of magnitude higher than classical error rates
of approximately 10717 [29]. As a result, new techniques have to be developed
to achieve fault-tolerant quantum computation.

1.1.2. Quantum error correction and fault-tolerance

The basic idea of QEC is to encode a logical qubit into multiple physical qubits
such that errors on a small subset of the physical system can be detected and
corrected without disturbing the logical information. Partial measurements
known as syndrome measurements are performed during the computation to
detect the presence and type of error, without collapsing the encoded logical
state. The ability of a code to detect and correct errors is quantified by
its code distance d, which is the minimum number of physical errors that
cause an undetectable logical error. A code of distance d can detect any
d — 1 individual errors, and correct up to (d — 1)/2 errors [29]. Crucially, the
threshold theorem implies that if the physical error rate is below a threshold
value, increasing the code distance allows for exponential suppression of logical
error rates [29], restoring the potential for exponential quantum advantage
with imperfect hardware.

The first QEC code, introduced by Shor in 1995, used 9 physical qubits to
encode a single logical qubit that is robust to arbitrary single-qubit errors
with d = 3 [29, 34]. Subsequent work led to more efficient and general codes,
with surface codes [35, 36], color codes [37], and low-density parity check
(LDPC) codes [38] being leading candidates for future scalable quantum
architectures [39]. Each code family involves trade-offs between factors such
as the number of physical qubits per logical qubit, the threshold error rate,
the complexity of syndrome measurements, and the ability to implement
logical gates efficiently—considerations that are central to designing practical
quantum architectures.
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While QEC enables the protection and recovery of static quantum infor-
mation, achieving fault-tolerant quantum computation requires an additional
layer of control: logical operations must be implemented in a way that pre-
vents small physical errors from propagating into uncorrectable logical faults.
One approach is to use transversal gates, which apply gate operations inde-
pendently across the physical qubits of a code block. These gates naturally
suppress the spread of single-qubit errors, but the Eastin-Knill theorem shows
that no quantum error-correcting code can implement a universal set of logical
gates using only transversal operations [40]. In many practical codes, the
Clifford group or a subgroup can be implemented transversally, but non-
Clifford gates such as the T' gate (Eq. (I.4)) cannot. (The Clifford group
is the set of unitary rotations that map tensor products of Pauli operators
I, XY, Z to single tensor products of Pauli operators.) Unfortunately, the
Gottesman—Knill theorem implies that circuits composed solely of Clifford
gates can be efficiently simulated classically [29, 41], so realizing a quan-
tum computational advantage requires fault-tolerant access to non-Clifford
resources like the T gate.

A widely used approach to access non-Clifford resources is magic state
injection, where the desired non-Clifford gate is realized via gate teleportation,
consuming a special resource state known as a magic state. A standard
approach to producing these states is magic state distillation, in which many
noisy copies are processed to distill a smaller number of high-fidelity ones
[42]. In common fault-tolerant architectures, this process dominates the
computational cost, with around a third of the qubits used for magic state
factories [12, 43]. Recently, a new technique called magic state cultivation has
been introduced [44], which challenges the assumption that T' gates dominate
the computational cost. While asymptotically less efficient than distillation,
this method allows for implementing T gates with the cost comparable to
CNOT gates for error rates as low as 107°.

Estimating the runtime of fault-tolerant quantum algorithms is challeng-
ing and heavily dependent on implementation details such as hardware ar-
chitecture, physical error rates, and code design, making direct algorithm
comparisons difficult. As a result, a widely used, architecture-independent
proxy for algorithmic cost is the T-count, the number of T gates in the logical
circuit. Despite recent advances such as cultivation, T-count remains a stan-
dard heuristic for evaluating and optimizing fault-tolerant algorithms. The
typical design approach is to minimize T-count at the logical circuit level and
then choose error correction parameters, such as code distance, to ensure the
total probability of logical failure across the computation remains negligible,
typically below 1%.

Recent experiments have marked a critical milestone: the first demonstra-

6
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tions of QEC on physical devices. For the first time, hardware platforms
have achieved physical error rates below the surface code threshold [1], en-
tering a regime where increasing the code distance d guarantees exponential
suppression of logical errors. This exponential suppression has been demon-
strated for surface codes with d = 3,5,7 on superconducting qubits [1, 2]
and neutral atom arrays [3], as well as for Knill’s Carbon code [45] with
d = 3,4 on trapped-ion platforms [4]. These implementations have produced
logical qubits with error rates lower than any of the underlying physical qubits.
Moreover, the first computations with logical qubits have been performed,
involving up to 48 logical qubits and 48 non-Clifford gates [3].

Despite steady experimental progress, large-scale fault-tolerant quantum
computing remains far beyond current capabilities. Estimates suggest that
practically relevant quantum algorithms will require millions of physical qubits
[12, 13, 36, 43, 46], while the largest quantum processor today contains just
over 1,000 qubits [47]. This motivates the search for alternative strategies
that can be applied to make use of current quantum devices before full-scale
fault tolerance becomes practical.

I1.1.3. NISQ and error mitigation

While the long-term vision of quantum computing relies on QEC, its large
scale implementation remains infeasible on today’s noisy, intermediate-scale
quantum (NISQ) devices [48]. Current hardware platforms contain on the
order of 100 qubits, with typical error rates around 1073. Despite these
limitations, NISQ devices have enabled proof-of-principle demonstrations of
quantum advantage [14-16, 19-22] and inspired extensive research into how
to extract useful computational results under noise.

The NISQ cost model is fundamentally different from the fault-tolerant
regime. In the fault-tolerant regime, Clifford gates are typically considered
cheap, and the dominant cost measure is the T-count. By contrast, in NISQ
devices single-qubit rotations with continuous parameters are often easy to
implement, while two-qubit gates are more prone to errors. Moreover, without
QEC, the fidelity of a quantum circuit decays exponentially with its depth.
Consequently, NISQ algorithm design focuses on minimizing qubit count and
circuit depth, measured using hardware-specific gate sets. A common strategy
is circuit division: performing many repetitions of short quantum circuits,
whose measurement results are combined classically.

While QEC remains infeasible, an alternative approach to noise known as
quantum error mitigation (QEM) has been developed [49, 50]. Rather than
correcting or detecting individual errors, QEM techniques aim to reduce the
bias in measured expectation values by modifying the circuit or measurement
procedure and combining the results in post-processing. This is achieved
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by running many additional, modified quantum circuits (with error rate the
same or higher than original) and using classical processing to reconstruct
an estimate closer to the ideal outcome. A fundamental limitation is the
bias—variance tradeoff: although mitigation reduces bias, it amplifies the
variance, leading to an increase in the number of samples required. The
sampling overhead is generally exponential in the circuit depth and noise rate
[50]. As a result, QEM provides a powerful tool for extracting more accurate
results from near-term devices, but does not in itself enable scalable quantum
computation.

To illustrate this approach, consider an example QEM technique - probabilis-
tic error cancellation (PEC) [49, 51] (that is a basis of a new error mitigation
technique developed in Chapter IIT). The central idea of PEC is to express
the ideal quantum operation as a linear combination of noisy operations that
the device can implement. Suppose we wish to estimate the expectation
value (9| O ) for a state |¢) which is prepared by a circuit ¢/°a! = [T.U;
composed of ideal gates U; that cannot be implemented directly. If we can
decompose each ideal gate U; as a linear combination of noisy operations B;
that can be implemented on the device as

U = zai,ij (.6)
J

we can decompose the target circuit as

ue = 3 gy, (L.7)
k

where &, are sequences of noisy gates B; that can be executed on the noisy
device, and B can be calculated from the coefficients a; ; of the gate de-
composition. Then, we can obtain an unbiased estimate of the target value
(¥| O |¢) by sampling noisy circuits £ with probabilities o< ||, measuring
the observable O on the resulting state, and averaging the results. This
estimator is unbiased given exact knowledge of the noise model, but incurs a
sampling overhead of (3", |Bk|)%.

I1.1.4. Early fault-tolerance

Recent experimental demonstrations of QEC mark a turning point: quantum
computing is beginning to transition out of the NISQ era and into a new
regime, known as early fault tolerance. It has also been referred to as the
megaquop era [52], reflecting the expectation that this generation of quantum
devices will be capable of executing quantum circuits involving around a
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million error-corrected operations. In this regime, QEC becomes feasible,
but the limited device size constrains both the number of logical qubits and
the achievable logical error rates. For example, a device with 10* physical
qubits could support approximately 400 logical qubits using a surface code
of distance 6 [53], or around 40 logical qubits with distance 9 [54]. These
constraints define a qualitatively new computational regime, distinct from
both NISQ, which lacks QEC altogether, and full fault tolerance, where logical
noise can be ignored.

Early fault tolerant cost model inherits certain design principles from
the NISQ era, but adapting NISQ strategies is not straightforward. As in
NISQ, algorithm design prioritizes constant-factor efficiency over asymptotic
optimality, favouring methods with reduced qubit overhead and shallower
circuits [65-67]. However, in contrast to NISQ, where circuit depth is measured
in terms of native hardware gates, the relevant cost metric in early fault
tolerance is the number of error-correction cycles. In particular, single-qubit
gates with continuous parameters — often considered free in NISQ — can
now incur a significant cost, as they must be applied to logical qubits encoded
via QEC.

The presence of residual logical errors has motivated research on the combi-
nation of QEC and QEM [54, 68-71]. The logical error rate in early devices
can be tuned by adjusting QEC parameters, giving rise to a new trade-off:
investing more resources into QEC to reduce logical errors, or tolerating higher
logical noise and compensating with QEM [54, 68, 72]. Moreover, QEM was
originally developed to improve the accuracy of expectation value estimates,
whereas fully fault-tolerant algorithms typically avoid expectation values
altogether. To bridge this gap, new early fault-tolerant algorithms have been
proposed that rely on expectation values [55-57, 61, 62, 73-75], making them
more compatible with QEM. In parallel, QEM methods are being extended
beyond expectation values to other computational tasks [68, 76, 77].

A central goal of early fault tolerance is to determine the minimal hardware
requirements for quantum advantage by identifying relevant problems that
are classically hard yet solvable with limited quantum resources. The most
compelling quantum computing applications identified to date require 103-
10* logical qubits and 10'° non-Clifford gates, calling for fully fault-tolerant
devices with over 10 physical qubits and error rates below 10~* [12, 13, 43,
46]. In contrast, recent proposals suggest that useful applications could be
realized with just 102-102 logical qubits and 10* non-Clifford gates, allowing
for quantum advantage on early fault-tolerant hardware with around 10%
physical qubits and error rates 1073-10~* [53, 54, 67, 71, 78]. In the next
section, we turn to quantum simulation as a leading candidate for such early
demonstrations.
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I.2. Quantum simulation

The idea that quantum computers should be used to simulate physical systems
was first proposed in the early 1980s by Yuri Manin [79], and independently by
Richard Feynman [80]. They argued that simulating quantum mechanics with
classical computers is inherently inefficient, due to the exponential growth
of the Hilbert space with system size. But if nature is quantum mechanical,
then perhaps the most natural way to simulate it is by building computers
that follow the same rules — quantum computers. Forty years later, quantum
simulation remains one of the most promising applications for emerging
quantum computers, with applications in chemistry [5, 6], material science [6]
and high-energy physics (7, 81].

Yet the original intuition that the exponential growth of Hilbert space
makes classical simulation infeasible is too naive. Many physically relevant
quantum systems can in fact be simulated efficiently with classical heuristics.
A key challenge, then, is to precisely identify problems for which classical
methods fail and where quantum computers might achieve a provable or
empirical speedup. In this section, we discuss promising targets for quantum
simulation (Sec. I.2.1), and how they can be encoded on quantum a computer
(Secs. 1.2.2 and 1.2.3).

1.2.1. Targets of quantum simulation

Most physical properties of a quantum-mechanical system that we wish to
estimate via quantum simulation are defined by, and accessed through, the
system’s Hamiltonian H. This is a Hermitian operator that describes the
time dynamics of a physical system’s state |¢)) according to Schrodinger’s
equation:

d ,
5 V) = —iH ). (L8)

Since H acts on the Hilbert space whose dimension grows exponentially with
the system size n, specifying a general Hamiltonian in principle requires expo-
nentially many parameters. However, physically relevant Hamiltonians are
local, and therefore can be efficiently described and simulated. In particular,
if each term involves at most k particles, H is said to be k-local and contains
O(n*) terms. In geometrically local systems — for example, lattice models
with nearest-neighbor interactions — the number of terms in the Hamiltonian
is linear in n. This makes the Hamiltonian a good entry and exit point for a
quantum computer, as it can be described by far fewer parameters than the
dynamics that it generates.

The task of quantum simulation is to extract physical properties of a system
given a description of its Hamiltonian H. This thesis focuses on learning the
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eigenvalues of H, as they directly determine many key physical properties,
and are generally hard to compute classically, since naive approaches would
require diagonalizing an exponentially large matrix. The most prominent
and well-studied example is the ground-state energy — the lowest eigenvalue
of H — which determines molecular properties and the rates of chemical
reactions. In addition, excited-state energies enable simulation of spectroscopy
experiments and photochemical reactions, while energy derivatives provide
access to vibrational frequencies, equilibrium geometries, nuclear dynamics
and quantities such as polarizability [5]. Beyond the spectrum, other quantities
of interest include properties of eigenstates [58, 82] or thermal states [83],
time dynamics [84], and correlators [19, 85]. Though the techniques explored
in this thesis can play a role in estimating these properties [86], our focus will
primarily be on spectral estimation.

A particularly important example of a Hamiltonian whose spectral proper-
ties are of practical interest is the electronic structure Hamiltonian [5, 87],
which models electrons moving in a fixed external potential. It is central to
quantum chemistry, as it governs the behavior of electrons in molecules and
materials. In atomic units, it takes the form

1 1 Za
H:_§Za:vi+§)|ra*rb|_az;|ra*RA|7 19)

where the first term describes the kinetic energy of the electrons, the second
the Coulomb repulsion between them, and the third the electron-nucleus
interaction. Once a particular single-particle orbital basis has been chosen,
the Hamiltonian can be written in second quantized form as

H= Ztu 1 Z Vijkicl c ‘CCL- (1.10)

,5,k,1

Accurate estimation of the low-lying energies of this Hamiltonian has long
been suggested as a “killer application" of quantum computing [5, 6, 43, 46,
87-91], as well as used as a benchmark for early fault-tolerant algorithms
[53, 55, 59, 64, 92, 93].

While the electronic-structure Hamiltonian provides an industry-relevant
benchmark, quantum advantage could be achieved earlier in the context
of theoretical physics by simulating condensed matter toy models. These
capture the essential quantum features of materials, while requiring far fewer
resources than simulating real molecules or solids of comparable size. They
avoid the main overhead of simulating realistic electronic structure problems —
encoding all parameters of Eq. (I1.10) into the quantum computer [43, 89, 94]
— because they can be described with only a few parameters. For example, the

11
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Fermi-Hubbard model [57, 61, 67, 73, 94]

H=—t Z Z (C;[’UC]‘J + c;!(,ci,g) +U Z CI,TCi,TC;r,ﬁi,L (I.11)
(i,5) oe{t,4} i

is a simplified model for interacting electrons in solids, and becomes classically
intractable in the intermediate regime where ¢ ~ U [95]. Other frequently
considered models include uniform electron gas [84, 96, 97], and spin systems
such as the Ising [21, 22, 56, 60, 61, 73, 98, 99], Heisenberg [66, 100], and dipo-
lar spin [101] Hamiltonians. These models have also been extensively studied
using classical methods [24-27, 95, 102], making them well-characterized and
compelling targets for the first demonstrations of quantum advantage. A
crucial part of this effort is identifying the regimes where classical simulations
fail to reach the required precision.

Achieving genuine quantum advantage requires understanding the strengths
of the classical competition. For example, whether quantum algorithms can
provide an asymptotic speedup for molecular ground-state calculations remains
an open question [103]. Many quantum systems of practical interest can,
and routinely are, simulated efficiently using classical heuristics. Quantum
chemistry methods including density functional theory (DFT) and coupled-
cluster theory, as well as more general approaches such as perturbation and
mean field theory, quantum Monte Carlo, and tensor network methods exploit
symmetries, locality, and low entanglement to bypass brute-force Hilbert
space enumeration [5, 87]. In general, systems with strong correlations are
expected to be classically hard, and thus represent promising targets for
quantum simulation, including catalysts, transition-metal complexes, and
high-temperature superconductors [5]. Interestingly, exponential quantum
advantages have also recently been demonstrated for certain non-interacting
systems [104, 105]. Meanwhile, classical algorithms continue to advance
rapidly, often challenging quantum advantage claims [14, 20, 22] shortly after
their publication [24-28]. As a result, the notion of quantum advantage
remains a moving target, shaped by the continual progress of both classical
and quantum methods — the latter of which we describe in the remainder of
this section.

I.2.2. Digital quantum simulation pipeline

In contrast to analog quantum simulation, where a controllable quantum
system is engineered to mimic the dynamics of the target system, digital
quantum simulation employs a universal, programmable quantum computer to
reproduce those dynamics through a sequence of quantum gates, as described
in section I.1. Many quantum simulation pipelines follow the structure
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p—— Encoding Extracting s
R
r1. Mapping the target Hamiltonian G Designing the quantum circui@
to a qubit Hamiltonian and measurements
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Figure 1.2.: Flowchart for quantum simulation as considered in this thesis.
First, the target system is mapped to qubits. Secondly, a quantum circuit U
implementing the encoded dynamics, and a state preparation circuit Uy are
constructed. Thirdly, higher-level quantum circuits that make black-box calls
to U and U, are designed such that the measurement outcomes z contain
information about the target property. Finally, the measurement outcomes
are classically processed to give an estimate of the target property. The
first two steps are discussed in sections 1.2.2 and 1.2.3, and the latter two in
sections 1.3 and 1.4.

presented in Fig. 1.2: (i) mapping the target system to qubits, (ii) preparing
an appropriate quantum state, (iii) implementing its time evolution under
the encoded Hamiltonian, and (iv) extracting the desired physical properties.
In this section we briefly review the first two steps, before turning to a more
detailed discussion of step (iii) in section 1.2.3 and step (iv) in sections 1.3
and 1.4.

The first step in digital quantum simulation is to represent the target
Hamiltonian in a form suitable for implementation on qubits. Systems with
continuous degrees of freedom must first be discretized by selecting and
truncating an appropriate basis — for example, plane waves up to a cutoff
frequency. The resulting finite-dimensional Hamiltonian is then typically
expressed as a weighted sum of simpler operators,

L
H=> h;P;, (1.12)
j=1

where h; € R are coefficients and P; are easily implementable operators, such
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as tensor products of Pauli matrices. This representation serves as the starting
point for constructing a quantum circuit that encodes the corresponding time-
evolution operator. The choice of decomposition and circuit design must
be considered jointly, because different circuit constructions are sensitive to
different Hamiltonian features — such as the number of terms L, or the
one-norm of the parameter vector h, known as the X\ factor,

L
A=kl (1.13)
j=1

Methods for compiling these decompositions into quantum circuits are dis-
cussed in section 1.2.3.

Realizing the decomposition of Eq. (I1.12) requires choosing how the physical
degrees of freedom are represented on qubits. For lattice spin systems, the
mapping is straightforward: each spin degree of freedom can be represented
directly by a qubit. By contrast, for fermionic or higher-dimensional systems,
several strategies exist [5]. For example, in electronic structure simulations, one
can use the second quantized approach, where each qubit represents occupation
of one fermionic mode [43], or first-quantized approach, where the state of
each electron is encoded into a separate qubit register [97, 106]. Constructing
efficient mappings is an active field of research. Recent developements include
simulation of exponentially many free fermions with only polynomial resources
[104, 105], and significant reductions in A factor for chemistry simulation by
rewriting the Hamiltonian using tensor hyper-contraction (THC) [43, 94] or
as a sum of squares (SOSSA) [107]. Progress along these lines has led to
dramatic improvements — for instance, reducing the estimated runtime for
simulating the FeMoco cluster in nitrogenase, a canonical benchmark for
quantum chemistry, from centuries [90] to mere hours [107].

While much recent progress has focused on optimizing Hamiltonian encod-
ings, an equally important challenge is the preparation of suitable quantum
states. The complexity of this task is still under debate: some analyses suggest
that state preparation will not be the dominant bottleneck [106, 108-110],
whereas others argue it could fundamentally limit the prospects for quantum
advantage [103]. Common approaches include preparing Hartree-Fock or
mean-field reference states, using adiabatic or variational methods to approxi-
mate ground or excited states [6, 87], and employing filtering and amplitude
amplification to improve overlap with the target eigenstates [60, 111, 112].
In this thesis, we follow the common practice of treating state preparation
as a separate component. However, it plays a crucial role, since different
assumptions about available states and their preparation cost translate into
different estimation problems (sec. 1.4.1) and determine which algorithms are
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most effective for extracting the desired properties.

The ultimate goal of quantum simulation is to extract physically meaningful
properties, examples of which were given in Sec. 1.2.1. Once the Hamiltonian
and initial state preparation have been encoded into quantum circuits, the
resulting unitary operations can be treated as black boxes. We are left
with the task of inference: we must learn about the encoded parameters
by querying these quantum black boxes. This brings us to the domain of
quantum estimation, which is the focus of section 1.3 and 1.4. Before that,
however, we examine in more detail how the qubit Hamiltonian is compiled
into an executable quantum circuit.

1.2.3. Hamiltonian simulation

In this section, we describe how to construct the unitary operator that encodes
the Hamiltonian and serves as the black box in the estimation algorithms
discussed later in this thesis. Several approaches have been developed for
this task over the past three decades, two broad families have emerged:
product formulas, which are often favored in the NISQ and early fault-
tolerant regimes due to their lower qubit count and constant factors [6, 53,
59, 64, 66, 67, 87, 93, 113], and block-encoding methods, which achieve
asymptotically optimal scaling and are expected to underpin large-scale
fault-tolerant quantum simulation [6, 43, 46, 87, 89, 94, 97, 114].

Product formulas aim to approximate the time evolution operator e
by decomposing it into a product of unitaries that can be implemented
directly. They rely on splitting the evolution into m small time steps, yielding
approximations that become accurate in the limit m >> 1. The simplest case,
first-order Trotter formula [113], relies on approximating e!AFB) = cideiB
which is true iff [A, B] = 0, so errors are on the order of the size of the
commutator, and is given by:

—iHt

m

. L L . t
e_Zth=1 h; Pj — | I e_ZhJ'PJ'H + (@) (12> . (114)
m
i=1

Each term in the product is a Pauli rotation and can easily be implemented
both in the NISQ [115] and fault-tolerant regimes [116]. The approximation
error scales as |U — e~ || = O(Lt?/m) [113]. More advanced techniques
achieve better error scaling by using higher order expansions [113]. Alterna-
tively, randomized product formulas [59, 117, 118] yield error bounds that
depend on A instead of L.

An alternative approach is block-encoding, which embeds the Hamiltonian
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into a sub-block of a larger unitary matrix
V= [H/A } (115)

Typically, V' is constructed using the linear combination of unitaries (LCU)
technique. This involves building two circuits P and S, so that V = (PT ®
1)S(P ®1). P creates a quantum state on a control register with amplitudes
proportional to the coefficients h;

L
PI0) = =3 \/Ibl1) (116)
j=1

while S conditionally applies Pauli terms P; based on the control register

(4| ® sgn(h;)P;. (L.17)

H'Mh

Then we can check that the upper left block of V is

(0@ D)V(J0)®1) = ((0| PT ® 1)S(P|0) ® 1) (1.18)
L
= %Zhjpj = g (1.19)

However, accessing H implemented in this way is only successful if the control
register is measured in |0). Instead, one can construct a qubitization operator
W =V(R®1), where R = 2|0) (0] — 1 acts on the control register [114].
The unitary W has eigenvalues related to the spectrum of the Hamiltonian,
so it can be used directly to estimate the energies. For other applications,
quantum signal processing allows implementing functions of the Hamiltonian
by interleaving V' with other gates; in particular time evolution e~*#¢ can be
implemented with optimal cost [114].

Both approaches ultimately yield a unitary operation that can be called as
a subroutine by higher-level quantum algorithms. The choice between them
depends on the available hardware and the cost model: product formulas
minimize constant factors and are often best suited to early devices, while
block-encoding achieves optimal asymptotic scaling at the expense of more
complex circuit structure. Having established how the Hamiltonian can be
encoded as a unitary, we now turn to how such unitaries are used to infer
physical quantities — the subject of the next section on quantum estimation.
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I1.3. Quantum parametric estimation

Quantum parametric estimation studies how to optimally extract classical
information from parametrized quantum objects. It provides a rigorous
framework to understand the fundamental limits of estimation and to identify
strategies that can achieve quantum advantage. While this thesis focuses on
estimation problems arising in quantum simulation, the framework is equally
relevant to quantum sensing applications where one aims to learn physical
properties of a sample. In this section, we review the basic theory of classical
and quantum estimation, and illustrate it through the canonical example of
phase estimation.

I.3.1. Classical estimation theory

The goal of statistical estimation theory is to infer the value of an unknown
parameter # € R from observed data drawn from a parameter-dependent
probability distribution pg(z). This is achieved by defining an estimator — a
new random variable that is a function 8[z] of the observed outcomes z, and
serves as a guess for the true parameter value. The quality of an estimator is
typically measured in terms of two properties: its bias b,

b= Elflalle ~ po(x)] - 6, (1.20)
that quantifies systematic error, and root-mean-square (RMS) error e,
& = E[(Blz] — 0)° | & ~ po(a)], (1.21)

that quantifies overall estimation uncertainty. Ideally, one aims to construct an
estimator that is unbiased (b = 0) or at least consistent (b — 0 with increasing
resources), while ensuring that the error e remains below acceptable thresholds.

The fundamental limit on estimation accuracy is determined by how much
information about 6 is contained in the probability distribution pg(z). This
is captured by the Fisher information

T =E[(9plogpg(x))? | = ~ pe(z)]. (1.22)
If the data * = (x1,x9,...,2N) consists of N independent, identically dis-
tributed samples then p(gN) (z) = H;V:l po(x;) and the total Fisher Information
becomes Z(N) = N7, where 7 is the Fisher information of a single sample.

The Fisher information sets a fundamental lower bound on how efficiently
one can estimate . The Cramér—Rao bound states that the RMS error of any
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unbiased estimator is lower bounded by the inverse of the Fisher information:
> (7)7h (1.23)

This generalises to multiparameter settings (6 € R?), where the Fisher infor-
mation becomes a matrix. If this matrix is full rank, its inverse bounds the
covariance matrix of any unbiased estimator. If it is not full rank, only certain
linear combinations of the parameters — those corresponding to non-zero
eigenvalues of the matrix — can be estimated from data sampled from py.
The Cramér—Rao bound is asymptotically achievable: the maximum like-

lihood estimator saturates it in the limit N — oo, with €2/N 2=22% (7)1,
Precision guarantees for finite datasets require a more refined analysis. Nev-
ertheless, the linear scaling of the Fisher information with the number of
samples implies that achieving precision € requires (e~2) samples. This is
referred to as the standard limit [119]. In the next section, we will see how
quantum strategies can surpass this classical limit.

I.3.2. Quantum estimation theory

Quantum estimation theory extends the classical framework to scenarios
where data are obtained by measuring quantum systems. Instead of starting
from pg(z), the goal is to estimate a parameter § encoded in a quantum state
|¢9>. To extract information from the quantum state, a measurement must
be chosen — for example, a single qubit can be measured in the X, Y, or Z
basis. Each measurement choice yields a different probability distribution of
outcomes, characterized by a different Fisher information. A key objective
in quantum estimation is to identify the measurement that maximizes the
information gained about 6.

The maximum achievable Fisher information over all possible measurements
on the state |¢p) is quantified by the quantum Fisher information (QFI)
[120, 121]. For pure states, the QFI can be computed as [121]

T = 4({o|vbe) — | (o]} |*), (1.24)

where !1/}9> = Og |1bg). Since I provides an upper bound on the classical Fisher
information Z obtainable from any measurement, we obtain the quantum
Cramér-Rao bound [121]

e > (Ig) ™, (1.25)

which lower-bounds the variance of any unbiased estimator based on measure-
ments of [1g).
To apply the quantum estimation framework in practice, one must specify
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how the quantum state [¢) is generated. In quantum metrology, this is
typically done by initializing a probe in a known state [iy) and allowing it
to interact with the system of interest, modeled by a parameter-dependent
quantum channel Ag. The aim is to design estimation protocols that achieve
a target precision with minimal resource cost, such as the number of photons
in an optical interferometry setup, or the T-count in a fault-tolerant quantum
algorithm. A common abstraction is to model the total resource cost as the
number N of applications of Ag [119].

Different metrological strategies are possible [119], as presented in Fig. 1.3.
Parallel strategies apply N copies of the channel simultaneously — A?N is
applied to a potentially entangled initial state of N probes. In contrast, in
sequential strategies a single probe undergoes AY — N consecutive appli-
cations of Ag. A more powerful variant allows for interleaving the studied
channel Ag with other operations V;, applying Hévzl(VjAg) to the probe.
More complex strategies involving ancillary systems entangled with the probe
can be considered [122] but are beyond the scope of this thesis.

Quantum metrology can outperform classical strategies by exploiting quan-
tum features. For example, in parallel strategies, using product input states
yields QFT that scales linearly with the number of channel uses N, matching
the classical limit. However, with a carefully chosen entangled initial state,
the QFT can scale as IéN) o N2. This allows for reaching precision € in the
estimate with cost N scaling as 2(e~!). This optimal scaling is known as the
Heisenberg limit, reflecting its connection to the Heisenberg uncertainty prin-
ciple. Designing estimation protocols that achieve this quadratic improvement
over the classical case is a central goal in the field.

Whether the Heisenberg limit is achievable depends on the estimation
task and the metrological setup. Achieving this limit may require sequential
strategies with intermediate control, rather than parallel or simple sequential
protocols. This can be the case even for the estimation of a single parameter
encoded in a unitary channel [123] and becomes even more relevant in noisy
[122, 124] or multiparameter [125] problems. In fact, noise can make the
Heisenberg limit fundamentally unattainable, even with the most general mea-
surement strategies [126]. Finally, even in settings where Heisenberg scaling
is attainable, the achievable precision can differ by a constant factor from the
quantum Cramér-Rao bound [127, 128]. These considerations highlight the
importance of metrological design and careful analysis of the impact of noise.
We now illustrate these ideas through a concrete example of quantum phase
estimation.
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(a) Parallel strategy

(b) Sequential strategy
o) y A o) —Ag}— -

(¢) Sequential strategy with control

o) -} A HT A

Figure 1.3.: Three quantum metrology strategies for estimating a parameter
f encoded in a quantum channel Ay considered in this thesis.

(a) Parallel — a (potentially entangled) initial state of multiple probes is
evolved under parallel applications of Ay, followed by a collective measurement.
(b) Sequential — a single probe undergoes repeated applications of Ag.

(c) Sequential with control — control operations V; are interleaved with
applications of Ag.

I.3.3. A case study in quantum metrology: phase
estimation

To illustrate the concepts introduced above, we consider a canonical example
of quantum parameter estimation: phase estimation. This task involves
estimating an unknown phase € encoded in the single-qubit unitary

Up = e 9212, (1.26)

When this unitary is applied to an initial state |1g), it produces the state
|e) = Up|tbo). The QFI associated with this state can be calculated by

substituting |¢)9) = —% 7 |1bg) into Eq. (I.24) to be

_7;2 7
Tq = 4= (Wol 2% o) = | (ol 52 o) [*) (L.27)

=1~ |{vo| Z |vo) |*. (1.28)

The QFT is maximized when (¢| Z |[tbg) = 0, which is achieved by the equal
superposition state |1)g) = [+) = (|0) + [1))/V/2. Measuring |1)p) in the X
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basis yields outcomes +1 with probabilities

1+ cosf

p(E116) =

(1.29)

Inserting that into Eq. 1.22 gives classical Fisher information for this measure-
ment

2 sin? 6 2 sin? 6
T = 1.30
1—|—cos9>< 4 +1—cos€>< 4 ( )
a2 1— . 1 o
_ sin 0 " cosf + 1+ cosf _ L (1.31)

2 1 —cos26

This matches the QFI, showing that X-basis measurement is optimal for this
state.

As the number N of applications of Uy is increased, one can achieve either
the standard quantum limit Z(") oc N or the Heisenberg limit Z(V) oc N?
depending on the choice of the experimental setup. Simply repeating the
single-qubit experiment described above N times yields ZV) = N. Similarly,
using an initial product state [1o) = |[+)®" in the parallel strategy yields a

state [vg) = USN |+)®N with Ié)N) = N. In contrast, an entangled initial

state v2 1) = [0V +]1)®N becomes v2 |1hg) = [0)*N 4+ ¢V [1)®V Jeading
to QFI

. . 2 . . 2
2y [ [N on|T O+ TN oy L3
0 = 1) 1) (1.32)
V2 V2 V2
N2 N?
=4(— - —)=N?, (1.33)

2 4
and achieving the Heisenberg limit. Similarly, the sequential strategy with
initial state |1)o) = |+) gives [tg) = UL |+) = (|0) + N9 |1))/v/2 with QFI
—iN? (0] + (1] iNeiNo  |?
TV — g [ 2y - [ 1 1.34
N? N?

= 4(7 — T) = N?, (1.35)

again achieving the Heisenberg limit. The corresponding outcome probabilities
for X-basis measurements are p(+1|0) = w, yielding classical Fisher
information ZW) = N2 and Cramér-Rao bound ¢ > N1,

Unlike many asymptotic analyses, in phase estimation even constant pref-
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actors in precision bounds are well understood. Ref. [127] showed that the
Heisenberg limit e > 1/N cannot be reached exactly, and derived a tighter
bound € > 7w/N. This bound is asymptotically saturable in the parallel setting
using a specially tailored entangled state known as the sine-state, originally
proposed in Ref. [129]. Sequential strategies can achieve the Heisenberg scaling
[130, 131], but with a worse constant factor [132].

To illustrate how noise limits quantum advantage, consider the sequential
strategy outlined above under depolarizing noise (introduced in Section I1.1.1).
Suppose that with each application of U(6), the quantum state is replaced
by the maximally mixed state with probability n. The output distribution
becomes

pl0) = (- ES N g )
_ 1+ (1—-n)"cosN6 (1.37)

2

and the corresponding Fisher information satisfies

sin? N6

W) = N2(1 — )2V <
(1=n) 1—(1—n)*Ncos? N —

N2(1—n)?N. (1.38)

This exponential decay of Fisher information with N implies that multiple
shorter experiments with fewer channel uses can outperform a single long one
— a principle that guides the phase estimation algorithms developed in this
thesis. Before presenting these new algorithms, the following section reviews
the standard quantum phase estimation algorithms on which they are built.

I.4. Quantum phase estimation algorithms

In the context of quantum computing, Quantum Phase Estimation (QPE)
refers to the task of estimating eigenphases of a given unitary operator. It plays
a central role in quantum simulation — especially for estimating eigenenergies
[5] — and appears in broader applications beyond simulation [11, 133]. QPE
also serves as a benchmark problem for assessing resources needed for quantum
advantage with fully fault-tolerant quantum computers [43, 46, 83, 90, 94],
and early fault-tolerant implementations [53, 55, 64, 72, 100].

Phase estimation protocols generally consist of two interconnected com-
ponents: the design of a quantum circuit and the construction of a classical
estimator. The quantum circuit determines what measurement data is col-
lected, while the classical estimator specifies how this data is processed to
produce an estimate of the target phase. These two components are often
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linked by a fundamental trade-off in complexity. A sophisticated quantum
circuit can perform quantum information processing that simplifies the classi-
cal inference task, sometimes reducing it to a direct readout of measurement
results. Conversely, simpler circuits may require more advanced classical
estimators or larger volumes of measurement data to achieve comparable
accuracy. In this section, we discuss two broad families of phase estimation
algorithms: those that aim to simplify classical processing (Section 1.4.2)
and those that prioritize simpler quantum circuits (Section 1.4.3). We begin,
however, by outlining common variants of the QPE problem these algorithms
aim to solve.

1.4.1. Variants of the QPE problem

QPE refers to a family of problems centered on estimating the eigenphases
of a unitary operator U, typically assuming access to a controlled version of
U (denoted c-U), an initial state |1), and a target precision. The task is to
design quantum circuits and classical post-processing to estimate one or more
eigenphases of U. Performance is typically measured in terms of total query
cost - the number of uses of ¢-U. In near-term or early fault-tolerant settings,
one also cares about the query depth - the maximal number of uses of ¢-U in
a single circuit [55, 56, 61, 134]. The specific formulation of the QPE problem
depends on assumptions about the input state and the desired form of the
output; we now outline several common variants.

The textbook version of QPE [29] considers an idealized setting in which
the input is an eigenstate 1)) = |¢) of U, satisfying U |¢) = €'® |¢). This
case is mathematically equivalent to the phase estimation problem discussed
in section 1.3.3 due to phase kickback: if the control qubit is in state |x) =
a|0) + B11), and we apply controlled U with the register prepared in the
eigenstate |¢), then

Ulx) ® ) = al0) @ |9) + B1) @ U |¢) (1.39)
— (a|0) + €8 ]1)) ® |¢) (1.40)
= () @|9). (L41)

However, practical quantum simulation applications rarely provide access
to exact eigenstates. For a general initial state [), if U =3, e |p;) (¢;] is
the spectral decomposition of U, applying c-U generally entangles the control
qubit with the system register

c-U(al0) +B11) ® [) = D (5[0) (a]0) + e B[1)) @ |g;) . (142)

J
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This no longer yields a single-qubit rotation, necessitating consideration of
alternative problem variants.

Depending on the assumptions made about the input state |¢)) and the
estimation objective, different versions of the QPE problem can be defined.
The most common version is ground state energy estimation [55-57, 61, 112,
135]. In this setting, U = €', and the goal is to estimate the lowest eigenvalue
of H under the assumption that the initial state has a sufficient overlap with
the ground state, and given a lower bound on the spectral gap (the energy
difference between the ground state and first excited state). Another variant is
multi-phase estimation [62, 73, 75, 136], which assumes that the initial state has
significant overlap with only a small number of eigenstates and aims to estimate
all corresponding eigenphases. Alternatively, in a sampling variant of the
problem, the goal is to sample from the spectrum of U with probabilities given
by | (¢;]1) |? [94, 137]. Finally, one may attempt to develop an approximate
model for the spectral distribution A(E) =, d(E — Ej)|(¢;|v)[?, which is
known as the quantum eigenvalue estimation problem (QEEP) [138].

Furthermore, QPE problems differ in the precision targets used to assess
performance. In this thesis, we use the root-mean-square error ¢ as the
primary error metric (Eq. (I.21)). Another common choice is to require that
the estimate lies within € of the true value with probability at least 1 — §
[65-57, 61]. These two metrics can be related: for instance, Chebyshev’s
inequality implies 6 < (e/€')?. Moreover, since the eigenphases lie on a
circle, the maximum possible error is bounded by =, yielding the inequality
€2 < (1 —0)e? + o2, In multi-phase estimation, it is common to require
that each eigenphase is estimated to within the same error €, either with high
probability [62] or in expectation [75, 136].

1.4.2. QFT-based QPE algorithms

Quantum phase estimation algorithms can be broadly grouped into two classes,
depending on how they balance quantum circuit complexity with classical
post-processing. This section focuses on the class of algorithms that prioritize
coherent quantum processing: they use deep, structured circuits with minimal
classical post-processing. These algorithms achieve the optimal information-
theoretic scaling [139] and are expected to be standard approach in fully
fault-tolerant quantum simulation [43, 46, 88, 90, 94]. As shown in Ref. [139],
any algorithm that achieves this optimal performance can be expressed using a
three-step circuit structure involving control state preparation, phase encoding,
and a quantum Fourier transform (QFT) measurement. Therefore, we refer
to this family as QFT-based QPE algorithms. This class of algorithms
corresponds to the parallel strategies in section 1.3.2 (Fig. 1.3).

The structure of the QFT-based QPE circuit is illustrated in Fig. I1.4. First,
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some state |x) = Y oy |z) is prepared on the n-qubit control register using
a unitary V. The second step applies a controlled unitary of the form

2n 1
>z (2| @ U, (143)
x=0

which can be implemented using 2™ — 1 controlled powers of U [29]. This
maps the joint input state |x) ® |¢) to

(Z g€l |x>> 216), (L44)

encoding the phase information into the control register. Finally, the con-
trol state is measured in the Fourier basis via the inverse quantum Fourier
transform followed by computational basis measurement.

Different control states |x) can be used depending on the task. The textbook
algorithm [29] uses the Hadamard transform V = H®" to prepare an equal
superposition control state |y) = 27"/2 Zi:_ol |z). The optimal-variance
sine state (Sec.I.3.3) can also be implemented efficiently [94] to improve
precision. Other control states have also been proposed and analyzed in

various settings [134, 140-142].

Importantly, the circuit in Fig. 1.4 implements a projective measure-
ment in the eigenbasis of U. If the system register is initialized in a state
l) = >, ajl¢;) where |¢;) are the eigenstates of U, the state before the

1% QFTt

[0y —

[0y —
|¢>...4 on—1 | y

Figure I.4.: QFT-based QPE circuit. The system register is prepared in state
|1). First, the unitary V is used to prepare the control register in a state |x).
Then, controlled U are used to encode the phase estimation into the control
register. Finally, the control register is measured in the Fourier basis. The
system register is then projected onto the corresponding eigenstate of U.

:
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computational basis measurement becomes

>_a;|95) ®1e5), (1.45)

where ’qgj> is a state on the control register that is sharply peaked near the n-
bit approximation of ¢,/2m [29]. The probability of measuring a 7/2"-precise
estimate of ¢; is approximately |a;|? = | (¢;]|¢) |?, and upon measurement,
the system register collapses to the corresponding eigenstate |¢;).

The classical post-processing for this class of algorithms is minimal. Each
run of the circuit returns a bitstring = such that, with high probability,
27z /2™ approximates one of the eigenphases with precision ~ 7/2". This
directly solves the sampling version of the phase estimation problem, or
the full estimation problem when the initial state is an eigenstate. When
targeting the ground state energy, typically an upper bound is assumed and
samples above this threshold are discarded. The procedure is repeated until a
low-energy sample is observed. Recent works have proposed averaging the
lowest few outcomes over multiple runs [134] or using maximum-likelihood
techniques [76] to guarantee precision with limited circuit depth.

QFT-based QPE algorithms achieve the optimal query complexity. To
achieve precision €, one typically uses n = @(log(efl)) control qubits and
circuits of query depth 2" = O(e~!), leading to the optimal query cost
Q(e71) [29, 129]. To ensure at least one sample of the target eigenphase
¢0, the number of measurements must scale as Q(| (¢o|1) | ~2), though this
can be improved to Q(] {¢o]1) |71) using eigenstate amplification techniques
[112, 135].

In early fault-tolerant and NISQ regimes, the standard approach of increas-
ing circuit depth and control width with desired precision becomes impractical.
Instead, one can fix the number of control qubits and limit circuit depth,
improving precision by increasing the number of samples. This relaxes hard-
ware requirements but increases the total query complexity to Q(e=2). This
trade-off has been largely unexplored in QFT-based algorithms, with only
a few exceptions [76, 134]. A different class of phase estimation algorithms,
however, is explicitly designed to operate in this regime. We turn to these
“single-control" protocols next.

1.4.3. Single-control QPE algorithms

The second broad class of quantum phase estimation (QPE) algorithms reduces
circuit complexity by shifting part of the computational effort to classical
postprocessing. These algorithms are based on circuits where controlled-U
is applied repeatedly using a single control qubit — hence we refer to them
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as single-control QPE algorithms. By construction, they are well suited to
NISQ and early fault-tolerant regimes: they minimize the number of logical
qubits required and allow a flexible trade-off between circuit depth and the
number of measurements. This class is analogous to the sequential metrology
strategies introduced in Section 1.3.2 (Fig. 1.3).

Typical single-control QPE algorithms rely on the Hadamard test circuit
shown in Fig. I.5. This circuit starts by preparing an equal superposition
|[+) = (]0) 4 |1))/+/2 on the controlled qubit, followed by k applications of
the controlled unitary U. This prepares a state

ik
cU* 1+ @ ) = 3 {ogle) P

J

® |¢;) . (1.46)

Then, the control qubit is typically measured in the X or Y basis. The
expected value of the X measurement can be calculated as

e—ibik et®ik
5 sty P B 57 6100 P ot

(1.47)
and similarly the expected value of Y is 3. |(¢;|v) |?sin(k¢;). Repeated
measurements in both basis can be used to estimate a signal function

g(k) = Z | (1) [P (L.48)

from which the phases ¢; can be estimated via classical Fourier analysis over
multiple values of k.
The choice of query depth k plays a crucial role. The Hadamard test

0)

Figure L15.: The Hadamard test circuit for U*. The control qubit is prepared
in the |4) state using a Hadamard gate, then used to control k applications
of U on the system register prepared in state |1). Then, the control qubit
is measured, typically, in the X basis (by setting W = 1) or Y-basis (W =

27
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corresponds exactly to the simple sequential strategy in Section 1.3.3, and
when [¢)) is an eigenstate, the Fisher information is equal to k%. To achieve
Heisenberg scaling, one must allow large powers k o< e 1. In scenarios with
bounded query depth k < K and M repetitions, the Fisher information is
limited by M K?2, leading to standard scaling of the query cost as e ~2. Since
the circuit with query depth k only allows to learn the phases ¢; modulo
27”, circuits with different powers k are used to resolve this ambiguity. QPE
algorithms can interpolate between high-depth circuits with Heisenberg scaling
and low-depth circuits with standard scaling — but the performance remains
at least a constant factor above the optimal limit [132].

Various signal processing techniques can be used to extract eigenphases
from Hadamard test measurements. The first single-control algorithm by
Kitaev [143] used k values equal to the powers of 2 up to ¢! to read out
the binary expansion of the phase from least to most significant bit. This
method required adaptive measurements: the choice of the final gate W in
Fig.1.5 depended on previous measurement outcomes. Ref. [131] was the
first to show how to obtain the Heisenberg limit without adaptivity. In
recent years, new methods have been developed for ground state energy
estimation with arbitrarily small overlap | (¢o|t)) | between the initial state
and the ground state. These techniques use random values of k, sampled from
carefully designed distributions, and achieve a query cost of Q(| (¢o|p) |~*e1)
[55, 57, 61]. A parallel line of work has extended single-control QPE to
multiphase estimation [62, 73, 75, 136]. Significant effort has been devoted to
reducing the maximum query depth [55, 61, 73], and to ensuring robustness
in the presence of noise [74, 99, 144].

More recently, a new class of single-control QPE algorithms for ground state
estimation has emerged that goes beyond the Hadamard test [55, 60, 112, 145].
These approaches correspond to the sequential with control strategies of
Section 1.3.2 (Fig. 1.3), and make use of quantum signal processing and
related techniques to implement approximations of functions of H, where
U = e*f | In particular, approximating the step function allows one to locate
the ground state energy via a binary search procedure. These algorithms also
interpolate between low-depth and Heisenberg-scaling regimes, and improve
the scaling of the query cost in the overlap to Q(| (¢o|) |~2).

1.5. Outline of this thesis

This thesis introduces four algorithms for quantum parameter estimation
problems,; developed with early fault-tolerant quantum simulation in mind.
Chapters II, III, IV focus on phase estimation under early fault-tolerance
constraints, such as limited qubit counts, general initial states, and the
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presence of residual logical noise. Chapter V shifts focus to multiparameter
estimation beyond phase estimation, addressing the problem of learning the
coefficients of a many-body Hamiltonian from its time dynamics.

Chapter II: Heisenberg-limited quantum phase estimation of
multiple eigenvalues of few control qubits

Chapter II introduces a new algorithm for single-control multi-phase estima-
tion. It combines Heisenberg-limited Robust Phase Estimation [74], previously
limited to single-phase estimation, with time-series signal processing tech-
niques for resolving multiple frequencies [136, 138]. A central contribution
is an adaptive scheme for selecting query depths k in the Hadamard test
to avoid aliasing and ensure identifiability of all relevant eigenphases. The
resulting protocol achieves Heisenberg-limited scaling for estimating multiple
phases in the single-control setting.

Chapter III: Error mitigation and circuit division for early
fault-tolerant quantum phase estimation

Chapter III studies the performance of the optimal-variance sine-state QPE
circuit in the presence of noise. We optimize the circuit depth for a given global
depolarising noise rate and derive the sample complexity needed for high-
precision estimation. We introduce a new error mitigation technique tailored
to phase estimation, extending Probabilistic Error Cancellation reviewed in
Section 1.1.3 to maximum likelihood estimation. We provide detailed resource
estimates (number of physical qubits and time) needed for executing our
protocol for quantum chemistry and condensed matter models, and show that
our scheme can halve the required number of physical qubits.

Chapter IV: Accurate ground state energy estimation with noise
and imperfect state preparation

Chapter IV generalises the results of Chapter III to a more realistic setting
where a perfect eigenstate is not available. We propose a new estimator for
ground state energy estimation based on rejection sampling and approximate
maximum likelihood, compatible with data generated by both QFT-based
and quantum signal processing QPE circuits. By building on the error miti-
gation technique of the previous chapter, the estimator inherits robustness to
circuit-level noise, and additionally achieves robustness to imperfect eigenstate
preparation. We support our theoretical analysis with a small-scale numerical
demonstration, showing that the method performs well in the simultaneous
presence of noise and low ground state overlap, while requiring only a modest
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number of samples. These features make the proposed approach a promising
candidate for practical early fault-tolerant quantum phase estimation.

Chapter V: The advantage of quantum control for many-body
Hamiltonian learning

Chapter V addresses the task of estimating coupling parameters in a many-
body Hamiltonian from time evolution experiments. We analyze this problem
in several experimental scenarios: with and without the ability to apply
quantum control during evolution. Our main result is a characterization
of when quantum control enables a quadratic improvement in the total
experiment time required. In particular we prove that, in the absence of
control, learning is limited to standard quantum scaling for thermalizing
systems. We also provide a Heisenberg-limited algorithm for the continuous
control setting, where tunable terms can be added to the system Hamiltonian
during the evolution. This establishes a fundamental role for control in
enabling efficient learning of many-body quantum systems.
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II. Heisenberg-limited quantum
phase estimation of multiple
eigenvalues with few control
qubits

I1.1. Introduction

For quantum computers to overcome the 501 year head start in research
and development enjoyed by their classical competition, quantum algorithms
must eke out every inch of quantum speedup over their classical counterparts.
Quantum phase estimation (QPE) of a unitary operator U, a BQP-complete
problem [137], plays a central or support role in many promising quantum
applications [11, 115, 133].

However, not all flavours of quantum phase estimation are equally powerful.
To perform QPE with accuracy (root-mean-square) error 4, initial imple-
mentations of quantum phase estimation [29, 146] used a O(log(5~!))-qubit
control register, and required computation time scaling as 7' = O(6~2), known
as the Sampling Noise Limit, when contributions from outlying (unlikely)
data are taken into account [131]. Much work has been undertaken over the
succeeding years to improve QPE estimation rates to the theoretically optimal
Heisenberg limit 7' = O(6~1) [139, 147, 148] and reduce the control overhead.

The requirement to perform applications of U conditional on a large en-
tangled control register is technically challenging and has strong coherence
requirements. It has been known for a long time [149] that the control
register in QPE can be replaced by a single qubit using classical feedback
and re-preparation of the control qubit, also known as iterative QPE [150].
For estimating the phase of a single eigenstate, assuming the preparation
of this eigenstate, the sampling noise limit can thus simply be achieved us-
ing a single control qubit. In [131] iterative-QPE was extended to achieve
the Heisenberg limit 7= O(§~!). This Heisenberg limit can be shown, via
Cramer-Rao bounds [131], to be a lower bound on the cost of phase esti-
mation, assuming one cannot fast-forward the unitary U [151]. This type
of estimation have additionally demonstrated a relative robustness to er-
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ror [74, 152], which is of interest to NISQ applications. Other analyses of
QPE use maximum-likelihood [153], or Bayesian [152, 154] inference.

The requirement to prepare eigenstates of the unitary U is not possible
for most applications. It is well known that the ‘textbook’” QPE algorithm
succeeds for any initial state, i.e. the output is always an accurate estimate of
one of the eigenphases of U [29]. However, the performance of few-ancilla QPE
on starting states that are not eigenstates has only been examined recently.
In [136] it was demonstrated numerically that one may infer single eigenvalues
from mixed or superposed initial eigenstates using standard classical signal
processing techniques [155]. Under some additional constraints on the system,
it was recently found that these techniques could be performed in the absence of
any control qubits or the need to apply controlled unitary operations [156, 157,
a further significant saving. Due to the need to ‘densely sample’ the phase
function g(k) = >, Aje?i* and a lack of optimization of the classical post-
processing techniques, Ref. [136] only achieved sampling-noise-limited scaling,
but not Heisenberg-limited scaling. By dense sampling we mean that we draw
samples from g(k) with k a sequence of integers, k = 0,1, ..., K (as opposed to,
say, choosing k = 2¢, i.e. exponentially increasing which is used in textbook
QPE and iterative QPE). By a clever adjustment of the quantum phase
estimation problem to target estimation of the spectral function, Eq. (I1.3),
of the input state, Ref. [138] was able to prove rigorous results, with bounds
that were subsequently improved in Ref. [158]. Still, these results fall short of
reaching “the Heisenberg limit for the problem of estimating multiple phases",
however that should be defined.

In this work, we demonstrate single-control qubit quantum phase estimation
at a so-called Heisenberg limit. We extend the methods used in Refs. [74,
131] that obtain Heisenberg-limited scaling for single eigenphases to the
multiple-phase setting by the use of a multi-order scheme and phase matching
subroutines between different orders. We show that to make this phase
matching unambiguous requires the sampling scheme to be adaptive, i.e.
the next choice for k of g(k) depends on the current phase estimates. At
each order the multi-order algorithm requires input from a dense phase
estimation method: for a given order k we use samples from g(kk) with
k=0,1,..., K. As we require the freedom to choose k a real number, to be
applicable to a completely general U we must invoke the quantum singular
value transformation of Ref. [159], which requires O(1) additional control bits.
Using the time-series or QEEP analysis of Ref. [138] as classical processing
subroutine, we are able to obtain a rigorous proof of Heisenberg-limited
scaling of our multi-order scheme. Using the matrix pencil method analysed
in Ref. [136], as such a dense subroutine, we are able to show numerical results
consistent with the Heisenberg limit, with a performance improvement over
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the time-series analysis results.

In essence, our paper is concerned with what choices of k in g(k) and
what classical processing are needed to enable Heisenberg-limited scaling, i.e.
scaling which minimizes the total number of applications T' of (controlled)
U (which we refer to as the quantum cost) given a targeted error § with
which to estimate multiple eigenvalue phases of U present in some input
state |U). It can thus be viewed as purely solving a problem of classical
signal processing. This does not mean that such questions are trivial: for
example, the question of how to estimate phases if one is allowed to only
get single samples from g(k) for a set of randomly chosen k& relates to the
dihedral hidden subgroup problem in quantum information theory [160]. We
note that other work, based on a Monte Carlo extension of [138], achieving
Heisenberg scaling (up to polylog factors) was recently presented in [57].
Another recent work also demonstrated numerical evidence for Heisenberg-
limited phase estimation using Bayesian methods [161]. We also note that
the information-theoretically optimal method in [153] which picks random k&
in g(k) has a classical processing cost which is linear in the quantum cost T,
and Theorem 1 in [153] can be converted to bound the mean-squared-error in
estimating a single phase, see comments below Theorem II.1 in Section 11.2.2.
In principle this information-theoretic method can be extended to the case of
ng eigenvalue phases, but the classical processing cost will be exponential in
ng as one iterates over the possible values of the phases, while our Algorithm
I1.2 has a polynomial (but superlinear) quantum and classical cost in terms
of the number of phases n4.

I1.1.1. Outline

We begin in Sec. I1.2 by defining a few mathematical objects. We separate
the quantum part of a phase estimation problem, namely sampling of the
phase (or signal) function g(k) in Eq. (II.2) given an input unitary U and
input state |¥) in Definition II.2 through running some quantum circuits,
and the classical processing of samples from g(k) to extract the eigenvalue
data of U. In Sec. I1.2.1 we state and prove some needed properties of the
distance between phases. In Sec. I1.2.2 we prove several Cramer-Rao bounds
on the scaling of the error versus the total quantum cost for the estimation
of a single eigenvalue phase, Theorem II.1. We state the previous result on
getting Heisenberg-limited scaling for a single eigenvalue phase in Algorithm
I1.1. Table II.1 contains a glossary of the symbols used in this paper.

In Sec. I1.3 we properly define a multi-eigenvalue phase estimation problem
(Def. 11.4). We discuss algorithms that can be used to extract multiple phases
from densely-sampled signal g(k). We state error bounds satisfied by the
output of Alg. II.4 (Lemma II.3) that is used as the fixed-order subroutine in
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our final Algorithm I1.2 which achieves Heisenberg scaling.

In Section I1.4 we present our Heisenberg-limited algorithm. We discuss a
critical aliasing problem to be solved which occurs when estimating multiple
eigenvalues. We show that an adaptive choice for k in g(k) can solve this
issue and we prove that such adaptive choice always exists in Lemma I1.4. In
Lemma II.5 and Lemma II.6 we prove some properties about Algorithm II.2
which will be helpful in proving the final Theorem II.2.

Thus in Theorem II1.2 we prove Algorithm II.2 achieves Heisenberg-limited
scaling, which is the main result of this work. In Sec. II.5 we numerically
compare this rigorous implementation to an implementation using the matrix
pencil method, used in Ref. [136], for which we are unable to find a rigorous
proof of Heisenberg scaling. We finish the paper with a discussion, Section
I1.6.

I1.2. The classical and quantum tasks of phase
estimation

One may separate quantum phase estimation into the extraction of a signal
which consists of oscillations at eigenvalue frequencies ¢; at a chosen time k,
and the processing of this signal to resolve the frequencies. Let us first define
the following:

Definition II.1 (Signal or Phase Function, and Spectral Function)
Let U € U(2N) be an N-qubit unitary operator, and |¥) € C?" an N-qubit

state. We label the eigenstates |¢;) of U by their phase — Ul|p;) = €'%i|¢;).
We can decompose |¥) in terms of these eigenstates,

V) = Zaﬂfﬁj% (IL1)

and write the overlap A; := |a;|?, Zj A; =1. We define the phase function, -
also called the signal—-, g(k) for k € R of a state | V) under U as

glk)y =Y Ajeds. (1L.2)

The spectral function A(Q) is defined as

A(g) = Z A;5(¢ — ¢;). (I1.3)
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Symbol | Term Description

U Unitary The unitary whose eigenphases we wish to esti-
mate.

T Quantum cost The total number of applications of controlled U
over the course of the phase estimation algorithm.

o; Phase A number ¢, € [0,27) such that the jth eigenvalue
of U is €%

A; Overlap The overlap of the input state and the jth eigen-
state of U; see Def. II.1.

g(k) Phase function See Def. 11.1.

/ Signal

d Order Running index for the order of estimation. At
each order we construct new phase estimates q§§d)
using new data and the previous estimates (5§-d71).

g?)g.d) Estimate Estimate of ¢; obtained at the dth order; see
step 4d of Alg. 11.2.

kq Exponent At order d we perform the QEEP subroutine for
V = Uhka,

Kd Multiplier Defines kg = kgkg_1.

9§-d) Phase Eigenphase of U*«.

§§d) Estimate Estimate of Gj(d); see step 4b of Alg. I1.2.

€ Single order error | Error parameter used for the QEEP subroutine
at each order; see Alg. 11.4.

1) Final error A bound for standard deviation of the final esti-
mates; see Def. 11.4.

Pd Confidence bound | The probability with which the QEEP subroutine
at order d succeeds; see Eq. (11.28).

A Overlap bound We wish to estimate the phases for which the

overlap is A; > A; see Def. 11.4.

Table II.1.: Glossary of symbols used in this chapter.
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Note that fozﬂ dpA(p) =1, and g(k) = 0277 dpe*® A(¢); i.e. the phase function
sets the Fourier coefficients of the spectral function.

Note that one may change seamlessly between the description of a unitary
U and its eigenvalues and a Hermitian operator H and its eigenvalues using
the transform U = ¢! for an appropriate choice of t. Note that since
g(—k) = g* (k) we can restrict ourselves to k > 0.

One may consider algorithms estimating g(k) at integer k¥ € Z*, which
require the quantum circuits using controlled-U* in Fig. II.1 with k € Z*. In
our final Alg. I1.2 we will however use k € RT (in practice k € Q7). In order to
implement U*, we can write k = | k| +«, and we can simulate U* in time O(k)
if we can simulate U® in time independent of k. The accuracy of this fractional
query to U® can be independent of the final error in our phase estimation (as
long as it is sufficiently small). Simulating U® is not a significant issue for
Hamiltonian simulation methods such as Trotter decompositions [113], which
allow simulation of e’f? for arbitrary ¢ € R. If we instead have access to a
circuit implementation of a unitary U, or a block-encoding of a Hamiltonian
H, we can implement a fractional query of U¢ via the quantum singular value
transform [159, Corollary 34]. The circuit to implement U® to error € requires
O(1) additional ancilla qubits, and O(Al log(1/€)) implementations of
controlled-U (where A,y is the largest gap in the spectrum of U) 1. We
will assume in this work that our states have support on at most ng phases,
and so we can bound A > 7/ng. The cost of implementing U will thus
not be a significant part of the cost to implement U* under the assumption
k >> Ay'log(1/e). To simplify our remaining analysis, we assume herein
that we can implement U at a total quantum cost k for all k € R,..

The following task summarizes the quantum subroutine for phase estimation
which is to be executed with the quantum circuits in Fig. II.1:

Definition I1.2 (Phase Function Estimation, PFE)
Let U be an N-qubit unitary operator and |¥) an N-qubit quantum state.
Assume

1. A quantum circuit implementation of U (conditional on a control qubit)
and,

2. A quantum circuit that prepares |V).

IThe Amax dependence in our circuit comes from the requirement in [159, Corollary
34] that our unitary have spectrum on [—7 4+ Amax, ™ — Amax]. Though this will
not immediately be the case, we are free to rotate the spectrum of our unitary to
satisfy this requirement, as long as the spectral gap exists. We also only require to
consider those eigenstates with support on our initial state in this algorithm; eigenstates
with zero weight can be adjusted as part of implementing the quantum singular value
transformation without affecting the phase function g(k).
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Given a k € ZT, error € > 0, and confidence 0 < p <1 € R, PFE outputs an
estimate G(k) of the phase function g(k) of |¥) under U, with P(|g(k)—g(k)| <
€) > 1 —p with quantum cost T = M|k| where M is the number of repetitions
of both experiments in Fig. IL.1 and M = ©(|In(1 — p)|e2) via a Chernoff
bound. Our assumption® that the cost of implementing U for k € RT scales
as O(k) implies that the above scaling for the cost of phase function estimation
holds when k € RT.

Note that estimating the quantum cost of the subroutine in Def. I1.2 as
linear in k is consistent with general no-fast forwarding statements [151] which
state that for general Hamiltonians one cannot implement U¢ = exp(itH) in
time sub-linear in ¢. It is expected that phase function estimation is hard to do
efficiently on a classical computer as it allows one, via classical post-processing,
to sample from the eigenvalue distribution from the input state which can be
reformulated as a BQP-complete problem [137].

) - ) -
X Y

0 pk— Ukl

Figure IL.1.: For an input state |¥) = > a;|¢;) and initial ancilla state
|+) = %(\0) + 1)) the probability for the ancilla measurement outcome to be
+1is P(£1) = %ZJ A;[1 £ cos(kg;)] (left circuit measuring in the X-basis)
and P(£1) = 3 37 A;[1 F sin(k¢;)] (right circuit measuring in the Y-basis).

The quantum subroutine for PFE proceeds by executing the circuits in
Fig. I1.1 for the given k. The control qubit is prepared in the %OO) +11))
state, and is used to control k applications of the unitary U on the system
register prepared in |¥). The reduced density matrix of the control qubit

then takes the form . )
_1 I g
=5 ( ok 1 > (I1.4)

The phase function g(k) is extracted by state tomography of the control qubit:
one estimates the real and imaginary parts of g(k) = ¢(") (k) +ig? (k) by M

2In practice, the cost of phase function estimation for k& € Rt will scale as M(|k| +
O(nglog(1/€)) when using quantum signal processing techniques. One can confirm
that the effect this has on our result is to effectively increase the cost of calling the
QEEP subroutine, Alg. I1.4, from O(e~6) to O(e~%log(1/¢)). This will only change the
prefactor of our Heisenberg-limited phase estimation algorithm (Alg. II.2), and does not
prevent it achieving the Heisenberg limit.
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repetitions of the circuit in Fig. II.1 and measurements of the control qubit
in the X- or Y-basis respectively. We will ignore any dependence of phase
function estimation on V.

I1.2.1. Phase distance on the circle

Quantum phase estimation describes a series of protocols to estimate the
eigenphases ¢;. As these eigenvalues are defined on the circle [0, 27), we need
a notion of distance which respects this periodicity:

Definition I1.3
For z € R we define the distance | - |7 € [0, 7] as

|| = glé%(|A|), with © = A+ 2wm,
with A € [—m, ). (IL.5)
Clearly, the distance obeys the triangle inequality: for x1,xs € R
|z1 + z2|7 < |21l + |22| 7" (IL.6)

The following Lemma addresses a technical issue in the proof of performance
of Algorithm I1.2. For integer k € ZT, we have |kz|r = min,,cz |[kA+2mm| =
kmin,,cz |[A+ Q”Tm |7, implying Eq. (I1.8) below directly. However, for k € RT
(or rational numbers k € Q1) we need to specify a range of x for which such
a statement holds, that is:

Lemma II.1
Suppose k > 1 and 0, € [0,2n). If

™ m(2lk] - 1)

— <9< , I1.7

"< p< TR (17)
we have for any 0

. 0 2mn| 1 _
weto ™Ry [T E T F | T RO (IL8)

Proof. Let x = ¢ — %, then Eq. (I1.7) and 6 € [0, 27) imply that

—n < kx < 2m|k] —m. (I1.9)

and thus kx = A + 27m with m € {0,... |k] — 1} and A € [—7,7) and
|kp — 0|7 = |A]. Hence x = % + 22 with m € {0,... k| — 1}, implying
Eq. (I1.8) where the minimum can be achieved by m = n. O
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11.2.2. Limits for single-eigenvalue phase estimation

For the special case of estimating a single eigenvalue phase, the Cramér-Rao
theorem can be used to lower bound the quantum cost T' to learn the phase
with accuracy ¢, known as the Heisenberg limit. The problem of estimating
multiple phases ¢;, in the presence of unknown overlaps A;, is not easily
amenable to such Fisher information analysis as it is a multi-parameter
estimation problem. However, it can be expected that the cost T of this task
is at least as high as that of single phase estimation, hence it is of interest to
review these bounds here. The following theorem also proves a dense signal
limit which sits in between Heisenberg and sampling noise scaling;:

Theorem II.1 (The Heisenberg, Dense Signal and Sampling Limits)
The (root-mean-square) error § of an estimator & of the eigenvalue phase
¢ employing the circuits in Fig. 1.1 on a eigenstate of U is always lower
bounded as

Heisenberg Limit: § > ¢ *, (I1.10)

where T is the quantum cost of implementing the circuits. If we choose to use
only quantum circuits with k = 1, the sampling noise limit holds:

Sampling Noise Limit: § > T-1/2, II.11
g

If we choose circuits with k =0,1,..., K with a fired number of repetitions
M for each circuit we are bound by a so-called ‘dense signal’ limit:

Dense Signal Limit: § > ¢T~3/4, (I1.12)
In these statements ¢ is some constant.

Proof. Let ¢ be an estimator of ¢ which is inferred from the data x. Here
the data x is the string of outcomes of the ancilla qubit measurements for all
the experiments using the left and right circuits in Fig. II.1. We have

6* =3 P(x|6)(6 — d(x))* = T71(9), (IL13)

by the Cramér-Rao theorem [162, 163] where the Fisher information is defined
as

P 2

16) = Y Pixlo) { g5 P9 | (1114

Thus I(¢) limits the information we may learn about ¢ given a dataset x

drawn from P(x|¢) and we can calculate I(¢). Let M be the number of

experiments, using the circuit with the X measurement, and M,z be the
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number of experiments using the circuit with the ¥ measurement with a
certain chosen k. The Fisher information for all independent experiments
together is additive, i.e. I(¢) =Y, [M{I(¢lk,r) + MjI(¢|k,i)] with I(¢|k,r)
and I(¢|k,i) the Fisher information of a single experiment and ), is the
sum over the chosen set of ks. For a single experiment we can calculate,
using Eq. (I1.14) and the probability for the output bit given in Fig. II.1, that
I(p|k,r) = I(¢|k,i) = k? and thus

I(¢) = > k(M + Mj). (IL.15)
k

At the same time the total quantum cost of all experiments is

T =Y k(M + Mj). (I1.16)
k

The key insight here is that the relative dependence on k is different between
T and I and this implies that the trend of the number of experimental runs
M ,:/ " as a function of k will affect the maximum rate of estimation. If we
choose only k = 1 we see that 62 > % which is the sampling noise limit.

The biggest value for I(¢) for a given T is obtained when we choose a single
largest possible k = K so that T = KMy and I(¢) = K>My = T? /M with
My = M}, + M} . This implies a Heisenberg limit, i.e. § > ¢I'~! where ¢
is some constant depending on M. If we however make the ‘dense signal’
choice, that is, M} = M}C =M for k=1,2...K, then

1(¢) = %K(fﬂ 1)(1+ 2K), (I1.17)

while the total quantum cost is T' = MK (K + 1). Increasing K with M
fixed, we have to leading order in K that § > I(qﬁ)_% = \/gM_%K_% =

\/gM%T_%, which is the dense signal limit.
O

Remark: We note that a randomized version of the dense signal choice can
potentially scale in near-Heisenberg-limited fashion. In this method, one would
draw k at random from 1,..., K and repeat this S times to generate random
variables ki, ..., ks and repeat experiments with fixed M for each such k;.
With the right choice of S x M = polylog(K), one can argue, using the Cramer-
Rao lower bound analysis above, that the expected error E(§) > %}?(T”
where E(T) is the expected quantum cost. The algorithm in [153] uses such
strategy with M = 1. Clearly, the sampling noise limit can be achieved by
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choosing k = 1 in the circuits of Fig. II.1. However, one can ask whether the
dense signal limit or the Heisenberg limit can also be achieved, in particular
when we demand that the classical post-processing is computationally efficient,
meaning that this processing is polynomial in the quantum cost T'. For the
dense signal limit one needs a classical method to process the estimates of g(k)
at k=1,...,K to estimate ¢. Using perturbation theory in the noise, the
matrix pencil method has been claimed to achieve this for a single eigenvalue
[164].

Achieving the Heisenberg limit is non-trivial due to phase aliasing: the
phase function g(k) obtained by the experiments using U” remains invariant
if the phase ¢ is shifted by 27” This implies that a strategy of estimating ¢
from a single point g(k) at large &k will fail unless ¢ is already known to sit
within a window of width %’T This issue is circumvented by sampling g(k) at
multiple orders k = 2¢ to ‘gradually zoom in’ on ¢. To get Heisenberg scaling,
one lets the number of samples M and thus the confidence, to depend on the
order, so that the most significant bits of ¢ are determined with the highest
confidence. Methods for doing this were first introduced in Ref. [131], and
improved in Ref. [74] for the purpose of gate calibration. Here we state the
result:

Algorithm II.1 (Heisenberg Algorithm For Single Eigenvalue Phase [74, 131])
Given an targeted error 6 > 0, and numbers o,y € Z*. The Heisenberg
algorithm which outputs an estimate ¢ for ¢ proceeds as follows:

1. Fiz dy = [log,(1/0)].

2. Ford=0,1...,d;:

a) Use the PFE subroutine, Def. II.2, circuits in Fig. II.1, to obtain
an estimate §(k) of g(k) for k =29 using My = o +~(dy +1 — d)
repetitions of both erperiments.

b) Compute 0D = Arg[g(24)] € [0, 2n)
¢) If d=0, set ¢ =),

d) Else, set é(d) to be the unique value in the interval [é(d_l) —
5 pld=1 ¢ 5a2) (with periodic boundaries) such that

29¢@ = (4 mod 2. (I1.18)

3. Return ¢ = ') as an estimate for ¢.

It was proven in [74] that for some choices of a and ~ the root-mean-square
error 8 on the final estimate ¢%) is at most ¢TI~ for a constant ¢ and total
cost T =2 ijzo 29 My, thus reaching the Heisenberg limit.
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One might consider the effect of experimental noise on these limits. The
algorithm given in [74] was proven to be robust against noise that affected
the estimation of any g(k) by no more than %. However, realistic noise
tends to scale with the circuit depth, eventually breaking this bound. In the
presence of a uniform depolarizing channel, it is possible to extend the above
calculation of Fisher information to optimize the recovery of a single phase ¢,
however in the limit that § — 0 only the sampling-noise limit can be obtained:

Lemma II1.2 R
The (root-mean-square) error § of an estimator ¢ of the eigenvalue phase
¢ employing the circuits in Fig. II.1 on an eigenstate of U in the presence

of a pure depolarizing channel with a fized failure probability p = e~ /™ per
iteration of U is bounded as
T_%T_%
o> —. 1.1
- 2e ( 9

Proof. A pure depolarizing channel sends the off-diagonal element of the
reduced density matrix in Eq. (I1.4) to p*g(k). This adjustment can be
propagated directly through to the Fisher information (Eq. (II.15)), which
becomes

I(¢) =Y e KK (M + M), (I1.20)

k

while the total quantum cost (Eq. II.16) remains the same. Let us consider
the relative contribution to I versus the contribution to 7' of a single choice
of k; if we write I(¢) = >, I and T = 3, T}, we have I}/T}, = ke 2K/7.
Differentiating w.r.t. k£ and setting equal to zero yields

d Iy opyr 2k oy

AL _ okyr _ 2K oy _ I1.21

kT, € 7 0 (IL.21)
k= % (11.22)

Optimizing I(¢) with respect to T' thus requires setting & = 7 and increasing
My, = M} + M}, which yields

I(¢) = T =T (IL.23)
Tge T T2k '

Substituting this into the Cramér-Rao bound & > I(¢)~ 2 yields the desired
result. O

Remark: Note that as we fix T ~ 7 in the above, we in effect have
Heisenberg-limited scaling in 7. However, if we treat 7 as a constant this is
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only the sampling noise limit as defined above. This result holds only for the
simplest-possible noise case; more complicated noise is difficult to analyse,
but numerical results show it may prevent estimation beyond some minimum
value using standard techniques [136]. We assume herein that all circuits are
noiseless (and will not use Lemma I1.2 in the rest of this work).

I1.3. Defining the task of multiple-eigenvalue
phase estimation

In this section we define the goal of estimating multiple eigenvalue phases of
some unitary U. When the input state |¥) is supported on multiple eigenstates,
choosing a single & does not suffice, simply since knowing Eq. (I.2) at a single
point k does not give a unique solution {A;,¢;} [136]. A simple way to
circumvent this problem is thus to estimate ‘densely’: estimating g(k) for all
integers 0 < k < K would allow us to fit up to O(K) (¢;, A;) pairs. However,
this does not saturate the Heisenberg limit as shown in Theorem II.1, hence
we need to come up with a different method.

Separate from this, the full eigenspectrum of an arbitrary N-qubit unitary
U has up to 2"V unique values, making it impossible to describe in polynomial
time in N. In addition, the spectral content of the input state |¥) could be
very dense, with many eigenvalues clustered together instead of separated by
gaps, and the overlap for these eigenvalues, A;, could be sharply concentrated
or uniformly spread. To deal with general input states, Ref. [138] thus
formulated the quantum eigenvalue estimation problem (QEEP): instead of
estimating individual phases, the focus is on estimating the spectral function
A(¢) in Eq. (IL.3) with some resolution. We recall the precise definition
of this problem in App. II.A, Def. I1.5. In our case, we focus on the case
where the initial state only has a non-zero overlap with a small number n
of eigenvectors of U, and we want to estimate eigenphases corresponding to
each of them. Here is our precise definition of the problem to be solved:

Definition IT.4 (Multiple eigenvalue estimation problem)

Fiz an error bound 6 > 0, an overlap bound A > 0. For a unitary U and
state |U), we assume that Aj > A for ezactly ny phases ¢; and A; =0 for all
other phases so that ng < A", Let g(k) = 3, Ajek®i be the phase function
in Def. II.1 and assume access to the PFE quantum subroutine in Def. 11.2
for any k € RT, generating data x. The task is to output a set {¢;} of ng oOr
fewer estimates of the phases {¢;} such that, if we take the closest estimate
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ég-dose“)(x) of each phase ¢; given the data x,

&gdos"“) (x) = arg~min(|q~5;(x) — ¢jl7), (I1.24)
o]

the accuracy error

-~ sest 2
5 = \/Z P (xl{gn, Arh) | 857" () = 4], (I1.25)

is bounded by 0; < 0 forallj=1,...,n4.

Remark: Def. 11.4 allows us the freedom to assign a single estimate to
multiple phases when calculating the final mean-squared-error.

11.3.1. Methods of dense signal phase estimation

Achieving the Heisenberg limit for multiple eigenvalues requires solving the
problem considered in Def. I1.4 with a total quantum cost T = O(5~1). We
intend to accomplish that goal with a multi-order estimation scheme. At
each order d, we will use a data processing method to estimate multiple
eigenphases QJ(-d) of U¥4 to within some error ¢, from data generated by PFE
(analogous to step 2b of Alg. I1.1). (We will stitch the estimates of the phases
0§d) together to give Heisenberg-limited estimates of the corresponding ¢;
in a manner similar to step 2d of Alg. I1.1.) We can offload the estimation
of Hﬁd) to a subroutine; we will show later that we can afford a subroutine
with superlinear scaling in e as the final error § in our multi-order scheme
can be made arbitrarily small even at fixed e. In this section we discuss the
two subroutines that we will consider in this work: the matrix pencil method
(Alg. I1.3) first studied for QPE in Ref. [136], and the ‘time series analysis’
proposed in Ref. [138] to solve the QEEP problem mentioned above.

We detail our implementation of the matrix pencil method in Alg. I1.3; this
is a well-known algorithm in signal processing, that is known to achieve the
dense-sampling limit for a single eigenvalue [163, 164]. However, bounding
the error of the matrix pencil method in estimating many phases typically
requires a minimal gap A between these phases, A = min;»; |¢; — ¢;|r, and
that we query the PFE to obtain estimates of g(k) at k > i. This is a proven
necessary condition to estimate multiple ¢; to error e < cA [165] for some
constant c¢. In our case, we need to allow for the case where we are estimating
two phases Géd), ng) to an error € > |96d) - ng)|. In principle this is not
forbidden by the result of [165] (and numerical simulation confirms that this
indeed works), but we do not know of a formal statement about the scaling
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of the matrix pencil method in this situation. Instead, we opt for a different
method for the purposes of forming a rigorous proof of the Heisenberg limit,
and test the matrix pencil method in numerics only.

Ref. [138] proved rigorously the QEEP can be solved from the densely
sampled signal g(k) generated with the PFE in Def. I1.2 using a ‘time-series
analysis’ algorithm. We review the results of Ref. [138] in detail in App. IT.A.
However, the solution to the QEEP is an estimation A(¢) of a discretization
of the spectral function A(¢) (Eq. (I1.3)) rather than a set of estimates {é;d)}.
To use the time-series analysis algorithm as a subroutine in our multi-order
phase estimation algorithm then requires converting from one form to the
other. This is achieved by Alg. I1.4, the Conservative QEEP FEigenvalue
Extraction algorithm. This algorithm is designed so that its output fulfills
the following guarantees whenever the time-series analysis algorithm succeeds
(defined as [A(¢) — A(6)]x < o

Lemma II1.3

Fiz a confidence bound 0 < p < 1, an overlap bound A, a number of phases
ng < %, and an error bound 0 < € < 4. Let g(k) = pOF Aje*% be the
phase function for a unitary V, with A; > A for exactly ng phases 6;, and
A; =0 for all other phases. Let {8,} be a set of estimates of {6;} generated
by Alg. I1.4 with error € and confidence bound p. With probability at least p,

the following statements are true:

1. For each phase 0; with A; > 0, there exists at least one estimate 0, such
that y
|9j - 91|T S 2€.

2. For each estimate 0, there exists at least one phase 0; with A; > 0 such
that }
|9j — 9l|T S 2e.

8. The number of estimates |{0;}] < ng.

See App II.A for a proof. The total quantum cost of Alg. I11.4 is inherited
directly from the cost of the time series analysis algorithm (as it involves no
additional quantum circuitry), which is O(e=¢|log(1 — p)|).
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11.4. Multiple eigenvalues: multi-order
estimation and the phase matching
problem

To achieve Heisenberg-limited scaling for multiple phases, we combine the
dense signal algorithms which can resolve multiple phases in the previous
section with the single-phase Heisenberg limited algorithm, Algorithm II.1,
which achieves the correct scaling.

A natural way to achieve such combination is to estimate phases {9;01)} of

V =U? for multiple orders d = 0,1...,ds via a dense signal method (e.g.
Alg. I1.4), and then combine them in the same manner as in Algorithm II.1.

If we would manage to get an estimate of 0§»d) = ¢;2% at each order d with
error € and be able to combine these estimates in an unequivocal manner, then
reaching the Heisenberg limit for multiple phases may be feasible. Note that
the error in the final d}h estimate in this case would be § ~ ¢/2% with ¢ in
Algorithm I1.4. One could thus achieve arbitrarily small § for fixed e by making
dy arbitrarily large. This allows us to use (possibly non-optimal) routines
such as the QEEP algorithm since the scaling with € does not propagate to a
scaling in ¢ for a sufficiently small €.

However, the combination of phase information at different orders in the
case of multiple phases may not be feasible when we use V' = U2 for increasing
d as in Algorithm I1.1. The reason is that if we have multiple phases, the
previous order estimates provide sets of ‘ballpark’ intervals and it may not
clear or unambiguous which interval to choose in order to convert a new
estimate é;d) to an updated (;~5§»d) (as in step 2d of Algorithm I1.1). We would
like the choice of the next order to be such that this ‘matching with a previous
estimate’ can be done unambiguously.

For this, we will estimate the multiple eigenphases of V = U*¢ for kg =
H§/=1 kg with kg > 2 a, possibly non-integer, multiplier. For this algorithm
to have a means of associating each dth order estimate §§d) with a single

previous-order estimates égd_l), we use an adaptive strategy for choosing
the next multiplier k4 in Alg. I1.2. That is, the algorithm will determine a
kq based on the estimates g?)éd_l) from the previous round. Although this
scheme requires some classical processing of the experimental data before
the experiment is finished, it is not an adaptive scheme in the same sense
as iterative QPE [150], as we do not require feedback within the coherent
lifetime of a single experiment.

The generalization from using U 2% to Uka for kq € RT presents one small
additional complication. In order to prove bounds on the estimation at
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each order we will require invoking Lemma II.1. However, this requires that
our phases ¢; satisfy Eq. (IL.7) (unless kg € Z* ). If a phase ¢; does not
satisfy Eq. (IL.7), one can construct a situation where two corresponding
estimates g?);d) are found on either side of the branch cut at 27, and where we
cannot guarantee that our algorithm would choose the ‘correct’ one (without
knowledge of the hidden ¢;). To solve this issue, we note that one may shift
the phases of U by a constant x by performing phase estimation on Ue ™%X
instead of U. This need not even be done on the quantum device, as one
simply multiplies estimates of g(k) by e "X, As we assume the existence of
only n, phases, we can always find some Ue™ with phases in some window
[Brmins Gmax) WIth dumin > T, Gpuaxe < ZEFIZD when & > 3n,. This will allow
us to invoke Lem. I1.1 to match estimates of eigenphases of Ue*X and estimates
of eigenphases of (UeX)* as we require. We also note that the above issue
can be circumvented when U = e** by a suitable choice of t.

11.4.1. Heisenberg-limited algorithm for multiple phases

We now describe our Heisenberg-limited phase estimation algorithm. This
algorithm targets a final error § = O(4.), where ¢, is a fixed input to the
algorithm itself (We will calculate the constant of proportionality in the proof
of Theorem II.2). The Heisenberg limit will be achieved by making this J.
smaller while keeping the error € of the phase extraction subroutine, Alg. 11.4,
constant.

Algorithm II.2

[Adaptive multi-order phase estimation algorithm] We assume access to the
conservative QEEP eigenvalue extraction algorithm, Alg. I1.4 for a unitary
V = U (for arbitrary k € RY), and an initial state |¥). Fiz a final error §.,
an overlap bound A, a number of phases ngy < A=Y and error parameters ey

and € bounded as
2

< cri = II1.2
€0 = €Ecrit,0 30077/3) ( 6)
and 5
m
< crit = . I1.27
== 30002 (IL.27)
Let the confidence parameter py be
kqde\”
pi=1l—e® < d > : (11.28)
™

given some real numbers o > 0, v > 2 and kg to be chosen below. The
algorithm proceeds as follows:
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1. Let d =0 and kgq—g = 1. Use Alg. II.4 to find a set of first estimates

{(Jggo)} of eigenvalues of U with error parameter € in Eq. (11.26), overlap
bound A, and confidence pg—o in Eq. (I11.28). If this set is empty or has
more than ny elements, return {0} (this is a failure mode).

2. Find the point ¢ € [0,27) defined by

¢ = argmax min ‘(;35-0) -
¢’elo,2n] 7

11.29
. (11.29)

i.e. C is the midway point in the largest gap between the phase estimates
7(0)
¢; . Let

de = mi ’YO)_ ’ , 11.30
¢ mjmcb] ¢y (I1.30)

i.e. d¢ is half the size of the largest gap. Shift the unitary U —
Uei(¢tade=8c) g0 5O _ ¢ —dc/2+ 8¢y mod 2.

3. Choose k1 = ki with ki € [3ng,3ng + 1] such that for all QE§O) #* QNSZ(O),

either - ~
1657k — GV k1|r > deo (1 + k). (I1.31)
or 0 0 -
165 — 37 < o (I1.32)

4. While kg < 3
a) Setd — d+ 1.

b) Use Alg. 1.4 to find a set of estimates {él(d)} of eigenvalues of
V = Uk with error parameter € in Eq. (11.27), overlap bound A,
and confidence py in Eq. (11.28).

¢) If there exists some <5§-d71) such that

min kad\* ™" — 01V |7 > 2¢(1 + ka), (11.33)

or there exists some él(d) such that

min [kad\" " — 077 > 2¢(1 + Ka), (I1.34)
J

or the number of estimates |{§l(d)}| > ng, return {g?)g»d_l) +(+
d¢/2 —8ep mod 27m}. This is a failure mode.
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d) If not, for each 9~l(d), find the estimate é;-dfl) and an integer n €
[0, kq) which minimizes

397 — (0 + 27n) [kl 7, (I1.35)

J
and set {gfgl(d)} = {(él(d) +2mn)/kq}.

e) If any é;d) € [0, ﬁ)u(%ﬁ‘”, 27], return {(25§.d71)+g“+d</2—860
mod 27}. This is a failure mode.

f) Choose the multiplier kg1 € [2,3] such that for all (igd) # q§§d>,
either

\¢3§-d)kdﬁd+1 — 6\ kakasa|r

> de(1 + Kar1)- (IL.36)

or
7 —2€e(1 4+ Kat1)

7(d) _ 7(d)
P T <
19, — &, T

(I1.37)
and set kgy1 = kakd41-

5. Return {qggd) +¢+de/2—8¢ mod 27},

In principle the first few orders d could be skipped given accurate prior
knowledge of our phases ¢;. However, as the largest circuits are executed at
the latter d values, this will only change the constant factor of the algorithm,
rather than the asymptotic scaling with 6.

In the rest of this section, we prove that Alg. I1.2 can achieve the Heisenberg
limit. The first use of the QEEP subroutine requires a potentially smaller
error parameter (e9, bounded by Eq. (I1.26)) than subsequent uses (where €
needs to be only bounded by Eq. (I1.27)). (Invoking Alg. I1.4 requires that
the error parameters € and ¢ are at most A/3 < 1/(3ny), which is fulfilled
by both bounds.) This relates to a technical issue: we require k1 > 3ng
in order for Lemma II.7 in Appendix II.C and thus Lemma II.1 to apply.
For later rounds kq > 3ng automatically, and the multiplier x4 is no longer
constrained, which indirectly allows us to relax the region of valid choices for
€. The first step in proving the performance of Algorithm II.2 is to show that
the multipliers can be chosen in the first (step 3 in Alg. 11.2), and subsequent
rounds (step 4f in Alg. II.2), which obey the desired conditions. This is
accomplished by the following Lemma which is proved in Appendix II.B.

Lemma 11.4
Let {gbg»o)} € [0,27) be a set of at most ny phases. Assuming Eq. (11.26),
for a randomly chosen ki € [3ng,3ng + 1] with probability at least 1/2,

49



II. Heisenberg-limited quantum phase estimation of multiple eigenvalues
with few control qubits

either Eq. (I1.31) or Eq. (I1.32) holds for all (55-0) =+ él(o). Fix a kq. Let

{d;g»d)} € [0,27) be a set of at most ny phases. Assuming Eq. (11.27), for a
randomly chosen kqi1 € [2, 3] with probability at least 3/4, either Eq. (11.36)

or Eq. (11.37) holds for all gzgl(d) # ng»d).

Remarks: The probability with which a multiplier can be found which
obeys the desired property is rather arbitrary in this Lemma and can be
increased by choosing a smaller €. Note that it is easy to verify whether for a
randomly chosen multiplier the desired conditions hold or not. The validity of
this Lemma importantly does not depend on whether the phase estimates are
actually accurate, it only depends on the number of phases ny. In practice,
we do not generate a random multiplier k441 through this Lemma, but simply
exhaustively search for a valid k441 starting at the maximal value, see Section
I1.5.

The reason to adaptively choose the multiplier k441 for d = 0,1,... is that
two (estimated) phases in principle need to lead to separate estimates at
the next order: this is expressed in Eq. (I1.36). An exception to this occurs
when the (estimated) phases are still close enough, as in Eq. (I1.37), so that
their next-order refined estimates could merge at the next order, see Fig. I1.2.
Phase estimates can thus split and merge over the multiple orders. They split
when sufficient accuracy is available at the next order to distinguish them,
they can stay or are allowed to merge when such accuracy is not yet needed
at the given order.

In what follows below we will assume, just for simplicity of the proof, that
the error parameter € is bounded by €cit,0 in Eq. (I1.26) for all rounds, and e
is the same for all rounds, including the first one.

I1.4.2. Bounding the error with and without failures

In this section we state and prove the two key intermediate lemmas, Lemma
I1.5 and Lemma I1.6 on our way towards proving that Alg. I1.2 reaches the
Heisenberg-limit. Together, these lemmas allow us to bound the error in
Alg. 11.2, —assuming that the phase extraction subroutine succeeds for the
first d rounds—, to within O(e/kq).

These Lemmas deal with the issue of ‘aliasing’ or the correct matching of
new estimates with older estimates which is solved by the specific choice of
Kq+1 in step 4f of Alg. 11.2, see also Fig. I1.2. It is important to note that
there is no 1-1 relation between these estimates and the actual phases since
the number of estimates is at most the number of phases.

Let d¢ be the last order executed in Alg. I1.2, i.e. the last order for which we

go through step 4b, construct the estimates {él(df )} and pass the tests at step
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Figure I1.2.: Schematic of the execution of Alg. I1.2 to estimate three hidden
phases, ¢, ¢1 and ¢ (dashed lines). The algorithm progresses from bottom to
top as the estimation order d increases. At each order d, the phase extraction

subroutine (Alg. IT.4) promises to return an estimate HN(jz of each 9§d) = kqo;

mod 27 that corresponds to an estimate &_‘f)] (solid lines) lying within the
promised estimate region about ¢; (coloured boxes). By matching phases at
subsequent orders (arrows), the algorithm is able to converge to an ever-more
accurate estimate of each ¢;. The phase extraction subroutine only promises
that each region will contain at least one phase (and that the total number of
estimates at each order is bounded by ny) - when two regions overlap, the
subroutine may merge the phases to give a single estimate (green and purple
lines). Estimates at subsequent orders may continue to separate and even
re-merge until the regions separate, at which point the algorithm promises
with high confidence a precise estimate for each hidden phase. The estimate
é(_c?j at each order is only known mod (27)/k4, leading to a set of potential
aliases (dotted lines at d = 4) for each phase. We do not know a priori which

alias is correct, and must rely on the fact that the true estimate qg(j)j needs
to be close to a previous estimate &ﬁ;”. By carefully choosing each ky, we

can guarantee that no alias will satisfy this condition (so long as Alg. 1.4
succeeds), and our phase matching will be unambiguous.

4c and 4e and output {(;El(df )}. When none of the failure modes is encountered,
dy is set by the first kq such that kg > & (since the next kg1 > 2¢/6. as
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Kd+1 > 2). Since kg > 2, we observe that

dy < log, <(2S6> . (I1.38)

(&

In Corollary II.1 we argue that when the QEEP subroutines, Alg. I1.4, succeed
up to order d¢, we indeed never exit via these failure modes.

Lemma II1.5
If each invocation of the QEEP subroutine, Alg. 11.4, succeeds in Alg. I11.2 up
to order dy, then in this last round dy in step 4d it holds that

o (Property 1a) For every phase ¢; there exists an estimate Nl(df) such
that

65— 6| < 2e/ka,.
o (Property 1b) For every estimate qgl(df) there exists a phase ¢; such that
lpj — <z3§df)|T < 2¢/kq,.

Proof. We prove this Lemma by induction. Consider the first round d = 0
(kg=o = 1), i.e. step 1 of Alg. 11.2. If the QEEP subroutine, Alg. I11.4, succeeds
(with probability py) then Lemma II.3 holds, namely for each ¢; there exists

an estimate qgl(o) such that
=<2 I
|¢j d)l |T > €. ( '39)
and for each estimate ‘51(0) there exists at least one ¢; such that
O ) 1.4
|¢j ¢l |T > €. ( : O)

Hence the statement to be proven holds at d = 0. Now consider step 2 of
Alg. 11.2 and invoke Lemma II.7 for which the assumptions are fulfilled by
Eqgs. (I1.39),(I1.40). This implies that with the choice of k1 > 3ng in step 3 in
Alg. I1.2 the shifted phases and their Oth-order estimates obey the technical
condition in Lemma II.1 and we can use Eq. (IL.8). In the next steps we work
with these shifted phases but for simplicity we don’t use any new notation
and refer to them as ¢; and estimates g5§.d) ete.

Now assume the statement to be proven holds at order d i.e. let {gz;l(d)} be
a set of at most ny estimates of the phases {¢;} with

o (Assumption la) For every phase ¢; there exists an estimate (;gl(d) such
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that »
65 — &V < 2¢/ka.

¢ (Assumption 1b) For every estimate 3(d) there exists a phase ¢; such
1 Jj
that i
|¢5j - ¢l( )\T < 2¢/kgq.

Note that these assumptions certainly imply that one can apply Lemma II.1
to the estimates (55;6”. That is, given that the real phases ¢; are 2¢/ky close
to these estimates and that the (shifted) ¢; obey Eq. (I1.109), it implies that
Eq. (I1.8) can be used with k > 3ng (which is the case for all rounds d > 1).

We consider the QEEP subroutine, Alg. I1.4, with a given choice of kg4
obeying the conditions in step 3 (for d = 1) and step 4f (for higher d), executed
in step 4b with confidence py. In the math below we refer to conditions on xg~1,
namely Eq. (I1.36) and Eq. (I1.37), but the conditions on x; in Eq. (I1.31)
and Eq. (I1.32) are of identical form (so we don’t make a separate argument
for the d = 0 — d = 1 induction step).

Let thus {gl(dﬂ)} be a set of estimates of the eigenphases {Hj(-dﬂ)} of Uka+
corresponding to the set {¢;}, that is,

0 = kyi16; mod 2r. (I1.41)

and kgi1 = kgkqr1. By assuming that Alg. II.4 succeeds we can invoke
Lemma II.3, namely

¢ (Assumption 2a) For every phase 9§d+1) there exists an estimate 0~l(d+1)
such that ~
05D — g |7 < 2e.

o (Assumption 2b) For every estimate 9~l(d+1) there exists a phase 0§d+1)
such that B
05D — g |7 < 2e.
To prove the induction step, we thus need to show that the set nggdﬂ)
by step 4d of Alg. I1.2 satisfies the following two properties

generated

d+1)

o (Property la) For every phase ¢; there exists an estimate ‘51( such

that o
165 — 6| < 2¢/kapr.
; 7(d+1)
o (Property 1b) For every estimate ¢,
that

there exists a phase ¢; such

|p; — le(dJrl)\T < 2¢/kqy1.
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First consider Assumption 2a. Assumption 2a implies that for every phase
¢; there exists a Gl(d+1) such that

kap16; — 0V |7 < 2¢. (I1.42)

In this proof we will use the label | =— j for this 0~l(d+1) associated with ¢;.
Thus, also using Eq. (I1.8), Eq. (I1.42) is equivalent to

. ~(d+1)
min — (02 42mn) /k
e i o= (042w Rl
2e
< ) (11.43)
ka1
with nzdi‘j; the integer which achieves the minimum, i.e.
ideal __ . {
n]',*)j = arg min
nef{0,..., kay1]—1}
lpj — (ﬂf“ + 277")/kd+1\T}- (11.44)

Similarly, by Assumption la, there is some gzl(i) i which is 2€/kq-close to ¢;,
again using a label which shows this association.
Consider the optimization in Eq. (I1.35) at step 4d in Alg. I1.2. We define

& =ming;, (11.45)
J
&= |60 — 0,V + 2mn0) [k . (I1.46)
with
nj; = arg min {
ne{0,..., kq+1]—1}
SN — (1Y) 4 27n) kana ‘T } (11.47)
ny =argminé; ;. (11.48)
Mg,
The goal is thus to prove that for each ¢;, using the corresponding GN(j;rl), we
have n_,; = nzdifjl which directly implies Property 1a.

We can bound using Eq. (I1.6) and then Eq. (IL.8), Assumptions la and 2a
and the optimality of n_,; _;,

g%j,%j
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_ )gg), — (@Y 42 ) /de‘T
< ’cﬁ(d) ¢j‘
d i
\qu D + 2ty fhaga |
26 d+1)
¢ |
- kd kd+ ‘ d+1¢j *)j T
2¢ (d+1)  F(d+1)
== plath _ gl (
kd kd—i—l ‘ -7 T
2
< 260+ Fapn) (I1.49)

ka1

Now if Eq. (IL.36) holds for some other m #— j, we claim on the other
hand that
2¢(1 4+ Kay1)

11.50
ka1 ( )

Em,—)j > )
. (d+1) . “(d) . . .

hence matching 6 5, with such ¢p’, with m #— j is non-optimal and

will not be chosen in the Algorithm. To indeed see that Eq. (I1.36) implies

Eq. (I1.50), we can calculate

46(1 -|—f£d+1) < 1

kd+1<l~5<_d>)- — kar10%) ‘
T

ka1 kd+
ar1d Dy — 8
T
Lo 0(d+1) 1qb‘d)
kd+1
< 261+ Rar1) {
kd+1 nef0,..., Lkd+1J 1}
’(j)(d) <d+1) + 2mn)/ka+1 } (IL51)

2
e(l + Ka1) _
ka+1

3D (G oy
ne{o,.“r,lfkdﬂj—l} m — ( S0+ mn)/ka+1 .
= Emsje (IL.52)

Here we have used that Eq. (II.8) holds for the estimate oD
Alternatively, for those m #— j for which Eq. (I1.37) holds, we claim that

Nm,—j = N—sj,—j, (1153)

ot
ot
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hence for those 3% # (b(d) the algorithm produces a single new estimate
equal to (0(d+1) + 21 j)/ kas-

To see that Eq. (I1.37) implies Eq. (I1.53) indeed, note that it is sufficient
to prove that

64 — @ + 2wy ) | < (IL54)
T +1
as one can then show that for n’ #n_,; ; € {0,..., |kat1] — 1} that
27 2m (Mrjsy — 1)
kat1 ~ |kag1 77 T
=107 + 2705 5) hata
= (0 + 27n) kata|r
< ‘(é(j-fn +2mn g, 55)/kar1 — (5,(,?)‘
T
"?5 0 + 2mn') kasa
T
<t + | — (a(jj Y 4210 Jkasa (I1.55)
d+1 T
= ’qb(d) @ + 2mn)) kg | (11.56)
kd+1 T

80 n_s; ; is optimal. Using Eq. (I1.6), Eq. (IL.37) and Eq. (I1.60), we can
prove Eq. (I1.54) since

-G ],
< ‘q@fﬁf) - é—m“
[0 = @4 + 2 ) o],
_T= 2¢(1 + Kgq1) i 2e(1 + Kat1)

kat1 kat1
T

= . I1.57
- (IL57)

We have thus shown that for each ¢;, there is a é(i;rl)

4d will output (é(jjl) +2mn_; ;) /kat1 with n,; _,; defined in Eq. (I1.48),
(d)

—J
ideal
J,—J

, such that step

which was already close to d)éd).
using Property la. It holds that

related to the previous order estimate
The last step is to show that n_,; _,; = n

l9; — (éf;rl) +2mnj,5)/Kavlr
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d
<g; — ¢! )|T
+ |¢§—>j - (9(&“’ +2mn_j5) /Kalr
2 2¢(1
< =€ + e(1+ fa+1) < T (I1.58)

- kd kd+1 kd+1 ’

where we used that 4e(kqy1 + 1) < 7. Indeed for d > 1, € < 5 (kg1 < 3)
and for d = 0, € < 4(3+¢+2) (k1 < 3ng + 1) given the upper bounds on ¢
in Egs. (I1.27) and (I1.26). This implies through the same argument as in
Eq. (I1.56) that n;dcj; achieving the minimum in Eq. (IL.43) equals n_,; _;
and hence we obtain Property 1la.

Now let’s prove Property 1b. Given a él(dﬂ), let ¢;—_,; be the real phase

for which, by Assumption 2b, it holds that

|kdyr10—1 — él(d+1)|T

= kat1]|o—1 — (éz(dﬂ) + 21085 Jkasa|r
< 2. (IL59)

idiall
—l,
Eq. (I1.48). Let also é(d) be the previous order 26/k‘d close estimate to ¢;—_;;
by Assumption la. The idea is that gi)(d) ¢_> ) is matched to 9(d+1)
the optimization step of the algorithm, so that thls leads to a better estimate
for the phase ¢;—_,;.

To prove Property 1b, we need to show that n; = n with n; defined in

Given a él(dH) we can deduce, as before, that

§oj = ¢ 01+ 2mn50) fkasa
T
\m 9“”” + 2% s |
26 ~(d+1)
<= k -y ‘
< kd de ‘ d+1P—1
_2e 1 (d4+1)  F(d+1)
S ‘9 4§ ’
" ka kat1 ! T
o 2e(L+ K1) (IL.60)
- ka1

Using previous arguments, all other &,,; are either larger or give the same
integer n_,;; and thus n; = n_,;;. In addition, we can bound, using this
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equality and Assumption la

|p—1 — (él(dH) +2mn_yj1)/kati|T
< ‘d’—ﬂ - ¢~>(_d>)]|T + |(Z~5(_d))] — (él(d+1) + 27rn_>j7l)/kd+1\T
2% 2t han)

= kg Kat1
0
< , (IL.61)
kat1
implying that n; = n_;; = nifj‘?ll as desired. O

Algorithm II.2 has a few failure modes, namely steps 1, 4c and 4e where we
exit and return an estimate of lower order. Arguments in Lemma II.5 show
that these failure modes are only encountered when the QEEP subroutine,
Alg. I1.4, fails at some order. ‘Failure’ here is not complete failure; regardless
of whether the algorithm fails, it will return a set of estimates gzgj, and the
error in these estimates will contribute to Eq. I1.25. To achieve the Heisenberg
limit we must make sure that both the probability of failure is small, and
that the estimates ¢; from a failed instance of the algorithm still lie close
to the true values ¢; to minimize their contribution to Eq. (II.25). The
probability pg with which the QEEP subroutine succeeds at the dth order is
bounded by the parameters «, 7, given as an input to Alg. I1.2 (Eq. I1.28).
The probability that this achieves for up to and including the dth order is
bounded by Hif:() par- It is crucial for the success of our algorithm that we
do not encounter any exit modes other than those mentioned above, which
we can now prove given the machinery developed in Lem. II.5.

Corollary II.1
If each invocation of the QEEP subroutine, Alg. II.4, succeeds in Alg. 11.2, we
never exit at step 1, 4c or 4e.

Proof. Consider step 1 of Alg. I1.2 applying Alg. I1.4 which obeys Lemma
I1.3, showing that success of Alg. 1.4 implies that the number of phases is at
most ng. By assumption there is at least one phase with A; > 0, and hence
success means that Alg. 11.4 cannot return the empty set due to statement
1. of Lemma I1.3. Hence if Alg. 11.4 succeeds we do not exit at step 1 of
Alg. I1.2. Now consider step 4c of Alg. I1.2: again success of Alg. I1.4 implies
that the number of estimates does not exceed ny. Consider Eq. (I1.33) and
Eq. (I1.34); we wish to show that these will not hold if Alg. I1.4 succeeds up
to order d — 1. If Alg. I1.4 succeeds up to order d — 1, the phase estimates

égd_l) obey Eq. (IL.8) for kg, hence the condition in Eq. (I1.34) equals, for
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each él(d)
min min |¢~>§d_1) - (él(d) +27mn) /kq|T
J n
2¢(1
> M’ (11.62)
kq

and we argued previously, via induction, that this does not happen when
Alg. I1.4 succeeds up to order d, as min; &;; is upper-bounded as in Eq. (I1.60)

for all d’ < d. Similarly, Eq. (I1.33) implies the existence of a g5§d_1) with

mlin min |q§§d_1) - (él(d) + 2mn) kgl

2¢(1
S e( —|—Iid).

II.
- (11.63)

which can not happen due to the success of Alg. I1.4 which implies the bound
in Eq. (I1.49). Consider lastly step 4e which exits if the current dth order
estimates do not lie in the region for which Eq. (II.7) holds with given kg.
We have argued in Lemma II.5 that, assuming success of the subroutines
implementing Alg. 11.4, that Eq. (II.7) holds for the phase estimates at all
orders. O

Now let us consider failures of the QEEP subroutine, Alg. 11.4, which do
not lead to exiting. Let’s imagine that the first failure occurs at some order
dy. Now we want to make sure that continuing with higher orders after such
failure still leads to an error of order ~ €/kq,—1, even though the failure (or
any subsequent failure) is not detected.

To show this, we check that if Alg. I1.2 exits at some later round, namely

during d = dy + 1 and outputs estimates (;3§df ) that these will be sufficiently
close to the estimates right before failure, that is, the set of phases 45§d°_1).

Then, by Lem. IL1.5, these estimates will also be sufficiently close to the true
phases ¢;.

Lemma II1.6
Let Alg. 11.2 exit at order d = dy + 1 and let the QEEP subroutine, Alg. II.4,
of step 4b first fail at d = do < dy 4+ 1. For each ¢;, there will be an estimate

<£l(df), produced at step 4d in Alg. 11.2 which satisfies

~(d 14e
6 81|, < ——
T

: 11.64
S T (IL.64)
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Vice-versa, for each estimate q@l(df ) there exists a phase ¢; such that

~(d 14¢
o - 30| <=
T

. 11.65
S (IL65)

Proof. Since each QEEP subroutine, Alg. 11.4, in Alg. I1.2 succeeds up to
order dyp — 1, Lemma II.5 guarantees that

0o—1)

o (Property la) For every phase ¢, there exists an estimate g?)l(d such
that 5
~(do—1 €
165 = 81"V <
do—1

o (Property 1b) For every estimate gZ)l(do_l) there exists a phase ¢; such
that 5
7(do—1 €
|6 — B V)r < P
do—l

Then, since the algorithm does not exit at step 4c¢ through Eqs. (I1.33) or

(d=1)
1

step 4e for any order d = dy, ... dy, for each estimate é we can associate

some éﬁ‘fl) that satisfies

1 7(d=1) _ 5(d
— |k -9 =
kd d¢l |
. 7(d—1) 71C)
min 0,5 + 2mn) /k
"6{0,-<~7\_/€d+1J—1}‘¢l ( l )/ dT
2¢(1
< m’ (11.66)
kq

where the second equality follows from being allowed to apply Eq. (I1.8)
(which is validated by passing the test at step 4e). This implies that in step
4d of Alg. I1.2 at round d, for a given 5%), the optimization of &, ,,, over
n will pick the integer n; ,,, i.e. the integer associated with matching é,(;fl)
with ¢~>l(d71). Next, similar as in the proof of Lemma II.5, we can consider the
possibility of matching to other estimates é,(cdfl) # ¢~>l(d71). Since kg4 is chosen
in step 4f of Alg. 11.2, we claim that either Eq. (I1.36) holds, in which case

2(d—1) 2mn + éﬁ,fl)

min
k
kq

nef0,..., | ka) -1}

2
> 21+ kq), (IL6T)
kq
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hence this &, is not optimal, or that Eq. (I1.37) holds, in which case

nm; =

T(d-1) 2mn + 95,‘3

arg min h B
d

ne{0,..., kq|—1}

= Ny, (IL68)

The proofs of these claims are exactly the same as in the proof of Lemma I1.5,
i.e. using Eqgs. (I1.54), (I1.56),(I1.57).

Now let us prove Eq. (I1.64). Given a phase ¢;, we can use Property (la)
to find an associated estimate gi)( o—1) within 2€¢/kq,—1. Then for this estimate

let Hyffi ; be the matched estimate in the next round for which Eq. (I1.66)
7 (do) 6540) 4omn_, ;. m_
holds, so that the round produces a new estimate ¢, = =4 [ .
0
(which we label with — j again) for which
2¢
1617 — 3 < ZE (1 gy)- (11.69)

kq

0

(do+1)

m_.; ~ etc. and this generates

Then again for q[;(j there exists some matching 6

a series of estimates (;5 ~; up to order dy. For a given ¢; we can then bound,
using this series of estimates and k4 > 2 for all d,

5 =, W“ o,

n Z ‘ab(d n (d)

d=do

dy
2 Z 2¢(1+ kK
€ n e( d)

T ka1 = ka
I A
kdo—l d—d, RdyRdg+1 - - Rd
2¢ = 3
< 1+ —
kay—1 ( nz:% 2")
14e
= . I1.70
o (I1.70)
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Now let’s prove Eq. (II.65) and start with an estimate él(df) which was

obtained from some 0~l(df ) matched with a previous estimate g?)l( just

for convenience we again use the same label) such that | ~l(df ) _ gZ;l(df -b lr <
kQTEf(l + Ka, ), using that we do not exit through Eq. (II.34). Then again
for this previous estimate él(df -b we can repeat the argument and create a

sequence of estimates up to ¢3§d°*1). For the last estimate, we invoke Property
(1b), namely that there is a nearby ¢;. Then we can upperbound for this ¢,:
~(d (do—1 d 7(d)  7(d-1 .
|¢§ 5 b;lr < |¢l( 0o—1) _ b;lr + dezdo ‘¢l( ) _ l( )|T etc., exactly as in
Eq. (IL.70), leading to Eq. (I1.65). O

11.4.3. Algorithm II.2 achieves the Heisenberg limit

We have seen that the success of the QEEP subroutines in Alg. I1.2 leads to
an error scaling as €/kq, ~ d.. Now we must choose the success probability
pa of these subroutines in Eq. (I1.28), depending on «,~ so that the total
mean-squared-error is bounded by some §2 = O(§2) while the quantum cost
T = O(6~1'). We note that the next theorem contains no logarithmic factors
in 571, as in [57], but achieves pure Heisenberg scaling.

Theorem II.2

Algorithm I1.2 solves the multiple eigenvalue estimation problem in Def. II.J
with accuracy error § and total quantum cost T = O(67 1), given A,ny and
a fixred eg and € obeying Egs. (IL.27) and (11.26), and some choice for the
constants o > 0 and v > 2.

Remarks: Note that the dependence on the number of phases n4 is not
made explicit in the statement of this Theorem, but this dependence will
be polynomial in ng, not necessarily a very low-order polynomial. This
dependence comes through the choice for ¢y (and €) via Eq. (I1.26) (resp.
Eq. (I1.27)) which sets the error and thus the running time of the QEEP
Algorithm I1.3.

Proof. Our proof is motivated by the analysis in [74] for a single phase ¢
leading to Theorem II.1. The idea is to bound the mean-squared-error in the
final estimation of ¢ by summing over error contributions at each order d at
which the phase extraction subroutine may fail (with probability 1 — pg).

In our case the multipliers k4 (and kg) at each order are not fixed (as
in Theorem II.1) but depend on phase estimates at previous orders and
thus measurement data at previous orders. Our confidence parameter pg in
Eq. (I1.28), which determines the number of repeats of experiments, and hence
the cost, in Alg. I1.4, depends on kg and is thus a random variable depending
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on previous measurement data. All measurement data are denoted by x and
thus we have random variables kq({xa (x)}% _,) and pg({xa (%)} _,)-

Consider the mean-squared-error 67 for the jth phase ¢; in Eq. (I1.25) in
Definition II1.4. We have three error contributions to consider given a choice
for the random variable kg .

1. With probability 1 — pg the subroutine Alg. 11.4 in Alg. I1.2 fails at
step 1 (d = 0). In this case, as we always return some estimate, d; is
bounded for all j by .

~
2. With probability at most (1 — pg,) HZ‘;—Ol pa<1—pg, =€ (@) ,
the subroutine Alg. I1.4 in Alg. II1.2 fails for the first time at some order
1 < dp < dy, and the algorithm proceeds in any way afterwards (by

possibly exiting or not) In this case, Lemma II 6 bounds d; for all j by
14e 14e
— kagg—1"

Kdg

3. With probability less than ij: oPd < 1 the subroutine Alg. I1.4 in
Alg. 11.2 succeeds up to the final round dy, and Lemma II.5 implies that
0; < 2¢/ka, <20, for all j as kq, > €/d..

We can now bound the mean-squared-error as a sum over the above three
contributions weighted by their relevant overlaps:

5?- <(1 —po)w2 —1—4634—

dp—1 2
14e
+ P(x (K1, -y kao|x)(1 — pa ({/sfi}dL ) []
Z Z ’ P gy ({590
iy Kay0e\ " 196€2
2 —a c —a doOc € 2
=7’e (—) +ZP Z (K1, .., Kdy|X)e (%) 2 + 46;
do=1 0—
5o\ S hagbe "
—« c doOc
< e (?) +0.15xa('f?ZP(x)P(m,...de)Z(%) 4462,
x do=1
(I1.71)

Here we have removed the dependency of k4, and kq,—; on the previous
multipliers for notational simplicity. For d = 1 we have e~ k3 196(e/m)* =

e’“k%196(eo/7r) < P57 < 0.15 due to Eq. (I1.26). For d > 1,

K5,196(e/m)? < 9@1090%4 = 0.08, due to Eq. (II. 27)

To evaluate the middle term, we write kg, = kq ; k , and note that as kg =

Hd,:1 K4, we have % < 92do—ds a9 the multiplier kg 2 2. As ka, < g—: < 2gc’
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we have
df—l df—l
kaydc\7 72 1 v—2\(do—dy)
> (T) <52 (7))
do=1 do=1
247

< I1.72
S 4 (IL.72)

where the last inequality holds since v > 2. By letting the upper bound be
independent of the kg4s, we can remove the dependence on x in Eq. (I1.71),
using that ) P(x)P(k1,...,kq,|x) = 1. This yields a final bound on d; of

0.15 x 2477

8 <o | mt e 0T ¢ SRR

+4]]. (I1.73)

As v > 2, this scales as 62 as 6. — 0.

Let us now calculate the cost of executing Alg. I1.2 in terms of the number
of unitary applications. Again this depends on the choice of multiplier kg
at each step. Let us fix a sequences of kgs, and let df be the final round of
estimation in this algorithm, i.e. the final round for which we invoked the
quantum subroutine in Alg. IL.4. At each order d we use V¥ = U*4k where
k=0,1,..., K, with 2M; samples where K is a function of € as in Theorem
I1.3. The cost of each experiment is kgk.

We can calculate

U
<

"
M=

(2M gk gk)

&
(=}
x
I
=

f
=N Mgk K(K +1). (IL.74)
d

I
o

The QEEP algorithm in Theorem II.3 requires My = O(|In(1 — pg)le~*) with
pq in Eq. (I1.28) and K = O(e™1).

We may bound

=0 kq [a —~In (kjfﬂ . (I1.75)
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We again bound k4 = kdek:df < 24-dy 55—, which yields
P .

<6, 10(e7%)(a + 2y1In(2)). (I1.76)

Combining our bounds then yields

1
0.15 x 24712
<. |leOmt V4447 I1.77
< [e T A — ] (IL.77)
0.15 x 2477
—1 —a, _1—v
<T {e s +4+727_4 }
x O(e”%) o+ 2v1n(2)]
=0(T™), (I1.78)

which is the Heisenberg limit. Note that a dependence on the number of phase
ne enters the scaling of 0 via e which needs to be bounded as in Eqgs. (I1.26)
and (I1.27). O

I1.5. Numerical implementation

Thm. I1.2 requires using the QEEP algorithm (Theorem I1.3 and Algorithm
I1.4) in order to obtain provable bounds. Instead of analytic bounds, we now
turn to a numerical demonstration, giving the opportunity to implement and
test Algorithm I1.2 with a few modifications. We test the algorithm using
two different sub-routines, one based on the matrix pencil method [164], and
one based on the QEEP time-series analysis of Theorem I1.3, as described in
Algorithm II.4. Code to implement all simulations can be found at https:
//github.com/alicjadut/qpe.

To improve the practical performance of Alg. I1.2, we make the following
two small changes. Firstly, instead of choosing k441 in step 4f in the ranges
declared in Lem. IT.4, we choose the largest k441 consistent with Eq. (I1.36)
and Eq. (I1.37) for all qgg-d), &gd). We note that the maximum such K441 is
bounded above by 5= — 1, as the left-hand side of Eq. (I1.36) is bounded above
by 27 and the left-hand side of Eq. (I11.37) is bounded below by 0. (In practice,
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tighter bounds can be found by checking the boundaries of the regions Rg-?)
defined in Eq. (I1.92), and we find the largest possible k441 by iterating
backwards through these boundaries till a gap is found.) Secondly, as the
bounds for € and ¢y in Lem. I1.4 are rather loose, and our performance scales
rather badly in both, we choose the largest ¢ = ¢p that allows all simulations
to find a value of k441 > 2 at each order.

When using the matrix pencil processing subroutine, we follow the imple-
mentation described in Ref. [136]:

Algorithm II1.3

The matriz pencil method takes as input estimates of the phase function
g(k) = Zj A;e™ for a unitary V at points k = 0,1,... K and an overlap
bound A, and proceeds as follows:

1. Construct the Lx x (2K — Lg + 1) Hankel matrices G, GM) | where
G\ = g(i+j+a—K) forie{0,1,..Lx —1},j € {0,1,...,2K — Ly},
a=0,1, with Lx = [(K +1)/2], and using g(—k) = g*(k).

2. Construct the L x Lg shift matriz T by least-squares minimization of
the matriz 2-norm |TG©) — GO

3. Calculate the eigenvalues of T', A\j = |)\j\eié7’ and from there the phase
estimates 0;.

4. Calculate the overlap estimates flj by least-squares minimization of the
vector 2-norm ||BA — g||, where B is the (K + 1) X Lx matriz

By,j = Ak, (I1.79)

and g = [g(0), ...g(K)]".

5. Return the phase estimates éj for which the corresponding overlap esti-
mate A; > A.

To use this algorithm as a subroutine in Alg. I1.2 (in place of Alg. IT.4), we
implement it on the matrix V' = U¥4, which requires implementing V* = Ukka
for a range of integer k on a quantum device.

To isolate the performance of the estimation routine from the generation
of the signal itself, we do not test our protocols on data generated from
simulating or approximating a particular unitary. Instead, we test the ability
of the protocols to estimate ny = 2 and ng = 4 randomly-chosen phases
¢; € [0,27] when sampling from the true phase function g(k). We take all
phases with equal weight — A; = 1/ny. We simulate the sampling from
g(k) in Algorithm I1.3 or Algorithm I1.3 for some V = U*4 by simulating the
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readout of a control qubit with the reduced density matrix of Eq. (I.4). (In
practice this would be generated by the quantum circuit in Fig. I1.1.) We
first draw My i.i.d. samples from the two Bernoulli distributions

PL(41) ZA 1+ cos(6;k)), (11.80)

Pi (+1) ZA — sin(6,k)), (IL.81)

where 0; = kq¢; mod 27 are the eigenvalues of V. Then, we return the
fraction of +1s drawn as estimates for the real and imaginary parts of g(k)
respectively. This is then repeated at all points k = kgk for k =0,1,..., K.
Following the discussion in Sec. I11.2.2 and using the notation from Eq. (I1.74),
we sum the total quantum cost for the algorithm over all requested g(k)
queries; T'=2)", 25:1 kkqMg. (We ignore the sub-leading correction from
the final term in Eq. (I1.74) as this will not affect the scaling of our result.)
For the signal length K and number of points My to sample each g(k) at, we
follow the bounds given in Ref. [138] (both when using the QEEP and matrix
pencil subroutines):

o signal length: K = [0.1LIn* L], with L = [2%] the number of bins used
in the QEEP subroutine (Def. I1.5).

« number of measurements of each circuit: My = [[In (1 — pq)| e~ *].

Here, py is given in Eq. (I1.28) for a given k4. This equation requires fixing
a choice of a and v — across all experiments we take a = 2 and v = 2.1.

To demonstrate that our methods achieve the Heisenberg limit, in Fig. 11.3
we plot the error as a function of the total quantum cost for a set of simulations
using the methods described above. Each simulation draws a different set of
ng random phases, and a final error §. € [1075,1072] (for each choice of &,
we use the same 50 sets of phases). We plot the error for each phase estimate
separately in Fig. IL.3 (i.e. each simulation corresponds to ng points in the
plot). As both the total quantum cost and the error is different between
simulations, we bin all experiments within a range of T" values, and calculate
the root mean square error and root mean square total quantum cost. This
gives a good approximation to the accuracy error defined in Def. I1.4 for the
restricted data set used.

For the QEEP subroutine, we observe a clear fit of the data (blue points)
toa d ~ T~! trend, as expected from Thm. I1.2, but with a rather large
constant factor; we find 7' ~ 101§~ for estimating 2 phases and T' ~ 101°§~1
for estimating 4. Further optimization of the QEEP algorithm for these
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Figure I1.3.: Convergence of the algorithm with total quantum cost 7. Phase
estimates were obtained with either QEEP (blue) or matrix pencil (green)
subroutines with parameters described in the text. Individual points show
the error § = \g?)] — ¢;|r on individual phases in each simulation. This data is
binned in the x-axis, and for each bin a root-mean-square error and standard
deviation (error bars) are plotted in the x- and y-direction. Dotted lines show
a fit of these means to § ~ T~ 1.

purposes may yet improve this constant factor. However, as the methods
of Ref. [138] were not designed for estimating individual phases, it may be
expected that this method performs somewhat badly for this purpose, so we
have not pursued this further.

Simulations using the matrix pencil subroutine outperform simulations
using the QEEP subroutine by a factor of 10* — 10%, and clearly demonstrate
Heisenberg-limited scaling 6 ~ T~! as well. We take this result instead of
an analytic proof as strong numerical evidence for Heisenberg-limited scaling
when a version of Alg. I1.2 is constructed using the matrix pencil method
as a subroutine. We notice that the error in two phase estimates in the
first bin of the matrix pencil method for ns = 2 is significantly above the
remainder of the population (by about a factor 100x), which blows up our
error bars for this bin. Further investigation shows that the two phases in
question are from the same simulation, and separated by only 1.5 x 1074,
By contrast, for the simulation in question (at d = 1) our algorithm sets
k1K ~3x10% < (1.5 x 1074)~! (where k1 K is the largest value of the phase
function g(k) sampled during this simulation). This implies that our signal
lies within the region where improving our estimation accuracy by increasing
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the number of shots My is exponentially hard [165]. In latter simulations
with these two phases we see that our estimation error regresses to similar
results as all other estimates.

I1.6. Conclusion

In this work we studied Heisenberg-limited quantum phase estimation using
a single control qubit. In this form of phase estimation, we rely on classical
signal processing to extract eigenvalue data from the phase function g(k) in
Eq. (I1.2).

It has been an open question whether these methods can achieve the
Heisenberg limit in the case of multiple phases: Ref. [57] answered this
question up to log factors with a Heisenberg-limited Monte Carlo algorithm,
providing a sampling of the spectral function A(¢) in Eq. (I1.3) from which
to estimate the phases. In this work we also answered this question in
the affirmative exactly with a new adaptive multi-order phase estimation
algorithm, for which we prove Heisenberg scaling if the algorithm uses a QEEP
phase extraction subroutine. We numerically show the performance of this
algorithm, also when instead of using a QEEP subroutine, one uses the matrix
pencil method to extract phase estimates from the phase function g(k). This
result complements the previous work discussed in the introduction by closing
the question of whether there exists a gap between classical post-processing
of phase function data and fully quantum phase estimation.

In obtaining our results we encountered at least two details of quantum
phase estimation that we have not seen discussed in the literature. The
first is the dense signal limit, Eq. (IL.12) in Thm. II.1: sampling g(k) at

all integer point k = 1,..., K is sub-optimal regardless of what method is
used to process the data. However, we also briefly argued that by picking
points among k£ = 1,..., K at random one may go beyond this, and one could

interpret this as allowing the results obtained in [57] in which such randomized
choices for k are taken.

The second is the need for adaptive choices of k4 to solve the phase matching
problem. It is unclear to us how far this problem extends; although Lemma I1.4
provides a practical solution, others may still exist. Another open question
with respect to Algorithm II.2 is whether one can remove the need to choose
real-valued multipliers x4 and restrict to integer choices. Restricting kg € N
would significantly simplify some technical issues, i.e. the applicability of
Lemma II.1 and the need for shifting phases in step 2 of Alg. I1.2, but we
don’t know how to prove a version of Lemma I1.4 for k4 € N. In fact, we don’t
know whether there is a fundamental difference in performance between only
using data obtained with integer k in g(k) versus data obtain with real-valued,
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—in practice rational-, k in g(k).

We have assumed in our problem description, Def. I1.4, that the spectrum
in the input state is discrete consisting of ng phases with amplitudes above
some cut-off. In practice this condition may not be fulfilled and thus studying
the performance of the algorithms on more typical spectra induced by many-
body Hamiltonians and easy-to-prepare input states will be of interest. The
scaling of our (provable) Heisenberg-limited algorithm in ng is also rather
poor [O(ni‘l) as described], as we have not attempted to optimize this aspect.
This should in principle be immediately reducible to O(ni571 + ng) under
the assumption that the matrix pencil method continues to achieves the dense
sampling limit when estimating multiple eigenvalue, however we do not know a
proof of this. In principle linear scaling with ng should be achievable (or even
sub-linear if the methods of [112] could be applied in this setting); optimizing
this is a clear target for future work.

A direction for future research is to make this algorithm efficient in practice
(i.e. improve the parameter dependence and the practical run time) or devise
yet-different Heisenberg-scaling algorithms and examine their performance in
the presence of experimentally-noisy signals g(k).

II.A. Phase extraction subroutine

For our Heisenberg-limited algorithm, at each order d we need to extract
eigenphases of V' = U*4 from the signal generated by PFE. We require that
the phase estimates satisfy the promises of Lem. II1.3. This is achieved by
Alg. 11.4, which is based on the solution to QEEP of Ref. [138].

In this appendix, we first summarize the results of Ref. [138] by giving a
precise definition of the QEEP (Def. 11.5) and performance guarantees of the
time-series analysis (Def. I1.3). Then we describe the Conservative QEEP
Eigenvalue Extraction algorithm (Alg. I1.4) and give the proof of Lem. II.3.

II.A.1. The Quantum Eigenvalue Estimation Problem

Definition IL.5 (Quantum Eigenvalue Estimation Problem, QEEP)

Let A(¢) be the spectral function defined in Eq. (11.3) for a unitary U and | V).
Given is an error parameter € > 0, a confidence parameter 1 >p > 0, and a
set of non-negative (approzimate indicator) functions f'(¢) for ¢ € [0,2) for
1=0,...,L—-1, L= f%ﬂ, where f'(.) has support on only the interval bin

V= [(l — 1)6, (l + 1)6]T, (11.82)
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and fH(¢) + fEV(¢) = 1 for all g € VINV,_1. Assuming access to the
PFE subroutine, Def. I1.2, the goal is to output an approximation b; for
l=0,...,L—1 to the integral

27
b= doA@)f' (o) (11.83)
0
which satisfies
L—1
> b —bif <e, (11.84)
=0

with probability at least p.

Note that the bins V; have width 2e and overlap on a region of width € and
=1
Theorem I1.3 (QEEP Algorithm [138])
One can solve the QEEP problem in Definition I1.5 with {f'(.)} a set of
‘bump’ functions

. 2a [tz
_ d
() /l b

X exp {2— {1 - %w - qb')Q] _1} : (11.85)

with normalization constant a ~ 2.252, using PFE in Def. II.2 with k =
0,1,....,K with K = O (e *In*(e7!)) and M = O(|In(1 — p)|e™*) for each
k= 1,2...,K. The total quantum cost for U is then bounded as T =
O(MK?) = O(|In(1 — p)[e~©).

We note that the approximate indicator functions f!(.) in Eq. (I1.85)
are designed to have a quickly decaying Fourier series, which is re-
quired to achieve polynomial-time scaling. We also refer the reader to
Ref. [158], which has extended the result by relaxing the requirement
that f'(¢) + fC~V(¢) = 1 on the interval V; N V,_;. The idea of this
QEEP algorithm is as follows. Since b = }; A f'(¢;), using Eq. (IL3),
periodically extending f'(¢) beyond [0,27) and Fourier decomposing
gives by = >, Aj ) ke e0i fl(k) = Zkezg(k)fl(k)- At the same time,
the fact that f!(.) is an indicator function ensures that b, =~ qujev, A

Thus knowledge of g(k) and the Fourier coefficients f!(k) for a range of
k allows one to estimate the weights b;. The requirement to estimate
the spectral function to within a l-norm ¢, Eq. (I1.84), is very strin-
gent, hence the scaling of 7' with error € is quite costly, T = O(e~%). It is
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possible that one can improve the scaling by re-examining the analysis in [138].

II.A.2. Conservative QEEP Eigenvalue Extraction

Algorithm I1.4 (Conservative QEEP Eigenvalue Extraction)
Fiz an overlap bound A, an error bound 0 < € < %, and a confidence bound
0 <p<1. Assume access to a QEEP Algorithm I1.8 for a unitary V. The

algorithm proceeds as follows:

1. Use the QEEP subroutine with error €, Alg. I1.3, and confidence p to
generate an estimate by for by as defined in Eq. (11.83).

2. Construct the set

S={le{0,...,L—1}b > A/3}. (11.86)

3. Find the smallest 1 € {0,...,L} withl € S and call it lyin.

4. For'l! =lin, .-, (lmin + L — 1) mod L:
a) if! €S and (I' = 1) mod L € S, remove I’ from S.

5. Return the set {él = le}ies as a set of estimates of eigenphases of V.

Let us now motivate Algorithm I1.4. One may identify phases with sufficient
probability in the output of the QEEP algorithm as the bins [ with b; > beutos
with b; in Eq. (II.83). Then to convert this into an estimate of a phase 6,
for each such bin above cut-off we could output the estimate €l, i.e. in the
middle of the corresponding bin V.

We calculate appropriate values of beytorr and the QEEP error € to guarantee
that we output an estimate for each ; with A; > A with a provable confidence,
and to guarantee no estimate in the absence of any ¢;. Def. IL.5 states that
when there exists such a 6; € V; N V,_;, we are guaranteed with confidence
pthat by + b1 +¢€> A (as by + bj—1 > A). To guarantee that at least one
of b or by is larger than b.utof With the same confidence, we thus require
bcutoff < (A - 6)/2

Similarly, Def. I1.5 states that when there exists no §; € V; with 4; > 0,
we are guaranteed with confidence p that b, < e. To prevent a spurious
estimate in this case, we require beytof > €. Solving this to maximise e (which
minimizes the cost of the QEEP routine) yields beytor = € = A/3 which is
what we use in Alg. I1.4.

A further small complication exists in solving the problem posed in Def. I1.4:
we require that one outputs at most n, phases. This will be satisfied if we
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can guarantee at most one phase estimate per ¢; with A; > A, as we know
there are ng = ny such estimates. As the bins V; (Def. (I1.82)) overlap, a
phase 6; may participate in up to two neighbouring bins — corresponding to
amplitudes by, b1 > A/3. To ensure that this does not result in two estimates
being generated, one could take all contiguous sets b;,, by, +1,...,b, > A/3
and prune away every second index /. In doing this we need to respect the
periodicity of the V;: Vp_1 NV, # 0, so these contiguous sets may wrap
around the circle. Pruning every second index when starting from the middle
of one of these contiguous sets may result in two neighbouring /,! 4 1 being
removed, which is not what we desire. Instead, in the following pseudocode,
after generating the set of all [ with sufficient b;, we find the first gap (in )
between these regions (corresponding to the first b; < A/3). We then iterate
(from this point Iy, to L — 1 and then from 0 to i) over the by, and remove
each [ from our set if b;_1 > A/3 and | — 1 was not itself removed.

IT.A.3. Proof of Lemma I1.3

Lemma I1.3 relates the performance of Alg. 11.4 to the performance of the
QEEP subroutine. We now prove this Lemma. Note that {6;} is an ordered
list of ny phases, while {él} is an ordered list (that we will show contains at
most n, phases).

Proof of Lemma I1.8 Our proof follows by showing that the output from
Alg. 114 satisfies these statements whenever Eq. (I11.84) holds. This yields our
confidence bound as Eq. (I1.84) holds with probability p by Def. II.5.

To see that statement 2 holds when Eq. (I1.84) is satisfied, note that if V,
contains no phases 6; with A; > A and Eq. (I1.84) is satisfied, b <e< A/3,
and [ will not be added to the set S in Alg. II1.4. This implies that when
Eq. (IL.84) holds, if I € S there exists some 0; € V;, with A; > A, in which
case |0; — O)|p = |0; — el|p < 2e.

To see that statement 3 holds when Eq. (I1.84) is satisfied, note that 8; €
VINV(141) mod . for exactly one ! (and 0; ¢ V,,, for m # [, (14-1) mod L). Then,
when Eq. (I1.84) holds, b + 5(z+1) mod L > 2A/3, so max(i)l,i)(l“) mod L) >
A/3, and either I, (I + 1) mod L or [ and (I + 1) mod L will be added to the
set S during step 2 of Alg. 11.4 for each phase 6;. Then, step 4 of Alg. 11.4
will remove ({ 4+ 1) mod L if [ remains in S, so each phase 6; can contribute
to only one final estimate 6, = le, and the number of estimates is bounded
from above by the number of phases.

To see that statement 1 holds, we use the point in the previous paragraph
that, when Eq. (I1.84) is satisfied, each phase 6; with A; > A adds either [,
(I+1)mod L, or [ and (I + 1) mod L to the set S during step 2. of Alg. I1.4.
Then in step 4. of Alg. I1.4, [ is removed from S only if (I — 1) mod L remains
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in S, and (I+1) mod L is removed from S only if [ remains in S. This implies
that the distance from 6; to an estimate is bounded by

max max 10; —€el'|lr =
0,€ViNVis1) V=I—1LI+1 mod L

=e(l+1)mod L —e(l — 1)) mod L = 2¢, (IL.87)

as required. [J

I1.B. Proof of Lemma I1.4

Let us first prove the existence of K411 € [2, Kmax] With £max = 3 that satisfies
our conditions (the proof for k; is similar), for small enough € in Eq. (I1.27).
Note that Eq. (I1.27) implies

T
< — &~ 0.01. II.
e < 300 0.0 (11.88)

Given some pair q~5§-d) #* qgl(d), Jg<llet Aj; = |(5;d) — ¢3§d>| and let R;; be a
set of kg41 such that neither Eq. (II.37) nor Eq. (I1.36) holds for the chosen
phases, that is,

Rj = {Hdﬂ € [2, Fmax] :

7 —2¢(14 Kgy1)
kakata

/\|kdlid+1Aj7l‘T < 46(1 + Kd+1)}. (11.89)

1Ajlr >

We call U; ;R;; the forbidden region and want to show that we can choose
a value for k441 € [2, 3] outside this forbidden region if € is sufficiently small.
We do this by bounding the size of the forbidden region above and showing
that this is smaller than the region [2, 3], leaving room to choose g4 1.

Note that R;; is nonempty only if
ka1 > kq|Aja|r
m—2e(14 Kgy1)

>
Kd+1

> 7 — 2¢(1 4 Kmax)
ijax
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Tir
225’

using Eq. (IL.88).

We may write the set R;; as

T — 2¢
Riy=|max |2, ——— | , Kmax
7 { ( kalAjilr + 26) ]

nU &Y,

neN

where Rg-f;) is the set of k441 for which

|kakar18j1lr = [kakay1850 — 2mn

< 46(1 + K/d-‘rl)a

for some n € N.

Solving this equation for k441 yields

R™ —

[ 2mn —4e  2mn + 4de
gl

dej,l + 4€’ k‘dAjJ — 4e

The size of each interval R;Z) can then be calculated

8e(2nm + kaljy)
k3A%, — 16€

7| =

We can bound

Mmax

U R

Mmax

>

<7Tnmax(nmax + ]-)

|Rju| < R

_ 8¢
- kflA?’l — 16€2

+ dej,lnmax> .

(11.90)

(11.91)

(11.92)

(11.93)

(11.94)

(11.95)

Here, nmax = Nmax(J,1) is the largest index of a set R l in Eq. (11.92) for
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which Kgy1 € [2, Kmax). Since kg1 < 3, Eq. (I1.92) implies that

3(dej,l + 46) + 4e

max é s II.
n o (11.96)
Now using Eq. (I1.90) and Eq. (I1.88) gives
1
Ril<—"
[Rsu] < 1— (4e/kqar; )
o 306(86400062 + 248160em + 118997r2)
532973
< 36(86400062 + 248160em + 1189971'2)
- 53273
<0.24, (IL.97)

where the last inequality used Eq. (IL.88). As there are ny > 2 phases the

2
length of the total forbidden region U, ; R;; is bounded from above by %’ |R;il.
We want to this interval to be, say, at most 1/4, so that by choosing k441
randomly we have a 75% change of not landing in the forbidden interval. For
larger ng we thus should use

2

— IL.
3002 (IL98)

€ < €crit =

leading to Eq. (I1.27).

We now repeat the above approach for the special case of finding the
multiplier in the first round k1 = k;. Consider thus ki € [3n4, Kmax] With
Kmax = 3¢ + 1. The key difference here is that there is a stricter lower bound
on this multiplier Kmax so that € needs to be chosen smaller, depending on
ng, namely we choose

21

— II.
300ni ’ (IL.99)

€0 < €crit,0 =

as expressed in Eq. (I1.26).

Given some pair ¢~>§O) #+ gZ;l(O), J <[, and again let A;; = |gz~5§0) — (jN)l(O)|. Then,
let R;; be the set of k; such that neither Eq. (I1.37) nor Eq. (II.36) holds for
the chosen phases. That is,

Rj’l = {]{31 S [3n¢>’€max] :

m — 260(1 + kl)

A >
1Ajalr > o
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/\IklAj,l|T < 460(1—|—]<11)}. (11100)

We again call U;;R;; the forbidden region and want to show that we can
choose a value for k1 € [3ny, 3ny + 1] outside this forbidden region, assuming
that €g is small enough. Note that the logic of the first few inequalities in
Eq. (I1.90) still holds in this new calculation, leading to

A 7 — 2€0(1 + Kmax)
Js jil

Kfmax
2+4+3n
(1 B 75nj}pqb )

> Te
- 14 3ng

, (I1.101)

where the second inequality used Eq. (I1.99) and the value for kmax. Note
that for large ngy this allows Aj; to decrease like ~ 1/ny, while previously
A;; was lowerbounded by a constant, Eq. (I1.90).

This time, we may write the set R;; as

T — 2€0
R, = 3 _ max R ,
o {max< " |Aj,l|T+2€0> e ] nLEJN 4

where Rg-f;) is the set of k; satisfying

k1Ajg —2mn| < 4eo(1 + k), (11.102)

for some n € N. Solving this equation for k; yields

() _ |2mn —4ey 27mn + 4eg
R\ — 11.103
it |:Aj7l + 4607 Aj,l — 4e ( )
with length
8eo(2nm + Ay )
R = 20T T S0l I1.104
’ g A%, —16¢ ( )
We can then bound
[Rju| < U Ry ‘R i
860
= m 7-r(nmaX min)—i—(AjJ+7'r)(nmax—nmin)+27rnmjn+AjJ . (11105)
5,1 0
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Here, Nmax = Mmax(J,1) and nmin = nmin(4,1) are the largest and smallest
indices of sets R} in Eq. (IL.102) for which k; € [3n4,3n4 + 1]. Finding the
minimal and the maximal value for n in Eq. (I1.102) given the bounds on k;
gives

3n¢(Aj7l — 460) — 460
2

S Timin S Nmax

(Bng + 1)(Aj; +4ep) + 4eg

<
- 2w

(11.106)

As there are ny4 phases, the length of the total forbidden region U;R;; is
2

bounded from above by % |R;,1|. By plugging the bound for ¢ in Eq. (I1.99)
and the bound for A,; in Eq. (I.101) together into Eq. (IL.105), one can
verify that

2
n
P
R =2 <
| ],l‘ 5 =
—16— — 2 i 559,4 5 6 7 8 9 5 10
16 168n¢ 621n¢+002n¢+14400n¢+4455On¢+40500n¢>+73125nd)+270000nd)+202000n¢ (II 107)
450n% (—4 — 9ny — 100n3 — 1500 + 1875n7) ’ )

which can be verified to be less than 0.5 for all ng. Hence a random choice
for ki in the interval [3ny, 3ne + 1] gives at least a 50% chance to not land in
the forbidden region. O

I1.C. Range of shifted phase estimates

In this Appendix we prove that when the unitary U is shifted as in step 2
of Alg. I1.2, and as long as the output of the phase extraction subroutine
(Alg. I1.4) meets the promises given in Lem. I1.3, all phase estimates of U*¢
will lie in the region for which Lem. II.1 holds. This allows us to invoke
Lem. II.1 as required during Lem. I1.5 and Lem. I1.6. Note that if we were to
shift the spectrum such that the middle of the largest gap would sit at 0, we
would do U — Ue™%. However, the ‘stay-away-from-the-boundary’ condition
of Lem. II.1 is not symmetric, hence we shift by a different amount which
also depends on the error ¢y in the phase estimates.

Lemma II.7 R
Let {¢;} be the list of eigenphases of unitary U, and let ny, {qbl(o)}, ¢, de be
as defined in steps 1 and 2 of Alg. I11.2. Assume:

o (Assumption la) For every phase ¢;, there exists an estimate 50) such
( P Yy p i !
that |¢J - él(O)‘T < 260.
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o (Assumption 1b) For every estimate (51(0)} there exists a phase ¢; such
that |¢; — V|1 < 2¢0.

Then for all k > 3ng, for the estimated shifted eigenphases {gbl(o)} it holds

that
(2[k] — 1)
k

% +16e < g¥ < = — 16¢q. (IL.108)

which implies Eq. (IL.8) for gEZ(O) = ¢. In addition, the eigenphases {p;} of
the shifted unitary Ue=*(CFde/2=8¢0) sqtisfy

2|kl -1
% + 146y < 9 < % — 14ep. (I1.109)
which again implies Eq. (IL.8) for ¢; = ¢.
Proof. Let
~ d
3\ = ( O _¢— ?4 + 8eo> mod 27. (I11.110)
Let us first show that
5O e | T 48y, 2m— 2T 1 g IL111
&, 6{27%—1— €g, 2 2n¢+ €0l - (I1.111)

By definition of ¢ (as the midway point in the largest gap) and d. (as half
the largest gap) we have

(~l(°> - %) mod 27 € [%7% - %] : (IL.112)

We have d¢ > m/ng (with equality corresponding to ng uniformly distributed
estimates). By Eq. (I1.26) it follows that

< — .
S Ty (11.113)

and thus ¢y < %, leading to Eq. (II.111). By the assumptions the shifted
phases ¢; lie within 2¢y from the estimates gél(o). Thus for each ¢; there exists

a gbl(o) such that

0; — 14eo > 3 — 166

™
> T g
- 2n¢ €
™ 8w
>
- 2n¢ 48?’L¢
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7r 7r
=— > . 11.114
3ng — k ( )
and
, =(0)
QDJ —+ 1460 S (pl —+ 1660
<27r—3<7T—860)
2n¢
3m
<o T
%
k] -1
<l =D (IL.115)
k
where we have used Eq. (II.111), Eq. (I1.113), k > 3n, and |k| > k — 1. This
implies Eq. (I1.109) and also Eq. (I1.108). O
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III. Error mitigation and circuit
division for early
fault-tolerant quantum
phase estimation

I11.1. Introduction

Despite significant experimental progress in recent years [1-3, 166], quantum
computers still require many orders of magnitude more qubits to achieve
advantage for practically relevant computational problems [43, 90, 94]. While
quantum error correction (QEC) promises to enable fault-tolerant quantum
computing with a cost that scales polylogarithmically in the size of the
computation, the overhead required for the most practically realizable schemes
is large. For example, the combination of the 2-dimensional surface code
with magic state distillation [36, 167-169] is capable of universal quantum
computation, but may require hundreds or thousands of physical qubits per
logical qubit to ensure the success of the computation. This overhead has
prompted a push for work on early fault-tolerance [54, 5661, 64, 67, 71, 72,
78, 92, 99, 170-172], that is, the search for computational frameworks and
trade-offs that enable us to take advantage of the machinery of quantum error
correction without incurring its full cost.

Initial explorations of early fault-tolerance have focused along a few lines.
A fist line of research has aimed to reduce costs for small and medium-sized
problems, by making tailored algorithm design choices. For example, using
Trotter-based simulation instead of methods with better asymptotic scaling
has been shown to offer lower costs for smaller systems [53, 66, 67, 71].
Another approach has focused on adapting quantum algorithms to achieve
a low depth per circuit. This is motivated by the observation that a given
error rate p, determines the maximum number of allowable operations G =
—log(1 — p)_l ~ p~! before the exponential decay of circuit fidelity sets in.
Several works have accomplished this by trading off reduced circuit depth
for an increased number of circuit repetitions [56, 56-65, 99, 173]. A third
approach has been to use error mitigation techniques — originally designed to
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handle physical noise in near-term quantum devices — in order to reduce the
noise-induced bias without reducing circuit depth, albeit at the expense of
many circuit repetitions [68, 69, 71].

Quantum error mitigation (EM) [50] has seen increased interest in recent
years, due to the development of experimental platforms which are increasingly
powerful, yet remain far from enabling fault-tolerant computing. Mitigating
errors caused by physical noise avoids the large constant factor requirements
of fault tolerance, but results in an exponential overhead with increasing
circuit depth and error rate [23, 30, 174-177]. A wide range of EM tech-
niques have been conceived [49-51, 157, 178-181, 181, 182] and implemented
in practice [183-188], demonstrating up to thousandfold-reductions in noise
bias [187]. While these methods cannot replace scalable error correction,
they have been suggested as a last mile solution in fault-tolerant quantum
algorithms, relaxing the demands on a QEC protocol by enabling a computa-
tion to tolerate O(1) errors per circuit repetition [50, 54, 68, 69, 72]. Some
approaches specifically address scenarios where the error rates vary between
qubits or operations [68, 69, 71, 171], with a particular emphasis on the
non-Clifford operations that are expected to be the most costly to implement
fault-tolerantly. However, most EM protocols have focused on expectation
value estimation, as opposed to more general quantum computation; extending
beyond this was labeled an outstanding challenge in Ref. [50].

Quantum phase estimation [143], a workhorse of quantum computing, aims
to compute an eigenvalue of a unitary matrix given its circuit implementation
and an initial state with sufficiently high overlap with the target eigenstate.
Traditional phase estimation techniques [29] use a control register which,
after accumulating phase information via controlled time-evolution, undergoes
the quantum Fourier transform (QFT) to yield a state with high density on
binary representations of the desired phase. These QFT-based QPFE algorithms
achieve the Heisenberg limit, the information-theoretic optimum for phase
estimation, including constant factors [139]. It is possible to remove the
quantum Fourier transform, either by direct dequantization [132, 143], or by
analysing the outputs of independent circuits that use a single control qubit
via signal processing techniques [57, 59, 60, 62, 74, 75, 136, 138]. (Indeed,
under some constraints on U phase estimation without any control qubits is
possible [157, 189-191].) These single-control QPFE techniques are of particular
interest in early-fault tolerance [57, 58, 60, 62, 64, 71, 72, 100, 170, 172], as
these protocols can tolerate a constant amount of error per circuit [74, 136],
avoiding the need for a high overall success probability across all circuit runs.
However, it remains to understand how this reduction in circuit depth and
increase in error tolerance propagates through quantum error correction to
a trade-off between physical qubit count and wall-clock time (of the full
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estimation protocol). Additionally, besides Refs. [134, 192], there has been
little exploration of whether QFT-based QPE techniques can be divided into
smaller circuits akin to single-control methods. To the best of our knowledge,
no prior work applied circuit-division to make QFT-based QPE robust to
noise.

In this chapter, we develop a framework that jointly optimizes quantum error
correction, mitigation, and algorithm design for early fault-tolerant quantum
computation. Specifically, we study the trade-off between running fewer,
larger circuits at lower error rates (requiring more physical qubits per logical
qubit) versus subdividing computations into many smaller circuits that can be
executed at reduced code distances. Our work bridges two research directions
that have so far been explored independently: the optimization of algorithms
for early fault-tolerance and the integration of quantum error mitigation
within fault-tolerant protocols. Within this framework, we propose a new
noise-robust QPE algorithm, based on subdividing the QFT-based QPE circuit
of Ref. [139] used in state-of-the-art fault-tolerant benchmarks [43, 94]. In the
presence of global depolarizing noise, we prove that the algorithm converges to
any target precision and quantify its cost as a function of noise strength. We
compare our method to the noise-optimized robust phase estimation (RPE)
scheme of Ref. [144], finding that our approach requires between 30% and
130% of the resources needed for RPE, depending on the target precision and
noise strength. Then, in order to mitigate biases from more general noise
models, we develop a regularised explicitly-unbiased maximum-likelihood
estimator, representing the first extension of error mitigation techniques
beyond expectation value estimation. This estimator, when combined with
our QPE algorithm, guarantees convergence under arbitrary noise channels.
For natural noise models based on local Pauli errors, we upper-bound the
overhead of our method relative to the global-depolarizing noise case by a
factor of 7x. Finally, we present concrete and comprehensive estimates of
the the physical qubit count and wall-clock time for computing ground state
energies of the two dimensional Hubbard model [94], and of various molecular
Hamiltonians compressed with tensor hypercontraction [43]. Our estimates
assume surface-code computing [167] with CCZ factories [169], and quantify
how the previously discussed method trade increased computation time for
reduced qubit counts. We find that the available gains are limited by the
the error mitigation overhead, along with the large costs associated to magic
state distillation; a 2x reduction in qubit count comes with an increase in
the total wall time of 2 — 100x.
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True FTQC vs Our Early FTQC framework
Design algorithm [ Design algorithm resilient to a range of noise levels ]
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Figure III.1.: Illustration of our framework for designing algorithms for early
fault-tolerance and how it differs from traditional fault-tolerant algorithm
design and resource estimation. The standard approach (left) involves op-
timizing an algorithm in the absence of noise and then choosing quantum
error correction parameters such that the failure probability is small enough.
We propose an alternative approach better suited to early fault-tolerance.
By using noise resilient algorithms as a building block, we can allow for
non-negligible levels of noise throughout the execution of a circuit, jointly
optimizing the parameters of the algorithm, the quantum error correcting
scheme, and the error mitigation technique used to address the residual error.

II1.2. Summary of results

Our overall goal is to extend recent resource estimates for practical quantum
phase estimation [43, 94] to the case of early-fault-tolerant quantum computers.
We define early-fault tolerance as the operational regime where we can use
quantum error correction to correct all but Q(1) errors, and we must design
algorithms to be robust to the remainder (via e.g. quantum error mitigation).
In this setup, we retain the ability to spend more physical resources to
reduce the logical error rate v through quantum error correction. In contrast
to standard fault-tolerant quantum algorithm design, we consider v as an
additional free parameter to optimize jointly with other parameters of the
algorithm, subject to any constraint imposed by the device (e.g. number of
available physical qubits). The comparison of the standard fault-tolerant
algorithm design process with our early fault-tolerant framework is illustrated
in Fig. ITI.1. We choose this top-down approach to early fault-tolerance (which
is similar to the approach taken in Refs. [72]) instead of a bottom-up approach
taken by some other works [54, 78] as this requires relatively few assumptions
on the physical device used.
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In order to adapt our quantum algorithm to a range of noise rates v, we
explore circuit division protocols that replace a single coherent execution
of a quantum circuit consisting of G gates by the execution of M shorter
circuits, each consisting of less than G/R gates (with M > R). The samples
from these shorter circuits are then combined by a classical algorithm to
recover the same result as the original quantum algorithm. Circuit division
allows us to trade between executing a few large circuits at lower error rates -y
(thus requiring more physical qubits per logical qubit), versus dividing these
into many shorter circuits (which can tolerate higher v to achieve the same
success probability). Reducing the number of physical qubits required would
enable a small early-fault-tolerant quantum computer to perform calculations
that would otherwise be out of reach, at the cost of increasing the total run
time of the calculation by an O(M/R) factor. Note that this flavor of circuit
division is different than divide-and-conquer approaches which have been
proposed for e.g. optimization [193-195] and variational algorithms [196, 197].
These are not known to be noise-robust, and the overhead in most cases
is exponential in the number of cuts. For a circuit division protocol to be
practical, its overhead M/ R needs to be reasonable. Furthermore, the classical
post-processing should be robust to faults in multiple sub-circuits, as a union
bound implies the probability of failure of at least one sub-circuit is larger
than the probability of the original circuit failing.

Error mitigation can further be employed to boost the robustness of circuit-
division protocols to the remaining sub-circuit faults. The overhead of EM
typically depends on the sub-circuit fidelity F' [50], which can be controlled
either by limiting the sub-circuit depth or by running more error correction.
We provide a general, back-of-the-envelop study of the trade-off between error
mitigation and error correction in App. III.A; we find that combining the two
can lead to a significant boost of the maximum logical circuit size that can be
run on a given device, in a narrow regime of physical qubit count and error
rate.

Single-control QPE variants are readily adaptable to circuit division. In
the presence of global depolarizing noise, they are known to be robust to
faults in the sub-circuits with a quadratic overhead M ~ R? [72, 99, 136]. As
these methods rely on measuring expectation values of Hadamard-test-like
circuits, they are naturally compatible with existing EM protocols. This has
motivated a lot of interest in recent years [55-57, 60, 61, 75, 190], however
little work has gone into testing the robustness of more traditional versions
of QPE (that utilize a multi-qubit control register and the quantum Fourier
transform).

Our first contribution is to provide a circuit-division variant of QFT-based
QPE, Mazimum-likelihood Sin-state QPE (MSQPE), that is robust to global
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depolarizing noise. We give the algorithm in App. II1.C.2, and prove the
following result.

Theorem III.1 (Thm. III.6, informal)

Given an initial eigenstate preparation, the mazimum-likelihood sin-state QPE
algorithm in the presence of global depolarizing noise with rate v (per call
of the unitary) converges to error e in a total number of uses of the unitary
given by

° 71—6717 Zf6>>77
o Crye 2 with C =20, ife € 7,
and interpolates between these limits when € ~ 7.

This algorithm relies on two technical developments: the extension of QFT-
based QPE methods to allow for an arbitrary number of calls to the unitary
(as opposed to powers of 2 only), and a noise-robust classical post-processing
of multiple QPE subroutines via maximum-likelihood estimation.

Thm. IT1.1 demonstrates that QFT-based QPE methods can be made robust
to noise, thus allowing for fair comparison with single-control QPE variants.
We optimize the hyperparameters of the (QFT-based) MSQPE algorithm
(details in App. III.C.2), and compare it against the (single-control) RPE
algorithm [74] with optimized parameters from Ref. [144] In Fig. II1.2, we
plot the ratio between the costs of the two algorithms to achieve the same
target error €, where the cost Tyoy is measured as the total number of unitaries
across all circuits used. We observe both methods perform similarly; MSQPE
performs better when the noise rate v is low compared to the target error e,
by a factor that increases for smaller . Vice versa, when the target error is
small € < ~, the cost of RPE is about 30% smaller. In App. II1.C.3 we expand
on this comparison, and note that both estimators can likely be improved;
the MSQPE estimator by optimizing the sin-state in the presence of noise,
and the RPE estimator by numerically optimizing the RPE hyperparameters
(the optimization in Ref. [144] aimed to achieve analytic bounds). However,
across the range of errors and noise rates considered, the performance of both
estimators falls within a factor 10x of information-theoretic bounds, which
places a limit on any further gains.

While the global depolarizing channel is a useful analytical tool, it fails
to accurately describe the residual logical noise in fault-tolerant quantum
computers. Previous work has shown that other natural noise models (in
particular, local depolarizing noise) can result in a biased signal in single-
control QPE methods [136], and thus a biased phase estimate. Consequently,
more complex EM strategies will be required to address the general noise
models expected to characterize residual logical error. EM introduces a
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Figure III.2.: Ratio of the total executions times Tio of the optimized robust
phase estimation (RPE) algorithm of Ref. [144] and the maximum-likelihood
sin-state quantum phase estimation (MSQPE) algorithm developed in this
work across a range of target errors on the phase estimate € and noise rates ~y
translating to an error rate per unitary of pe;y = (1 — e~7). The dashed line
at 1 denotes equivalent performance between the two methods; points above
1 give a region where the MSQPE estimator performs better, points below 1
show where RPE outperforms MSQPE.

circuit-repetition overhead that scales inverse-polynomially with the circuit
fidelity F'.

Our second contribution is to study how overhead associated with error
mitigation (defined in terms of circuit repetitions) translates to an overhead
in the cost of error-mitigated QPE (in terms of number of calls to a noisy
implementation of the unitary operator). We find that this overhead can be
suppressed logarithmically thanks to circuit division.

Theorem III.2 (Thm. IIL.7, informal)

Given an error mitigation scheme for expectation values with a sample overhead
scaling with a power of the circuit fidelity F~%, one can obtain an unbiased
error mitigation scheme for single-control phase estimation with an overhead
proportional to ay/e, where € is the precision of the estimate and ~y is the
notse rate per call of the unitary.

This result highlights a significant advantage, as it narrows the cost gap
between EM methods with limited scope but low overhead (e.g., postselection)
and more general yet costlier approaches (e.g., probabilistic error cancellation).
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In Table. III.1, we summarize the circuit-repetition overheads C,, known for
various methods, and we show how these translate to unitary-call overheads

for phase estimation CQFE.

Com = | CET(v,6) <

Symmetry
verification,
verified phase
estimation™

Postselection AF-! Are/m - v/e

Echo verification*,
Rescaling AF—2 Ake/m-2v/e | direct rescaling
under GDN
Probabilistic error
Explicit unbiasing | AF~* Ake/m - 4vy/e | cancellation,
virtual distillation

Table III.1.: Error mitigation overhead for expectation value estimation
(Cem) and for quantum phase estimation (C3U®) for different error mitigation
techniques. A and k are constants depending on the circuit, noise model and
error mitigation approach, v is the noise rate and € is the target precision of
phase estimation.

* The overhead of echo verification (a.k.a. verified phase estimation) depends
on the assumptions on the circuit: if the cost of state preparation is negligible,
its overhead is postelection-bounded; if the dominant cost comes from state
preparation, it behaves like a rescaling technique due to the required doubling
of the circuit depth. See App. IIL.D for a detailed discussion.

Our third contribution is to develop a general EM protocol for maximum-
likelihood estimation. This is motivated by our intention to apply MSQPE
in the presence of arbitrary noise. However, our protocol is more general; it
can be applied to any estimation problem that would require samples from
a noiseless quantum circuit, while only samples from a noisy device with a
known error channel are available. Maximum-likelihood is a more general
estimator than sample average, typically used for expectation value estimation.
To the best of our knowledge, prior EM schemes have exclusively targeted
expectation value estimation, leaving the extension of EM to other estimation
tasks as an open problem identified in the literature [50].

Our protocol, detailed in App. ITI1.E.1, is based on rewriting the distribution
P(x) that describes the outcomes z of a noiseless circuit as a non-convex
combination of distributions @;(x) that can be sampled on the noisy device:
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P(z) =3_; @;Qj(z). This can be done by using the channel decomposition
techniques from probabilistic error cancellation [49, 51]. Given a parameter-
ized model P(z|¢) for the noiseless distribution, the expected value of the
log-likelhood function £(¢) can then be expanded in terms of Q;:

L(¢) = Z%‘ Ellog P(z|¢)|z ~ Q;(x)]. (TIL.1)

This function can be estimated by taking samples from @;(z) on the noisy
quantum device, by importance sampling of j. We obtain the Explicitly
Unbiased Maximum Likelihood Estimator by maximizing this likelihood
function, and we prove its convergence in the following theorem:

Theorem III.3 (Thm. III.8, informal)

Given a parameterized distribution model P(x|$) that describes the outcomes
x of a noiseless quantum circuit, and assuming access to samples from a
noisy quantum computer with a known error channel, we can construct an
FExplicitly Unbiased Mazimum Likelihood Estimator (EUMLE). This estimator
converges to the true value of ¢ with a variance that scales inversely with the
total number of samples.

We then apply the EUMLE to MSQPE, obtaining a QFT-based QPE
algorithm robust to arbitrary noise channels. To ensure the estimator has a
bounded sampling cost, we introduce a further regularization which addresses
the issue of potential zeros of the likelihood function (see App. IIL.E.2). Under
local depolarizing noise at rate =, the unitary-call cost of performing phase
estimation to precision € is found to be Tio < 137’y/62. This corresponds to
a QPE error mitigation overhead of approximately 44+ /e. Comparing to the
cost of MSQPE with global depolarizing noise in Theorem III.1, we observe
that the additional overhead of mitigating a more general noise channel is
approximately 7x (see App. IIL.E.4).

Finally, we turn to compiling MSQPE for a set of example problems to the
surface code, for a range of residual logical noise rates . Our goal is to quantify
the trade-off between number of physical qubits and total computation time
required to estimate ground state energies to a given precision. The details of
this resource estimates are given in App. IIL.F, and we provide open-source
code to reproduce and extend our results [198].

To perform this resource analysis, we need to select a specific QEC archi-
tecture, but we expect that our framework can be used to extend any such
architecture into the early-fault tolerant regime. We consider a quantum
computer using a two-dimensional rotated surface code [36], that performs
fault-tolerant Clifford gates using lattice surgery [199] and uses CCZ magic
state injection and distillation to implement Toffoli gates [169]. Such an
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architecture is popular because it can tolerate relatively high physical error
rates, and because it can be implemented using a two-dimensional lattice of
locally connected qubits [200, 201].

The target Hamiltonians we consider are (1) a set of L x L-sites Fermi-
Hubbard models and (2) electronic structure Hamiltonians for a selection
of of small- to classically nontrivial molecules. In both cases, we estimate
the ground state energy to precision AFE by applying MSQPE to a qubitized
walk operator W [114]. For the Fermi-Hubbard Hamiltonian, we choose
model parameters (t = 1,u = 4) and target precision (AE = 10~2) following
Ref. [94], reproducing a regime that is challenging for classical methods [95].
W is implemented following the methods of Ref. [94]. Note that qubitization
of the Hubbard model does not require data uploading by quantum read-
only memories (QROMs), and the only approximation error comes from
the rotations used to prepare a two-qubit state encoding the Hamiltonian
coefficients. The molecular models we consider span active space sizes between
6 and 26 spatial orbitals. All molecular Hamiltonians were compressed with
tensor hypercontraction (THC) [43] after applying symmetry shifts [202]
to further reduce the qubitization 1-norm A. We aim for the chemically
desirable AE = 1073F}, accuracy of the final results, choosing the THC
hyperparameters accordingly. See App. III.F.2 for computational details on
the construction of the molecular Hamiltonians.

We estimate the Toffoli costs of phase estimation on the qubitization walk
operators W using Qualtran [203]. We consider using one or multiple CCZ
factories [169] to produce magic states for implementing Toffoli gates, and We
optimize the data-qubit code distances d and the two-stage distillation code
distances dy, d; to minimize the computational volume of ¢)V while keeping
the error rate bounded by v. We then use the methods detailed earlier in the
paper to optimize a robust estimator from oracle calls to the noisy W, with a
final target standard deviation of A¢p = AE /X (where X is the qubitization
1-norm). (Note that this is different than requiring precision A¢ with a fixed
success probability, which is a common choice in literature. We expand on
this comparison in App. IIL.F.3)

In Fig. I11.3, we plot the resulting estimates of wall-clock time and number
of physical qubits required to execute our algorithm. Across the range of
experiments considered, we observe that circuit splitting allows for a factor ~ 2
decrease in the qubit count at the cost of a factor ~ 10 increase in wall-clock
time. All the curves demonstrate an “elbow-like” behaviour; reducing the
number of physical qubits below a specific point incurs a significant penalty in
total runtime. The effect becomes more pronounced for larger systems. This
aligns with our back-of-the-envelope characterization of circuit division, where
we observed there only is a thin region of error rate and number of available
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qubits where significant circuit depth enhancements are possible by combining
error correction with error mitigation. As anticipated, it is apparent that
the simulation of chemistry is more resource-intensive than the simulation of
the Hubbard model at the same state-space size. Our analysis makes this
quantitative: compared to the L = 5 Hubbard model with 25 spatial modes,
the 26 spatial orbital Co(salophen) molecule requires roughly four times more
qubits and around one and a half orders of magnitude longer wall-clock time.
This is due to the higher complexity of molecular Hamiltonians and the costs
associated to the QROMs requried to upload the Hamiltonian coefficients for
realizing the qubitization oracle.

Fermi-Hubbard Electronic Structure

Fermi-Hubbard
L=2

— L=5

— L =10

L =20

Electronic Structure

N2/(6.6)

H20/(8,6)

Naphthalene/(10,10)
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Co(salophen)/(27,26)

Standard FTQC Algorithm
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.
=

—
o
©
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Figure II1.3.:  Physical costs for MSQPE applied to (left) the qubitized
Fermi-Hubbard model Hamiltonian and (right) the active-space molecular
Hamiltonians of some chemical systems. For the Fermi-Hubbard Hamiltonian,
we choose the hopping parameter ¢ = 1 to set the energy units and interaction
strength u/t = 4. For the electronic structure Hamiltonians, the active spaces
sizes (number of electrons and spatial orbitals) are notated in the legend. The
target precision on the energy is AE = 102 for the Hubbard model and
Ap = 1073 E}, for the chemical systems. The physical resources are estimated
assuming computation in the surface code using CCZ resource states produced
by a single factory; the size of surface code and CCZ factory parameters are
chosen to minimize computation volume while keeping the error rate below a
choosen ~, assuming physical error rate of 1073, a surface code clock cycle
of 1ps, and 50% routing overhead. The residual error is assumed to follow
a global depolarizing noise model. Changing ~ allows to trade between the
number of physical qubits (used as resource for implementing better error
correction) and total runtime. For comparison, we report the physical costs
of the standard fault-tolerant single-circuit implementation of sin-state QPE,
accepting a failure probability of 1% or 0.1% (triangles).
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II1.3. Discussion and Conclusion

Besides various technical contributions to phase estimation and error mitiga-
tion, the key focus of this work is to develop a framework that adapts fully
fault-tolerant algorithms to the early-fault-tolerant regime and quantifies the
savings achieved by trading error rates for physical qubit counts. Such a
framework requires a full-stack treatment of quantum algorithm compilation,
including a robust treatment of the output of a noisy quantum computer. Im-
provements in logical gates, QEC codes, or Hamiltonian simulation algorithms
can be immediately tested within our code, which relies on Qualtran [203] for
computing logical costs, in a plug-and-play fashion. The importance of this
adaptability is highlighted by recent advances in T-gate cultivation [44], which
will significantly reduce the resource estimates presented here and necessitate
going beyond simple T-gate counting. Additionally, our approach allows
for exploring alternative QEC architectures, such as those with long-range
connectivity and using non-surface codes [3, 166]. As illustrated in Fig. I11.3,
with current methods, qubit counts can be reduced by a factor 2 — 3, but
with significant overheads of a factor 10-100 in runtime. This result, while
somewhat sobering for early fault-tolerance research, stems from the fact
that the gain in physical qubit count from increased logical circuit depth
[Eq. (II1.9)] is only logarithmic.

We would like this paper to be understood as an invitation to try and
beat the provided early-FT estimates, and we can already suggest various
improvements that could be achieved within our framework. In this work,
we have focused on developing noise-robust post-processing for data sampled
using the sine-state QPE circuit, which is optimal only in the noiseless case.
Optimizing this circuit while taking noise into account could further improve
MSQPE and bring its performance closer to the information-theoretic limit
[204], potentially saving a factor & 2 (see App. III.C.3). Additionally, applying
the unary-iteration-based technique from Ref.[43] to the iterated qubitized
walk operator could yield another 2x reduction in logical costs. Furthermore,
in App. III.LE.5 we outline a filtering procedure for the EUMLE, which could
reduce the error mitigation overhead towards the bound from postselection,
potentially achieving a 4x reduction in total cost (analogous to Thm. II1.2).
Additional savings could also be achieved in the compilation of our algorithms,
by allowing higher algorithmic error. For instance, reducing the precision of
rotation angles could lower physical resource requirements, though balancing
this against energy estimation accuracy remains nontrivial.

We emphasize that the EUMLE introduced in this work has potential
applications beyond QPE, in more general estimation problems. On the
other hand, the EUMLE needs accurate characterization of the noise model
in order to construct a quasiprobability decomposition. Investigating the
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robustness of EUMLE against inaccurate noise characterization is a clear
direction for future work. Similarly, further research is needed to characterize
residual logical noise in specific fault-tolerant computation models. This
characterization could be carried out analytically, by analyzing error correcting
codes, decoders and distillation protocols, or experimentally, by extending
noise characterization techniques such as gate set tomography [205-207] to
fault-tolerant computation.

We have aimed to be as complete as possible in the resource estimate
of MSQPE. However, we have neglected a significant complicating factor
for ground state energy estimation: the preparation of a good initial state.
Efficient protocols for preparing high-fidelity initial states are a topic of active
research in the field of quantum simulation for chemistry [103, 109, 208, 209],
and the cost of preparing a state |¢) with overlap a = [{(¢|¢)| with the ground
state |¢) can vary widely depending on the problem. If only an approximate
ground state is available (i.e. a # 1) the energy can still be estimated,
provided that the first excited state of the Hamiltonian is well separated from
the ground state, by an energy gap A. This can be achieved in two ways:
(1) energy-filtering and amplitude amplification, which allow to disill the
exact ground state |¢) [112, 135]; or (2) classical signal processing techniques
that isolate the ground-state phase information [57, 61, 62, 75, 136]. While
the first method integrates immediately with our algorithm, it requires long
state-preparation circuits, with a cost scaling as O(A~1a=1). This cost needs
to be added for each circuit sample, which penalizes circuit division. The
second class of methods require only one preparation of |[¢) for each circuit
sample, but introduce a sampling overhead scaling as O(a~?2) and require
QPE circuits of at least depth O(A~1) [165]. Drawing inspiration from these
methods, we propose a filtered EUMLE algorithm in App. IIL.LE.5, which we
anticipate will achieve similar performance; determining its precise overhead
is left to future work. All the options described above establish a lower bound
on the minimum circuit depth required for QPE of Q(A~1), which translates
in our framework to a maximum tolerable error rate v (and thus a minimum
required number of qubits). If the error rate exceeds this threshold, the
cost of estimating the ground state energy becomes exponential in € [165].
Therefore, we suggest that early fault-tolerant algorithm research should
prioritize optimizing initial state preparation and identifying applications
where state preparation costs is reasonably low.
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III.A. Designing algorithms for early fault
tolerance

Most analysis of fault-tolerant quantum algorithms makes the assumption
that quantum error correction (QEC) enables error-free computation. Under
reasonable physical assumptions, the space and time overheads of QEC are
at most polylogarithmic in the size of the computation. In the limit where
devices are large and error rates are low, this asymptotic behavior dominates
and it is affordable to suppress errors to arbitrarily small levels. However,
before we reach this regime, we expect an era of “early fault-tolerance,” where
we have access to quantum computers that are capable of benefiting from
quantum error correction, but are not so large and performant that we can
abstract away noise entirely.

Some works on early fault-tolerance consider other limitations besides size
and error rate that might impose limits on quantum error-correction [72].
For example, quantum error correction is designed to suppress uncorrelated
errors, but early experimental evidence with superconducting qubits has
demonstrated that large correlated errors can arise from cosmic ray impact
events [2, 210]. Experimental progress has shown that this effect can be
suppressed [211, 212], although unknown mechanisms still appear to set
limitations on the performance of quantum error correction in state-of-the-art
experiments [1]. In this work, we generally make the assumption that scalable
quantum error correction is possible and that any confounding factors will
be addressed by scientific and engineering progress. However, it is possible
that the early fault-tolerant era will be prolonged by unforeseen difficulties,
in which case the techniques we explore may prove especially useful.

There is a growing body of work focused on understanding and maximizing
the power of early fault-tolerant quantum computers. One frequently-taken
approach is to assume that some combination of techniques will allow us to
execute much larger circuits than we can on today’s noisy devices, but that
practical concerns will still impose limits on the number of qubits and the
circuit size. Works in this direction focus on applications, usually picking
a simple computational task and exploring different design choices in order
to minimize the resources required to perform the task in the absence of
error. The focus on early fault-tolerance in these works appears mainly in the
choice of the computational task, which might be a toy example designed to
demonstrate algorithmic primitives [53], or a scientific application just beyond
the reach of classical computation [66, 67]. When the constant factors are
taken into account, and when applicable (finite) target precisions are fixed, it is
common to find that the simpler methods with worse asymptotic scaling (such
as Trotterized time evolution) are superior to their asymptotically optimal
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counterparts (such as quantum signal processing) [66, 67].

Other works have focused on developing new algorithmic tools for the
setting where we have large but finite upper bounds on the maximum circuit
size [55-65]. These algorithms focus on reducing the number of gates, the
circuit depth, or the number of ancillary qubits by classically combining
the results from multiple separate circuit executions. Underlying many of
these approaches is a trade-off between using deeper circuits to estimate some
quantity at the Heisenberg limit and using more repetitions of a shallow
circuit to estimate the same quantity at the shot-noise limit. For example,
Refs. 55, 56, 61 all allow for ground state energy using a total runtime that
scales with the precision € as e @ for an a € [1,2] that decreases as the
maximum circuit depth is increased. Other works make a related trade-off,
choosing between running many copies of a shorter circuit and postselecting on
observing some rare event, or obtaining a quadratic speedup with amplitude
amplification and the deeper circuits it requires. [60, 65].

III.A.1. Combining quantum error mitigation and
quantum error correction

Early fault-tolerant quantum computers won’t be able to arbitrarily suppress
error rates with a negligible resource overhead, which makes it desirable to
consider computations that can tolerate a non-zero error rate. This can be
achieved either by developing algorithms that have some natural robustness
to error [170, 172, 213], or by augmenting error correction with quantum error
mitigation (EM) [54, 68-70]. Years of work in the NISQ era has produced a
large body of work on algorithms robust to error and we do not attempt to
review that literature here. For similar reasons, we limit our discussion of error
mitigation to those works that explicitly explored the combination of quantum
error correction and error mitigation. Broadly, error mitigation allows us to
estimate noise-free expectation values at the expense of increasing the overall
computation time exponentially in the number of expected errors [50]. For
example, given a known noise model, probabilistic error cancellation lets us
express the noise-free expectation value of an observable as a quasi-probability
distribution over quantities sampled from modified versions of the original
circuit [49]. In this case, the exponential overhead manifests as an increased
variance, or, equivalently, as a larger number of samples required to estimate
an expectation value to a fixed precision.

The combination of quantum error mitigation and quantum error correction
can take a number of different forms. Motivated by the fact that fault-tolerant
non-Clifford gates are particularly costly to implement, some works have
focused on combining error-corrected Clifford gates with noisy non-Clifford
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gates [68, 69, 71]. By using error mitigation to handle the noise in the non-
Clifford gates, such schemes avoid the difficulties and overheads of, e.g., magic
state distillation. Other works have explored the use of error mitigation for
both Clifford and non-Clifford gates, potentially allowing the use of lower
code distances and fewer qubits. In some cases, researchers have explicitly
considered the optimization of quantum error correction parameters for use
in conjunction with error mitigation [54, 68, 72].

To develop some intuition, we illustrate a toy example of how QEC and
EM can be combined in Fig. I11.4. In the top panel of this figure, we estimate
the depth of the largest circuit that one could perform on 100 logical qubits
for a variety of physical error rates and numbers of (physical) qubits. In this
model, we demand an “effective sampling rate” of one sample per minute. In
other words, the combination of error correction and error mitigation should
emulate the effect of an idealized error-free quantum computer that executes
the circuit and performs a measurement of a desired observable once per
minute. We approximate the effective time per sample using the expression
Np;iallchtgateW2» where Nparailel is the number of copies of the computation
that we can perform in parallel given our physical resources, D is the circuit
depth, tgate is the time per gate, and 42 is the overhead required to mitigate
the logical errors using probabilistic error cancellation. We optimize over
the choice of whether or not to use error correction and the code distance d,
finding the choice that allows for the largest D such that the effective time
per sample is less than one minute.

For simplicity, in this example we assume a circuit composed entirely of
CNOT gates executed on a superconducting quantum processor similar to
the one described in Ref. [2]. We model the error suppression factor of the
surface code using the expression

A 001

- b)
Pphys

(11.2)

where 0.01 is an estimate of the surface code threshold and ppys is a single
parameter that describes the error rate of physical gate and measurement
operations [167]. This means that we can estimate the error per surface
code cycle as 0.1A~(+1)/2 where the constant 0.1 is an estimate of the true
prefactor. We can perform CNOT gates using lattice surgery using two qubits
operating for 3 d surface code cycles, so we can therefore estimate the logical
error probability for a gate as

Pphys ifd=1

o ) 6d I1L.3
Plogical 1_ (1 _0.1.0:01 (d+1)/2) if d>1, R

Pphys
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Maximum circuit depth for 100 logical qubits, one sample per minute
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Figure I11.4.: (top) Maximum circuit depth for a circuit with 100 logical
qubits and an effective sampling rate of one sample per minute over a variety
of physical error rates and qubit numbers. We assume a circuit composed
entirely of CNOT gates, a raw two-qubit gate time of 20 nanoseconds, and
a surface code cycle time of 970 nanoseconds. Errors are mitigated using
probabilistic error cancellation (PEC), or by a combination of surface code
quantum error correction and PEC. We maximize the achievable depth by
optimizing over the choice of whether or not to use error correction, and the
code distance. (bottom) Increase in circuit depth allowed by this combination
of QEC and EM, when compared with a protocol that either uses EM or QEC
(with QEC parameters chosen such that the error probability throughout the
circuit is less than 1%). The existence of the dark band reveals a regime
where this increase is substantial.

using the convention that d = 1 indicates that we are not using quantum
error correction at all. Using a physical gate time of 20 nanoseconds and a
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surface code cycle time of 970 nanoseconds [2], we therefore have

20102 ifd=1
toate = IIL.4
gate {3-d-970- 1079 ifd > 1. (IT1.4)

A logical qubit in the surface code requires 2d? — 1 physical qubits, so we can
execute N
N, = | e IIL5
parallel \‘100 (2d2 — 1) ( )
copies of a 100-logical qubit computation in parallel. Treating piogicai as
the probability of applying a two-qubit depolarizing channel, we can follow
Ref. [49], finding that the overhead incurred by applying probabilistic error
cancellation is given by

G
,y2 _ 1+ 7/8plogical ?

, 1116
1- DPlogical ( )

where G = 49.5D is the number of noisy gates in the circuit.

In this simplified model, we can attempt to quantify the benefit of combining
quantum error mitigation and quantum error correction. To do so, we perform
a second calculation to determine the maximum depth achievable when either
(i) using physical gates and error mitigation alone or (ii) using quantum
error correction alone. For (i), we calculate the maximum depth as above,
restricting d = 1. For (ii), we calculate piogicar @s above and choose the largest
D such that the overall probability of an error in the circuit is less than 1%,
ie.,

DQEC max = max {D 21— (1 = progicar) P < .01} . (IIL7)

In the bottom panel of Fig. I11.4, we plot the ratio of the circuit depth
achievable with the combination of EM and QEC compared to the circuit
depth achievable using either technique alone. We see that there is a regime
on the boundary between NISQ and full fault-tolerance where the combination
of QEC and EM allows for a substantial enhancement in the circuit depth.

III.A.2. Circuit division in early fault-tolerance

In the previous section we explored the ability of quantum error mitigation to
boost the maximum depth allowed in a (logical) quantum circuit when being
executed on a fixed number of physical qubits and a fixed error rate. However,
this still bounds the circuit depths available to quantum algorithmists on a
fixed quantum device to some D,,x. In principle one can consider running
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multiple quantum circuits j of depth D; < Dyax, given access to a classical
post-processing method that is robust against the failure of some of these
circuits. Perhaps surprisingly, such circuits exist for many problems. The
main contribution of our paper is to explore this “circuit division” in the
context of on such problem class — quantum phase estimation (QPE) — to
combine this with optimized error mitigation techniques, and compile the
resulting algorithms to a realistic physical implementation.

Before introducing the relevant background on QPE and explaining our
results in detail, let us roughly estimate the potential benefit of circuit division
in an early-fault-tolerant setting.

Definition III.1

A circuit division of a quantum algorithm A that requires a circuit of G gates
corresponds to a set of M “sub-circuits” of length < G/R, and a classical
post-processing routine which can be applied to the sub-circuits to solve the
problem targeted by A.

We target phase estimation routines, for which (under some problem con-
straints [165]), this division is allowed at a cost M ~ R%. For a circuit with
G gates, we can approximate the overall probability for the circuit to execute
without error as 1 — peirewit = 1 — (1 = Drogical) ¢ & €~ CPlosical where piogicar 19
the error rate per gate. Each logical qubit in the surface code requires 2d? + 1
physical qubits (not accounting for overheads from routing or magic state
distillation), where the code distance d is an odd number that we can choose
freely. For a given physical error rate p,hys, We can approximate the error
suppression factor of the surface code A as in Eq. I111.2, which implies an error
per logical qubit per cycle proportional to A~((4+1)/2) " Without specifying
a particular choice of gate and compilation into surface code operations, we
can still make the approximation that pjogicar dA—(d+1)/2 (since most gates
require a number of cycles proportional to d and the error rates involved are
small). The constant of proportionality is determined by the details of the
error model and the particular choice of gates, but we can set it to 1 to obtain
a qualitative understanding, yielding

1 — peircuit = exp (—GdA_(d+1)/2) . (IIIS)

This exponential decay puts a cutoff on the circuit sizes that we can accept
before the failure probability grows too large.

A protocol that replaces a single execution of a circuit with G gates by R?
executions of circuits with G/R gates increases the overall time required to
obtain a solution by a factor of R. If we demand a constant error rate per
circuit and neglect logarithmic terms, then Eq. III.8 suggests that we should
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take G o Al4t1)/2 To obtain a concrete estimate, let us consider A = 10
and G = 10%, which implies that we need a code distance of d = 11. If we
let d’ be the code distance required for a circuit with % gates, then we have
d —d' =~ 2log, R. The number of physical qubits required per logical qubit is
approximately proportional to d2, so taking NI’)hyS o (d')? and Nphys X d?,
we can approximate the savings in terms of the number of physical qubits as

Npnys . 4logy R 4logi R

~1
Nonys d &

(I11.9)

If these approximations hold, then we could achieve a factor of two reduction
in the number of physical qubits with R ~ 40, but it would appear that a
factor of ten reduction would require R to be unfeasibly large. While the
model of errors we considered above is oversimplified, we shall show that a
more detailed analysis yields a qualitatively similar conclusion.

II1.B. Background on quantum phase
estimation

The term ‘quantum phase estimation’ (QPE) refers to a family of computa-
tional problems related to estimating eigenphases ¢; of a unitary operator
U, U|g;) = €% |¢;), to some target precision e. In this work, we target the
estimation of a single, specific eigenvalue ¢; e.g. if U = et for a Hamil-
tonian H, one might target the lowest eigenvalue of H. (Note that much
recent work on QPE considers the estimation of multiple eigenvalues, see e.g.
Refs. [57, 75, 112, 136, 138].) Following common practices in metrology [94],
we define ‘precision’ to mean a bound on the Holevo error of the error in our
estimator ¢:

— sin2(¥)} (I11.10)

(as opposed to the computer science literature [29] where one typically requires
P(|¢ — ¢| < €) > (1 — p) for fixed p). This metrological definition is slightly
stricter [74] as it requires bounding the tail of the distribution of the estimator
®;-

The problem of determining ground states is known to be hard even with a
quantum computer (i.e. QMA-hard) for even 2-local Hamiltonians [214]), but
it reduces to a problem solvable by a quantum computer (i.e. one in BQP)
when one assumes access to an initial state |¢) which has large overlap (¢|¢)
with the target eigenstate [137, 215]. In this work, we further require that
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our target eigenvalue ¢ is separated from other eigenvalues ¢; (at least those
for which |(¢;]1)| > 0) by a gap min; |¢ — ¢;| =: A > e. This is necessary
by information-theoretic constraints [165] which set A~! as a lower bound
on the required evolution by controlled-U in order to resolve an eigenvalue
(without an overhead that grows exponentially in the number of nearby
eigenvalues). This in turn places an upper bound on the amount by which
we can divide a circuit, which will later coincide with a minimum fidelity
requirement on a noisy implementation of U. Under this assumption, one can
project the starting state |¢)) onto the eigenstate |¢) at a cost proportional
to A7Y(¢p|p)| 1 [112, 135]. In this work we absorb this cost onto the cost of
initial state preparation.

Definition ITI.2 (QPE for single eigenstates)

Let U be a unitary operator with eigendecomposition U|p;) = €'%i|¢;). Assume
access to a preparation unitary Vigy for an eigenstate |¢) of U, and access to
a (possibly noisy) implementation u of controlled-U (U.), and fix some € > 0.
The QPE problem is to produce an estimator ¢7 of ¢ with Holevo error ey < €.
We say that the (oracular) cost Tior of solving the QPE problem is the total

number of applications of U required_to implement the estimator. T is the
mazimum number of applications of U in a single quantum circuit.

In this section, we review the well-established algorithms to solve the
noiseless case of this problem (in preparation for adding noise in the remainder
of the text):

Definition IT1.3 (noiseless QPE for single eigenstates)
The problem in Definition III.2 in the absence of noise in the quantum circuit,
i.e. U =Ul()U,.

Existing quantum algorithms for phase estimation can be divided into
two classes: Quantum Fourier Transform (QFT)-based methods (also called
parallel or entanglement-based) and single-control based methods (also called
sequential, iterative or single-control). In the first class, the phase estimate is
obtained from a single run of a circuit with multiple control qubits. Improving
the precision requires increasing the dimension of the control register and
the circuit depth. In the second class, the phase is extracted by classically
processing expectation values of multiple simpler circuits. Better precision
can be achieved either by increasing the depth of the circuits, or the number
of samples used to estimate the expectation values. We describe both classes
in more details in the following 2 sections.
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III.B.1. QFT-based QPE

In this approach we obtain the first n bits of the binary expansion of the
phase from a single measurement of an additional n-qubit register. The circuit
consists of three stages: first, a probe state is prepared; then, the register is
used to control the U; finally QFT. Using n control qubits yields precision of
e=0(27") [29].

Possibly the most well-known variant of phase estimation is that presented in
Nielsen and Chuang [29], based on previous work from [216]; this is sometimes
known in the field as ‘textbook’ QPE. This algorithm uses two registers, a
log, (K )-qubit control register and a system register. The first step of the
algorithm is preparing a “probe state” on the control register (in the textbook
algorithm this is done by the Hadamard transform, preparing ﬁ Z,f |k)).

The second step is applying a repeated time-evolution oracle U* on the system
register, with k being controlled by the control register state. Finally, an
inverse quantum Fourier transform is applied before measuring the control
register in a computational basis. The output of this measurement is a binary
expansion of the phase estimate.

It has been shown that, in the absence of noise, the estimator constructed
following this algorithm is optimal in terms of accuracy when there is no prior
information on the phase to estimate [139]. The probe state that optimizes the
Holevo variance of the estimator, however, is not the uniform superposition
\/% Zf:_ol |k) but rather the state

2~ . [j+1
=4/ —=— in | —— ] II1.11
350 K+1ZOS1n<K+17T)|J>7 (1)

Jj=

which can be prepared with cost O(log K') [94] (see Fig. II1.5). The Holevo
error of this estimator is tan( %7 ) ~ m/K [217]. This algorithm has been

the most utilized in fault-tolerant application compilation research due to this
optimality[43, 89, 94].

Algorithm ITI.1 (Single circuit sin-state phase estimation algorithm)
Input: target precision e, oracle access to initial state |¢) and cU.

1. Let n = [logy(marctan(e) ' — 2)], K = 2.
2. Run SinQPE circuit (Fig. II1.5) with control dimension K to obtain x.
3. Output a =21%.

[Note that it is also possible to choose K = [arctan(g — 2)—‘ #£ 2", This is
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Figure III.5.: Sin-state QPE circuit with control dimension K. First, the
state |sk) is prepared on the control register of [logy K] qubits (conditional
on 1 measured the ancillary qubit) , and the system register is prepared
in state |¢). Then, controlled unitary cxU = ZkK:_Ol |k) (k| ® U* is applied.
Finally, QFT" is applied on the control register, and the register is measured

in the computational basis to obtain a bit string . The oracular cost is K — 1.
ettt dtoslfsdiiiii e .
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This circuit produces a random variable x € 0,1, ..., K — 1 with probability
distribution
sin® 255 1+ cos[(K + 1)(¢ — 272)

(SinQPE) — |
P (zl) = K(K +1) (cos(¢ — 2m£) — cos z27)%

(I11.12)

discussed later in Fig. II1.7 where we explicitly construct the sin-state QPE
circuit for general control dimension K € N with a log-log overhead.]

We distinguish here between the “target precision” €; (which is the number
given to the algorithm that defines the input parameter A), and the actual
precision € of the algorithm. As we will see in Sec. II1.C, these parameters
are no longer the same in the presence of noise.

Theorem III.4 ([217])
Alg. II1.1 with e, = € solves Problem II1.3 with cost Teot =T = K — 1 = 7 /e,
the lowest possible Tiot .

II1.B.2. Single-control QPE

The |log(e)|-qubit control register is not essential for a quantum speedup
in quantum phase estimation. This has been known since it’s conception;
Kitaev’s original presentation of quantum phase estimation [143] used only a
single control qubit, a semi-classical quantum Fourier transform using only one
control qubit was presented in Ref. [218] around the same time, and though
Shor’s original algorithm [219] used a control register, this was simplified
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shortly after [220-223]. These original algorithms relied on performing the
QFT sequentially; reading bits of ¢ one-by-one via the single control qubit
whilst partially projecting the system register into the corresponding eigenstate
|¢). This is unnecessary when |¢) is already prepared in an eigenstate, in
which case the measurement does not affect the system register. Discarding
and re-preparing the system register separates the algorithm into classical
post-processing of a series of single-qubit Hadamard tests, which can be
advantageous in the presence of noise. However, as an optimal probe state
is no longer prepared, these single-control QPE algorithms do not obtain
the Heisenberg limit [130]. (This is not an issue for NP algorithms such as
factoring as one can classically confirm the result and repeat till success.) This
problem was solved up to a log™ factor by the maximum likelihood algorithm
of Ref. [153], and later up to a constant factor by the robust phase estimation
algorithm (RPE) of Ref. [74], and the Bayesian phase estimation algorithm of
Ref. [224]. The RPE algorithm, which repeats lower-order Hadamard tests
multiple times to increase the confidence in more significant bits of the phase
¢ was further optimized Ref. [225] and Ref. [144]. The latter paper provided
an analytic optimization of the hyperparameters of the RPE algorithm that
we will use in this work, proving a separation of around a factor 25 from the
strict Heisenberg limit T, = 7/€. Indeed, this limit cannot be achieved with
only a single control qubit; it was shown in Ref. [132] that this requires two
control qubits (and can be achieved with such).

The replacement of the control register by a single qubit, and the circuit
depth reduction from going to a single qubit has generated much interest in
single-control QPE methods for NISQ or early-fault-tolerant research. This
was made stronger by the demonstration that one can remove control qubits
in some cases [189], which leads to a natural error mitigation strategy via
verification of the initial state [157]. However, the restriction to start with
an eigenstate is impractical for quantum simulation applications, unless one
allows access to state preparation methods such as those in Refs. [112, 135]
(which require additional control registers). In Ref. [136], one of the authors
demonstrated that a) single-control methods do not require an initial state,
and b) that one has a freedom of choice to trade between shorter QPE
circuits and more repetitions (with a quadratic overhead as one is reduced
to the sampling-noise limit). This freedom of choice is ultimately bounded
by the gap between eigenenergies, which was shown earlier in Ref. [165]; the
problem of phase estimation of a continuous (or near-continuous) spectrum
was formalised as the quantum eigenvalue estimation problem in Ref. [138].
Further work based on Bayesian [226] and integral transform [158] among
other methods appeared, however the Heisenberg limit was not achieved with
single-control methods without eigenstate access till Ref. [57] and separately
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in Ref. [75]. This was optimized further in Refs. [55, 61, 62].
For future use, we now state the RPE algorithm as taken from Ref. [144].

0) 10)

|6) Uk |6) Uk

Figure II1.6.: Hadamard test circuits with exponent k. Fist, a |+) state
is prepared on the control qubit, and state |¢) is prepared on the system
register. Then, cU is applied k times. Finally, control qubit is measured
in the X basis to obtain a single bit . The procedure is repeated with for
measurement in the Y basis, to obtain another bit y. The output is defined as
Z = (—1)* +i(—1)¥. The oracular cost is 2k. This circuit produces a random
variable Z € {£1 + i} with probability distribution

_ 14+ (—1)%cos(k¢) 1 + (—1)¥ sin(k:gb).

PUD)(~1)7 +i(~1)"]¢) : .

(I11.13)

Algorithm III.2 (Robust Phase Estimation (RPE))
Input: number of orders J, vector of numbers of samples M € N
1. For j =0,1,2,3,...,J — 1:
a) Fiz k=27,
b) Run M; repetitions of the circuits of Fig. III.6 with exponent k to
obtain a set of bits {Z;}.

¢) Calculate the average Z of measurement results {Z;}.
d) Compute 60 = Arg[Z] € [0, 2n).

e) If j =0, set 5(0) =00, Else, set 50') to be the unique value in the
interval [pU—1) — %,(;S(j_l) + F) (with periodic boundaries) such
that o .

ko) =60 mod 2r. (I11.14)

2. Return ¢ = ¢/,

In the above algorithm we do not fix the values of the maximum order J,
nor the number of repeat measurements at each order M;. This is because
these numbers will change in the presence of global depolarizing noise in the
next section. However, in the noiseless setting, near-optimal choices of M
and J are known thanks to Ref. [74].
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Algorithm ITI.3 (RPE noiseless hyperparameters)
Input: target precision A, metaparameters o, 3. Run Alg. I11.2 with J =
[logy(1/A)], and M; =a(J —j — 1)+ 5.

It was proven in Ref. [74] that for a range of «, 3, RPE achieves the
Heisenberg limit up to a constant multiplicative factor; Tioy < ce~'. Near-
optimal values for these constant factors were found and bounds tightened in
Ref. [144] yielding the following result:

Theorem IIL.5 ([144])

Fix target precision ¢, > 0. With input parameters A = 0.409¢;, o = 4.0835,
B =11, RPE solves Def. II1.3 for e, = € with oracular cost Teoy < 24.26me™1
and mazimal depth Tres < 2A71 < 5e™ 1,

Note again the distinction between the input parameter €; and noise bound
€ that was made in Alg. III.1. The above result is an analytic bound that is
not perfectly tight; numerically we find that with the chosen parameters RPE
achieves error € /2 57/ Trot.

IT1.B.3. Information theoretic bounds

To benchmark the algorithms for Problem III.2, it is useful to know what
lower bounds exist. Every phase estimation algorithm has some distribution
P@12)(4|$) of outputs ¢ depending on the true phase ¢. We are interested in
the average Holevo error

2¢ 2 _ b
Eglg)(’not) _ \//0 %/0 d¢p(al9)(¢‘¢)4sin2 <¢)2¢> (IT1.15)

We want to optimize this and find the minimum error that can be achieved
at a fixed cost Tiot, but this is not practical as we do not have a simple form
of P®8) for an arbitrary algorithm. Instead, one can fix a choice of quantum
circuits (e.g. repetitions of SinQPE with different control dimensions K, or
repetitions of single Hadamard tests on U* for different k), and bound the
performance of any classical algorithm on the classical output distributions
¥ of these circuits. The Cramer-Rao theorem [227, 228], bounds the Holevo
from below by the inverse of the Fisher information

2 1 = rP(7
4> g T = [P

For the Hadamard test, it turns out that Z(¢) is independent of ¢ [75], however
this is not true for SinQPE. To compensate for this, it is common to take

dlog P(Z|¢)
do

2
. (I11.16)
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the Bayesian Cramer-Rao bound [227, 229], where the Fisher Information is
replaced by the average over all possible phases

2¢
€5 > 7= /0 %I(qﬁ) (I11.17)

1
i—’
We will invoke this definition and the Cramer-Rao bound for fixed probability
distributions later in this work, in order to bound the error in a QPE algorithm
from above. As the Fisher information is additive, we can use invoke these
results on a single circuit at a time and add their results. We will find that
for all our considered algorithms, the lowest cost is achieved by running an
increasing number M of circuits with depth 7. that maximises the specific
Fisher Information Z(7)/T [75, 204],

<t - T T
I(T)M I(T)ﬂot Z(T«)ﬂot

(IT1.18)

In this work we fix our quantum circuits and optimise over the parameters
of the probability distributions, but in some cases it is possible to optimize the
Fisher information over all choices of measurements on all states generated
using a fixed oracle. This yields the channel Fisher information, which
characterises the black box in which the parameter ¢ is encoded. For the
noiseless version of QPE, Problem III.3, the channel Fisher information can
be taken to yield the ultimate bound on the error: the Heisenberg limit
€ > 77~ [230]. This is saturated by the probability distribution P(SinQPE)
(Eq. IT1.12) [139]. For a noisy oracle subject to global depolarizing noise with
rate -y (see App. II1.C), the channel Fisher information can be bounded above,

yielding € > /7 [75].

III.C. Quantum phase estimation with global
depolarizing noise

Hardware noise in quantum devices can take many forms, and some knowledge
of the noise model is often required in order to perform error mitigation. In
this appendix we focus on mitigating a simple, well characterized noise model
in a QPE experiment; global depolarizing noise with a fixed strength ~. This
will allow us to more rigorously analyse and compare the performance of
different estimators; we will consider the more general form in App. IIL.E.
Global depolarizing noise (GDN) [29, 136, 181, 231, 232] is a stochastic
noise model where with some probability p a random global unitary is applied
to the system, replacing the system’s state with the maximally mixed state.
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This maps our controlled unitary U, to the quantum channel L?»(YGDN), defined

by
ULCPN[p] = e UepUS + (1 — )1 (1IL.19)

This definition is exact as global depolarizing noise process commutes with
any subsequent unitary operations. This allows us to calculate the effect of
repeated GDN channels interleaved by arbitrary operations as

@CPN) ) = e KU pUD + (1= e Yo = UV [o] (11120)
We see that this yields an exponential decay in circuit fidelity regardless of
the unitary; with probability 1 — e~7* the system yields the maximally-mixed
state, and all useful information about the target problem (e.g. in our case
information about the phase ¢) is lost. This makes global depolarizing noise a
particularly simple noise model to analyse, though it comes with an exponential
decay in fidelity that cannot be mitigated or even error corrected without
an overhead that is exponential in k [50]. This is in contrast to E.g. local
i.i.d. depolarizing noise on individual qubits. These do not commute with
unitary operations, and so a simple form like Eq. (III1.20) cannot be found,
but this noise model allows error correction when error rates are below the
fault-tolerant threshold [167].

In this appendix we optimize and compare two different variants of QPE
robust to global depolarizing noise. One of these will be based on the optimized
RPE algorithm of Ref. [144], while for the other we develop a robust version
of sin-state QPE, using maximum-likelihood estimation. The main outcome
of this analysis is a black box that takes in an error € and fixed noise rate -,
and tells the number of calls to the oracle Tio; that would be required to solve

Definition I1I.4 (QPE in the presence of depolarising noise)
The problem in Definition II1.2 in the presence of global depolarizing noise

with a known, fixed error rate v per application of the unitary oracle, i.e. U =
2(GPN)
Y .

This will be later used in App. IIL.F to optimize surface code parameters
according to the framework defined in Fig. III.1.

III.C.1. Single-control QPE in the presence of noise

If we directly apply RPE (Alg. I11.3) in the presence of depolarising noise,
the (Holevo) error ey in the estimate will plateau as the target precision
€¢ is decreased, in spite of the growing cost. This is because the algorithm
requires running ever-deeper circuits, whose output converges exponentially
quickly to uniform noise. In Ref. [74], it was shown that the RPE algorithm
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is robust to the probabilities p;(Z) being corrupted by an arbitrary noise

term of strength no greater than %. For global depolarizing noise this holds

for all distributions p; till j = jmax = LlogQ[M]J, which estimates ¢

with high confidence to error € < 22—’; ~ O(y). The algorithm will work with
reduced confidence slightly beyond here, but will quickly start to fail. To
adapt the algorithm to the presence of noise, we can instead stop at some
maximum depth around Tp,.x ~ 27ma<, and repeat these last circuits many
times to increase precision at the sampling noise limit (as was suggested in
Refs. [75, 144, 204]). To adapt RPE to GDN we identify two distinct regimes:
firstly when € > +, in which case the number of samples are rescaled to ensure
the final error is within the required precision, and secondly when € $ v, in
which case the maximum depth is fixed to some 7, and most samples are
taken at this maximum depth.

As discussed in section I11.B.3, the optimal maximal depth 7, can be
quantified by specific Fisher Information [75, 204]. In the case of the Hadamard
test with global depolarising noise, the Fisher Information Z, (7)) = =277 T2
can easily be calculated by substituting the probability distribution from
Eq. (II1.13) into Eq. (IT1.17). The depth that maximises Z.(7)/7 is T, = 1/2y
[75]. Asymptotically, the best performance we can get is given by Eq. (I11.18)

7;ot 2 = 27; = 467

AT (I11.21)

In practice, this bound will not be saturated, as we need to allocate a number of
shots for circuits with lower depths in order to determine the most-significant
bits of the phase with sufficiently high confidence. In Ref. [144], the authors
optimize the number of measurements M; of Alg. II1.2 to account for global
depolarizing noise. This results in a well-defined algorithm, whose cost scales
asymptotically as Tior ~ O(e~27) (we will later fit the prefactor numerically):

Algorithm III1.4
[RPE with global depolarizing noise [144]] Fix a target precision e, and define
the constants

J=|logy(1/e)], B=11 if e >~ (I11.22)
J=log/n) B=11L i <o (ITL.23)

Run Alg. I11.2 with J orders and numbers of samples M; = e i (a(J —
§) + Cy(27 —27) + B), with o = 4.0835, C = 1.3612.

Several alternative single-control QPE algorithms to RPE have been pro-

109



II1. Error mitigation and circuit division for early fault-tolerant quantum
phase estimation

posed for the early-FT regime [55, 57, 61] and studied in the presence of GDN
[99, 172]. In Ref. [64] the costs of surface-code implementations of several
algorithms were analysed, comparing the performance of various estimators
under GDN. The study found that when the initial state is an eigenstate, as
in our case, the total runtime is minimized by either RPE or the quantum
complex exponential least-squares algorithm of Ref. [61]. For simplicity, we
choose RPE with the parameters of Ref. [144] as the benchmark to compare
to.

II1.C.2. Multi-circuit QFT-based QPE

Similar to the single-control case, in the presence of noise a sin-state QPE
circuit will lose information as it grows arbitrarily deep. This effect is even
more drastic than for RPE, because a single measurement will be used; if
we try to apply Algorithm III.1 using a noisy oracle, the actual error e will
become larger for decreasing target error ¢ (instead of plateauing). This can
be seen from Eq. (IT1.19); the final measurement will return an estimate with
the same error as the noiseless algorithm with probability e =77, and a fully
random estimate with error O(1) with probability 1 —e~7 | yielding a Holevo
variance

2 — T 2( T _ T
(7, T) = e tan <T+2>+2(1 7). (IT1.24)

The above has a minimum miny e(v, T) = V377 + O(7) = 2.54y'/3 > 0 at
T = /72 /v + O(y'/3) for any v > 0. Indeed, achieving arbitrary precision
using a single QPE circuit (as in Fig. I11.8) is impossible in the presence of
global depolarising noise. Moreover, naively averaging the outcomes over
many circuit runs would result in Tio; o< 7'/3€¢ =2, as compared to the scaling
Tiot o< ve~2 in the previous section for RPE. We would hope to recover this
scaling.

As in the previous section, to adapt Algorithm III.1 to the presence of noise,
we want to limit the maximum depth of a circuit and instead run multiple
circuits. This requires both defining the best choice of circuits to run, and
determining a method to combine the results of these circuits to optimize the
final precision. We can write down the probability distribution of sin-state
QPE in the presence of global depolarizing noise with strength v as

) . 1
P(SinQPE) — ¢~ T p(SinQPE) 1—e Ty ——_ I11.25

where P(SQPE) jg the distribution of the noiseless circuit (Eq I11.12). An
asymptotically optimal estimator is then to perform maximum-likelihood
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estimation on the joint noisy distributions P§SinQPE) (x|¢) taken from different
runs. (This is slightly different, but related to the maximum-likelihood
estimation performed on single-control QPE data by Ref. [61, 153].) The
maximume-likelihood routine can be performed classically with classical cost
O(e72); due to the constant overheads of quantum computationl, we assume
this cost is negligible compared to the total cost of the quantum algorithm
Tiot ~ O(e~2). We numerically find that for the sin-state circuit with GDN,
argmax, Z(T)/T ~ v~!. It remains to choose what to do for larger target
errors.

Algorithm details

There are 3 regimes characterised by the target precision e relative to the noise
strength 7. When € > ~, the effects of noise are negligible and the optimal
strategy is the same as for the noiseless case - run a single circuit of sufficient
depth, such that the variance of the output is < €. As the depth increases,
the output becomes more and more influenced by noise till a maximal depth
Tiax ~ O(y~1) beyond which running larger depths is never efficient. Instead,
asymptotically small errors can be achieved by repeating this single circuit
multiple times. In this regime the best possible precision can be achieved
by processing the circuit samples through maximum likelihood estimation.
Maximum likelihood estimation is only optimal in the limit of a large number
of samples; as a consequence, in the intermediate regime (y & €), we will need
to run a large enough number of samples for circuits of depth smaller than
for the asymptotic regime, effectively interpolating circuit depth and number
of shots between the two edge cases.

To optimize our measurement strategy for the intermediate regime, we
first choose a maximal depth 77 for any single experiment. With a small
number of samples, the error is characterised by the variance of the circuit
output probability distribution. We need to find 7; such that when the total
resources are T; the expected error is smaller when running a circuit with
depth 77 once, then if the circuit of depth 77/2 is repeated twice. In the
first case, the expected error is simply €(77,7). In the second case, we get
two independent samples, each coming from the target distribution with
probability p = e~771/2. There are three possibilities to consider for this
second case: if both samples come from the target distribution, the output
estimate ¢ is their average, and the error is ~ %%/2, if one of the samples
comes from the target distribution, the error is either %/2 or 2; if both
samples come from the noise distribution, the output is random and the
error is 2. Summing over these possibilities for the second case, we find the
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threshold depth 77 by solving

w2 472 1 47?1
+(1- 2 <p®x — +2p(1— X —+=x2)+(1-p)? x2.
T2 +(1-p*)x2<p ><27.12+p( p)><(2><7?+2><)+( p)* x
(111.26)
One can check this condition is equivalent to
2 1-— 1—e /2
Mg P _g "¢ = 29T; + O(>T3) (IT1.27)

T2~ "1+43p/4 " 4-3e /2

To first order in 77, we get that 73 = §/ % ~ 1.70y~1/3 (which validates the
above expansion for small 7). The corresponding error is €(77;7) ~ 1.84y/3.

We have not yet chosen the depth Tmax for the small error regime. Again,
it is best to choose the depth 7.« = 72 that maximizes the specific Fisher
Information 73 = arg maxZ(7T;v)/7T. Integrating Z(7;~) numerically, we
verify that the speficic Fisher information is maximized at depth 75 = v~ 1.
In the limit of many samples M (in practice, we assume the estimator has
converged for M > M, = 100), the variance of the MLE is (ZM)~! so to

achieve € < 7 the number of samples required is M =1 /iy(’Tz)e2 leading to
the total cost Teor = ToM = T2/, (T2)e?

It remains to define the algorithm in the intermediate regime to interpolate
between depths 7; and 75, and numbers of samples 1 and Ms. This is not
easy, because while we know the expected asymptotic performance of the
MLE it is hard to predict what happens when there are few samples. Instead,
we construct a model for the error e(7, M, ), and then choose 7 and M so
that the total cost Tior = 7 M is minimal, while (7, M,~) < e. We write the
estimator error as a sum of two cases:

1
e ~ X 24+ (1— I11.28
PF ( pF)ZM ( )

That is, with probability pr the estimator fails, the outcome is completely
random, and the average square error is fo% %4 sinz(%)2 = 2, but with
probability 1 — pg the estimator succeeds, and the average square error
satisfies the Cramer-Rao bound Z7. The failure probability pr depends on
the number of samples M, and the circuit fidelity F' = e~77. We conjecture
that the probability of failure decreases exponentially with the number of
samples pr = e~ (motivated by the asymptotic normality of the maximum
likelihood estimator). Furthermore, we choose a = yT'/2, so that pp(M =
2) = e77 — we expect this behavior because, when we have only two samples,
there is no way to tell which of the two is more likely to be produced by
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the signal or by the noise; in that case MLE is forced to randomly pick one,
and the estimator for two samples reduces to that with one sample, and
the probability of success is equal to the fidelity e=?7. We assume that the
probability of failure becomes negligible when the number of shots exceeds
M, = 100.

As we want to optimise the performance of the algorithm for relatively
small oracle depths, it is worth noting that that we are not restricted to
powers of 2. In Fig. II1.7 we show how to generalise the SinQPE circuit of
Fig IIL.5 to a general control dimension K € N.

0 {HH Re (0 HRz (5 |- {Ra 2’H>HRz<RK2L>mI
0y {H] '
|0> r

0

W, wi
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! 1 HA
- o
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Figure IIL.7.: Implementation of sin-state QPE circuit for K € N. Let
n = |logy(K)|], R=K —2". If R =0 (K is a power of 2), then implement
the circuit from Fig. II1.5. Otherwise, the cxU operation can be realised
using a control register of n + 1 qubits in the following way: First, the most
significant qubit controls an addition gate W, = Ziloliail |7+ a) (j| for
a = 2" — R in the remaining register (W, can be constructed with up to n
Toffoli gates and as many auxiliary qubits [233, 234]), and then R applications
of U.. Then, the remaining register controls a conU. Finally, the addition of
a is uncomputed. We can apply the same trick to the controlled rotations
in the preparation of the sin-state to prepare |sk). QFT of order K can be
realised with cost O(log(K)) [235, 236]. The oracular cost is K — 1, as in the
case of K = 2" (Fig. IIL5).

Algorithm III.5
[Multi-circuit sin-state QPE with GDN] Input: Target precision €, noise
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strength .

1. Let the threshold parameters be Ty = | /272 /3v], e1 = eu(y,T1) ac-
cording to Eq. II1.24, and To = [y~ '], My =100 €3 = 1/\/f7(7'2)M2,

2. Choose the number of shots M and circuit depth T :
a) Ifee >e1: T=—2—~—-2],M=1

arctan(eg)
b) Ifec < eo: T =Ta, M =1/Z(T2,7)e2.

¢) Ifer <& < ex: T, M = argmingcy pren(T - M) under the con-
straint

1 9
Z(T)M — % ( )

2677TM/2 + (1 _ efvTM/2)
3. Run M shots of the SinQPE circuit ((Fig. II1.7)) with control dimension
K =T +1 to obtain M samples {x;}.

4. Return arg mingL({xj}, ®).

As before, we again define this algorithm in terms of a parameter ¢; that
allows us to fix the circuit parameters, but does not necessarily form a bound
on the final Holevo error. However, we find numerically that the true Holevo
error bound e lies very close to this target.

Performance guarantees
Here we state and prove the formal version of Theorem III.1 in the main text.

Theorem I11.6

Given an initial eigenstate preparation, the total number of uses Tioy of the
unitary required for Alg. II1.5 to produce a phase estimate with Holevo error
€ — 0 in the presence of global depolarizing noise with strength v — 0 depends
on the order in which these limits are taken. Specifically:

1. im0 limy 0 Trore = 7 (ie. v <€)

2. lim, 0 lime o Teot€?/y = C (i.e. € <), where C =~ 20 is a constant
of proportionality.

Proof. We start by proving statement 1., by noticing that for v — 0 we recover
the noiseless case, and Algorithm III.5 behaves identically to Algorithm III.1,
as described in Theorem II1.4. Specifically, as v — 0 for a fixed €, Alg. I11.5
prescribes a single circuit with depth 7 = [ 2], and the total cost is

T
arctan(e)
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Tiot = T. The error € is given by the Holevo variance of the noisy distribution,
Eq. (II1.24).

€= \/e—’YTtot tan? (7; z:_ 2) +2(1 — e Teor). (II1.30)

Taking the limit v — 0, this becomes the same as in the noiseless case,

€ 10 tan (7107:+2)' Thus the total cost satisfies

lim Tiore = lim  Tior X tan (
e—0 Tt

tot —> 00

™
=T. I11.31
ﬁot + 2) ( )

We turn to proving statement 2. When ¢ — 0 for a fixed noise rate ~,
Alg. 1115 uses a large number of samples M = 1/Z,(T2)e? of circuit IIL.5 with
depth 73 = |[y71], so the total cost is Tior = M7T3. By the limiting properties
of the maximum likelihood estimator (which saturates the Cramér-Rao bound
for large number of samples M), the algorithm will converge to the target
precision €, with the total cost satisfying

T2
Z,(T2)

(I11.32)

lim Trop€® =
e—0

It remains to calculate the limit lim.,_, 75/7Z,(7z). For brevity of notation,
let fr(Ag¢) be such that the probability distribution in Eq. III.12 can be
written as

Por(x]¢) = fr <¢ - 7%?1) : (I11.33)
fr(Ag) = i 7 1+ cosl(T +2)Ad) (I11.34)

THDTH2) Leos(8g) — cos(725)]

The fidelity of the circuit depth 7" under GDN with strength ~ is e =77, and
the associated probability distribution is P, 7(z|¢) = e™77 Py 7 (x|¢) + (1 —
e~ "T)/(T +1). The Fisher Information is by definition [Eq. (I11.17)]

I oy T fR(9 — 2my)

Z,(T) /0 Z e 7T fr(p — 271—7’9—55—1) T(1- e_,ﬂ-)/(,r) (I11.35)
B 2T i ds 672'\/’7’f//72(s)
= ;)\/71'27(‘ 7'11 %e_’nyT(S) + (1 _ e_,yT)/(T_'_ 1) (11136)
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B T ds 672A/’Tf/2(8)
= (T + 1)/”776_77]%(8) T —Z‘W)/(TJrl) (IL.37)
_ L [T ds 12(5)
=TT [ e ey

where we have used the periodicity of f7 to remove the sum and dependence
on ¢. We can substitute s — (T 4 2)s to rewrite this as

(TH2)m 1 (T +2)72f3(+H5)ds
T(T) = e T x(T+2)(T+1) ></ — _ T2 .
K —(T+2ym 2T fr(zs) + (@7 =1)/(T +1)
(I11.39)
Using L’Hopital’s rule, we can show that in the limit 7 — oo, the function

f7 converges pointwise to

o 5 B 9 1+coss
f(s) = Jim_fr(7=5) = (2m) 2 (I11.40)
and the derivative converges as
1 / S T—00,
. I11.41
T+2fT(T+2> Js) (TIL.41)

Therefore, in the limit v — 0, where the fidelity is €772, — e the integrand
converges pointwise to

| f’z(s)
=527 (IIL42)
2
= ﬁ [(1 —coss) + (321E78ﬂ-2)2(1 + cos s) + 828_87T25ins} ,
(I1.43)

which we can bound by bounding all the trigonometric functions by
|sins|,|coss| <1 as

1

) 1652 8s
()] < m

2+2
+ (32—7r2)2+s2—7r2

(I11.44)

For large s, we can bound this as |j(s)| = O(|s|~*), so the integral converges

and

v = T e
?17(7‘2) 7% et / j(s)ds=C" (I11.45)
2 —00

We numerically find the value of the integral is e/C & 0.13, and C ~ 20.8. O
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I11.C.3. Comparison between single-control and
QFT-based methods

Numerical performance: Classical CR bound Z—1/2; Fundamental limits:
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Figure IT1.8.: Comparison of RPE (Alg. II1.4) and MSQPE (Alg. I11.5) in the
presence of global depolarising noise. (Left) Numerical mean Holevo error € as
a function of the total cost Ty for a fixed noise rate v = 2715, The vertical
dashed lines represent Tiot(€1) and Tiot(€1) separating different regimes in
Alg. II1.5. The solid lines correspond to the Cramer-Rao bound ¢ > Z~1/2,
where 7 is the Fisher Information of all the quantum circuits used. (Center)
Numerical error € relative to the minimal error allowed by the Cramer-Rao
bound Z-/2. (Right) Performance in the limit ¢ — 0 as a function on the
noise strength . The blue circles and orange pluses are obtained by fitting

1/2 . . . . .
€ X 7;0{ to the numerical errors € in the small error regime for different noise

rates 7, and the solid lines by fitting Z=1/2 o ’@}){2 The dotted lines represent
the least-squares fit to these points. Error bars in all cases are insignificant.

We compare numerically the MSQPE algorithm against RPE across a range
of target precisions €; and error rates . For RPE, we choose the optimized
parameters from Ref. [144], fixing the target precision e¢; = 277 to give optimal
performance for the algorithm. (As currently defined in Alg. II1.4, to target
2=(=1) > ¢ > 277 has the same cost as estimating at a precision 277, though
this could be improved upon - e.g. by extending Alg. II1.2 in a similar way
as in Alg. II1.7.) To calculate the Holevo error eg{PE) achieved by RPE,
we run 1000 simulations of Alg. I11.4 targeting a different random phase on
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[0,27). This yields the orange pluses in Fig. II1.8. With the Holevo errors

eg{PE) from RPE determined, we use this as a target error e, = eSqRPE) for

MSQPE. We run 1000 simulations resulting in the blue circles in Fig. II1.8.
We observe that the mean Holevo error e%\/ISQPE) for MSQPE is very close
to the target precision €, which validates our choice of error model used to
set the parameters of the algorithm (Eq. (II1.28)). For comparison, we plot
the Cramer-Rao bounds from the simulated quantum device data that is fed
into either algorithm (orange for RPE and blue for SinQPE). We additionally
state the standard Heisenberg limit and the global depolarizing noise limit
calculated in Ref. [204] (see App. IIL.B). To construct Fig. II1.2, we repeat
the above calculation for different noise rate v = 2™, and plot the relative
total cost Tiot of RPE vs MSQPE at a fixed eg{PE) ~ e(HMSQPE).

We observe that the MSQPE achieves the target precision as expected;
the orange and blue points on Fig. IIL.8 [left] have nearly-identical y-values,
but differ in the cost Tio;. The numerical error for the MSQPE is very close
to the classical Cramer-Rao bound for the data taken, whilst the error of
RPE is about 50% above its Cramer-Rao bound (Fig. II1.8 middle panel).
However, the Cramer-Rao bounds for the two algorithms are different (as they
take different data), so this does not directly translate into a performance
advantage of MSQPE at all regimes in Fig. II1.2. In the regime of large target
error €, the noise is not significant, and both algorithms perform as in the
noiseless case, achieving near Heisenberg scaling ey o« 1/Tzor (Fig. TI1.8[left]).
However, MSQPE has a better scaling constant; it satisfies the Heisenberg
limit e & 7/Tiot, while RPE has a small gap ey = 57/Tiot. This matches
known results for the noiseless case [132, 139]. The advantage of MSQPE
continues in the intermediate regime, and is more significant for smaller noise
strengths v (as can be seen in Fig. I11.2). In the limit of small errors both
algorithms asymptotically show ey & \/7/Tiot as expected. In this regime,
RPE outperforms the MSQPE by a factor of ~ 1.3. Note that MSQPE
continues to closely follow the Cramer-Rao bound in this case, which implies
that the performance loss is driven by the sin-state being suboptimal in the
presence of noise, rather than the classical estimation routine performing
badly. For MSQPE, the scaling factor is &~ 4.9 (which is close to the analytical
result in Thm. II1.6, as v/C ~ 4.6), and for RPE ~ 4.0 - slightly worse than
V/de = 3.3 bound from the specific Fisher Information in Eq. (I11.21). Both
are significantly (2x) above the fundamental limit 0.891/4+/3e = 1.7 [204].
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III.D. Error mitigation overhead for QPE

The depolarizing noise model is a useful toy model to understand the idealized
performance of a quantum algorithm (especially in terms of the variance cost),
but it fails to capture the bias present in a typical noise model for a quantum
device [50]. Over recent years, many error mitigation techniques have emerged,
promising a range of fidelity overheads and unbiasing ability. In this section
we consider the effect realistic noise and error mitigation techniques would
have on the results in App. III.C. Our primary result is to incorporate a
fidelity overhead of F'® directly into our 7 optimization for QPE. We find
that we can trade an increased « (typically a =1, 2, or 4) against T to yield
a multiplicative overall cost 7ot — aTiot- This suggests the overhead for
explicitly unbiased methods such as probabilistic error cancellation [49, 51]
may be affordable, but it also suggests that improving error mitigation will
yield little further gains for QPE.

Error mitigation theory typically focuses on expectation value estimation
tasks: measuring to precision € an expectation value (1|Oy) on a state |¢))
produced by a given noiseless quantum circuit [50]. This can theoretically be
obtained running the ideal circuit M; times. Only having access to a noisy
device, an error mitigation scheme attempts to reproduce the same estimate
by running a larger number Mg of shots of noisy quantum circuits. The error
mitigation overhead Cop, (F) = 1]‘\/[7? depends on the fidelity F' = (¢ p [¢) to
which the original circuit can be run on the noisy device (where |¢) is the
state that would be produced by a noiseless run of the logical circuit and p is
the mixed state actually produced by the noisy run on a device).

Definition ITI.5 (Error mitigation for expectation values)

Consider a quantum circuit that prepares a state |¢), a noisy device that can
run this circuit prepating a mized state p with fidelity F = (| p [¢), and an
observable O that can sampled on the prepared state. An error mitigation
scheme is an algorithm that produces an estimate O of (| O |[¢) by run-
ning M quantum circuits on the noisy device, and processing the outcome
samples. (the circuits run can be different from the original logical circuit,
and the algorithm can depend on additional knowledge of the device noise
model.) An error mitigation scheme is unbiased if it produces an estimate
that converges to the true value O — (| O |1} in the large number of samples
M — co. For an unbiased scheme, the error mitigation overhead is defined as

Cem (F) =limg; M Var[O]/ Var[O], where Var[O] is the ezpected variance

of the estimate and Var[O] = (] O2 1) — (¥] O |1h)>.

Error mitigation techniques can be classified based on the overhead scaling
as a function of F'. If errors can be detected deterministically and associated
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runs discarded, error mitigation can be achieved with overhead Cey ~ F 1.
This is known as postselection bound, and no error mitigation technique can
perform better than this. An example of an error mitigation scheme whose
overhead scales as Cop, < F~1 is symmetry verification [179, 180], and another
is echo verification when state preparation is cheap compared to measurement
[157]. Postselection schemes are typically problem dependent and can only
mitigate part of the errors. A more general set of error mitigation schemes
relies on measuring a noisy signal and processing it classically to remove the
bias, which is estimated analytically under specific assumptions on the problem
and noise model. This is particularly effective for global depolarizing noise
[237], or when the effect of the noise can be simulated effectively [238]. Due to
error propagation in the required rescaling, the overhead for these techniques
is Com ~ F~2: we call this rescaling bound. Note that echo verification and
virtual distillation match this bound when the state preparation is expensive
compared to measurement, as the volume of the noisy circuits that need to be
run is double than the original circuit [157, 181]. Finally, a last set of error
mitigation techniques prescribes to measure explicitly the bias on the signal
caused by circuit errors, and subtract it from the biased signal. This is the
case of probabilistic error cancellation (PEC), which can completely remove
the bias from an observable expectation value by rewriting the noiseless signal
as a non-convex combination of signals from noisy “basis” circuits. In the case
of local stochastic noise, the overhead of PEC is Cep, oc F=% [49-51]. This
can be interpreted as a cost F'~2 due to the necessity of explicitly measuring
the bias and F~2 due to the necessity of rescaling of the resulting signal after
subtracting the bias.

When implementing quantum phase estimation in the presence of noise,
we have an additional handle on the depth the circuits to be run; choosing
this as a function of the noise rate impacts the scaling of the error mitigation
overheads. We consider a stochastic error model and we define the noise
rate v as the logarithm of the error probability when implementing the noisy
channel

U(p) = e "cUpcU" + (1 — e )N (p), (TI1.46)

which approximates the controlled unitary oracle cU, where N is the action
of the channel conditioned on at least one noise event happening (a.k.a. pure
noise channel). In the noiseless case v = 0, we can achieve an accuracy < e
on the estimated phase ¢ by running the optimal SinQPE (Algorithm I11.1)
at oracle depth Tior = [7/€]. In the presence of noise, we can choose to run
multiple circuits with smaller depth 7 < Tio resulting in fidelities bounded
by F > ¢™77. Under a given scheme, we define Tio(7,€) as the cost of
estimating ¢ to accuracy e. By analogy to the definition of Coy,, we define

the error mitigation overhead for this scheme as CQPE (v, ¢) = %Ot((gg .

em
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Theorem III.7 (Error mitigation overhead for QPE)

Assume an unbiased error mitigation scheme for expectation values with
overhead Cep(F) = AF™Y. Then we can realize an error-mitigated single-
control QPE protocol that estimates ¢ to an accuracy ¢ with an overhead
CYPE (v, €) o vy /e using the noisy implementation U of U in Eq. IIL46.

Proof. In the absence of noise, we know from Theorem III.4 that the optimal
QPE algorithm (sin-state QPE - Alg. III.1) estimates ¢ with a precision
€ in time 7t = T. From Theorem IIL.5 we know that, using RPE, we
can estimate ¢ to precision € < € using noiseless circuits of depth bounded
by T = 2 for a cost TRPE(€) = % (for algorithm-specific constants a = 5

and b anealytically bounded by b < 24.267 and numerically found to be

62

b ~ 5m). We can recover an estimate to precision e by repeating & times
this RPE algorithm to precision € and averaging the results; the maximum
depth for the RPE circuits remains unchanged, and the total time becomes

Tl (T, €) = % = =% (where we defined the overall constant x := ab). As
the single-control QPE circuits measure expectation values, we can apply
error mitigation to recover the noiseless signal. The fidelity of these circuits
is bounded by F' > e~ 77 so the error mitigation overhead is bounded by

Com(T,7) < Ae??’T. The QPE error mitigation overhead is then calculated as

7;%?(7j 6) Cem(Ta 7) < kA vyT

COPE(T v, e) = e
E Taeg T
minimiz A
e, QPR (y,¢) < T2 YT (11147)
over T ™ €
with the bound minimized by the choice of T = % O

III.E. Explicit unbiasing of multi-control QPE

In sin-state QPE, the estimation task cannot be reduced to sample averaging,
as the estimate of the phase is not an expectation value. In this section,
we extend explicit unbiasing techniques to a more complex data processing
scheme: maximum likelihood estimation. Extending error mitigation tech-
niques beyond expectation value estimation is identified as a relevant open
problem in literature [50].

121



II1. Error mitigation and circuit division for early fault-tolerant quantum
phase estimation

III.LE.1. The explicitly-unbiased maximum-likelihood
estimator

Similar to what is done in PEC for expectation values, we begin by de-
composing the unitary channel that implements the ideal SinQPE circuit
Ulp] = UpU' as a non-convex linear combination of “basis operations” {B;},
i.e. channels that can be run on the noisy device:

U=> a;B;. (TI1.48)
J

For stochastic Pauli channels (which can represent a model for logical noise
in surface code even when the underlying physical noise is coherent [239]),
the decomposition procedure is known. In particular, for a circuit of volume
A and local depolarizing noise with constant rate per volume element r, the
decomposition has 1-norm |a|; = >4 = =2 where ' = ¢~"4 is the circuit
fidelity. (The cost of standard PEC for mitigating expectation values is then
Com = |aff = F7%)

In multi-circuit sin-state QPE, we are interested in estimating the phase
¢ given a set of M measurements {z;}i=1, . a. In the ideal, noiseless case,
these are i.i.d. samples obtained from the SSQPE circuit (see Fig. II1.5)
with distribution x ~ P(z) = Tr{II,U[po]}, where {II,} is the projector of
the control register onto the bit-string x and pg is the input state. We can
decompose this distribution using Eq. (IT1.48) as

P(z) = Z o;Qi(x) , Qj(z) =Tr{Ill,B;[po]}- (I11.49)

Our goal is to define a consistent estimator of ¢ based on samples taken from
the latter distributions, from which we can sample using the noisy device.
In the case of multiple samples {z;} taken from noiseless circuits, an optimal
estimator é of ¢ is defined by maximising the log-likelihood of the samples over
the parametric model of the outcome distribution P(z|¢) given in Eq. IT1.12:

M
6= mgmaxe) . £(0)= 2> log P(ailo). (I1L50)
=1

We added a constant factor M ~! compared to the usual definition of log-
likelihood, making clear that the £(¢) is evaluated as a sample average of the
logarithm of the model probability. In the large sample limit,

lim L(¢) = L(¢) = E[log P(z|¢)|x ~ P(z)], (IT1.51)

M — o0
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which we can decompose through Eq. (I11.49) as

£(¢) = a; E[log P(lg)]e ~ Q;(x)] (I11.52)
ol E[sn(ay) Ellos Plalolle ~ Qial]i ~ (2] qamiss)
—|aly E[sgn(a;) log P(el6)|j, ~ Q=) (IIL54)

_ eyl

where we defined the joint distribution @( J,x) - Q;(z). We can sample
/|a|1 and then

sampling y; ~ Qj, (y;) on the noisy quantum device. We can then compute

T e
data points {(j;, yl)}zzlﬁ by importance-sampling j; ~ |a,

an estimate £ of £ as a sample average

M
£(¢) = 'E‘Ml S san(ay,) log P(yil6). (ITL55)

=1

Maximising this gives an estimator qg of ¢, which we define below. We call this
estimator the explicitly unbiased maximum likelihood estimator (EUMLE).

Definition II1.6

[Ezxplicitly unbiased mazimum likelihood estimator] Given (1) a parameterized
model P(x|$) for the distribution of x obtained from a noiseless quantum
circuit, (2) a non-conver decomposition of P(z|¢*) =3, a;Q;(x) in terms
of distributions Q;(x) that can be sampled using a noisy quantum device; the
explicitly unbiased mazimum likelihood estimator (EUMLE) of the phase ¢*

is defined as ¢ = arg max Z(qb), where Z((b) in Eq. (II1.55) is constructed by
sampling M points {(ji, z:)|ji ~ |y, |/|alr, zi ~ Qj (x3) bi=1,..,m-

The EUMLE is a consistent estimator, i.e. in large samples limit M —
it converges to the true value of ¢. In the absence of regularization (¢ = 0),
Zc(¢) = Z((b) — L(¢) asymptotically matches the log-likelihood of the
noiseless data Eq. (II1.51). Here we prove the consistency of the EUMLE by
showing that, even for ¢ > 0, the maximum of the likelihood for M — oo
remains the same. We also prove the stronger property of asymptotic normality
and recover an expression for the asymptotic variance of the estimator.

Theorem III.8 (asymptotic normality of the EUMLE)
The EUMLE ¢ of the phase ¢ is asymptotically normal with mean ¢ and
variance 0% oc M1,

123



III. Error mitigation and circuit division for early fault-tolerant quantum
phase estimation

Proof. For this proof we follow a strategy similar to the one use to prove
asymptotic normality of the maximum likelihood estimator in Theorem 10.1.12
of [229]. First, we Taylor-expand L'(¢) (the primes are derivatives w.r.t. ¢)

around the true value ¢* = argmin £(¢):

L'(¢) =L (¢")+ (¢ — ¢")L"(¢") + O((¢ — ¢7)?). (IIL.56)

We ignore the second order term as it is subdominant for small errors under
reasonable regularity conditions, and we use the stationary point condition
L'(¢) =0 to get

7 * _E/(QS*)
¢—9¢" = o) (I11.57)
The denominator is
. s o
£'(0") = - D_sen(a;,) (03 log P(yi|)]s- (I11.58)
ﬁ |1 E[sgn(ay) [0F log P(y[d)lg- |4,y ~ Q(j,y)]  (IIL59)
= Zaj / dQ;(y) [0310g P(y|¢)ly- (I1L.60)
= E[[03 log P(y|#)]s- |y ~ P(y)] (IL.61)
= E[[0y10g P(y|9)l2- |y ~ P(y)] = Z(¢*) (I11.62)
~———

[s(y)]?

where the convergence in probability = is justified by the law of large numbers,
and Z(6*) is the Fisher information of an ideal sample x from the noiseless
distribution P(x). For brevity of further notation, we define the score of the
probability model s(z) := [0y log P(x|¢)]g=¢-. By the central limit theorem,
the numerator

|

w
_f(¢7) = — Mh ngn(aji)s(yi) (IIL.63)

converges in distribution to a normal distribution with mean — E[s(x)|z €
« 2 N . N ~ .
P(z)] = 0 and variance 52 E[[s(4)|y ~ Q)] with Q(y) = 3, Q(.)

notating the marginal distribution. Thus, the estimator error ¢ — ¢ is asymp-
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totically normal with mean 0 and variance

2 _ lali E°0)ly~ QW)
M E[s2(y)|y ~ P(y)]

(IT1.64)

III.E.2. Regularizing the EUMLE

Maximizing L as-is leads to unstable behaviour as our probability distribution
P(z|¢) [Eq. (IT1.12)] can be arbitrarily close to 0. This is especially problematic
in our case, as we are sampling from Q(z) instead of P(z|¢), and so we
do not expect singular behaviour of L to be a rare event. To alleviate
this problem we regularize our model P(x|¢) by adding a small constant;
P(z|¢p) — P.(xz|¢) = P(x|¢) + ¢. (In principle we can add an arbitrary
¢-independent function to P, which may be better for specific noise cases.
This extension is left for future research.) This yields a new form of the log
likelihood

> log P(z]¢),  (IIL65)

C
| |a:e’D

M
£2(6) = 12005 sn(a tow Putuile) + 1

i=1

where D is the domain of the samples x (e.g. strings of log,(7T) bits).

For periodic distributions with continuous domain D = [0,27) where
P(z|¢p) = P(x — ¢ mod 27) holds, the second term is not dependent on ¢
and can be neglected. Such a distribution can be obtained from QPE adding
a random offset to the phase being estimated [240, 241]. Here, however, we
introduce a general regularized EUMLE which uses this modified likelihood
and prove its asymptotic normality.

Definition ITL.7

[reqularized EUMLE] The reqularized Explicitly Unbiased Maximum Likelihood
Estimator (rEUMLE) of the phase ¢* is derived from the EUMLE (definition
II1.6); it requires the same inputs plus an additional regularization constant
¢, it uses the same samples from the quantum device, and is defined as

¢ = argmax,, L. using the reqularized log likelihood Eq. I11.65.

Theorem III.9 (asymptotic normality of the rEUMLE)

The rEUMLE (E of the phase ¢ is asymptotically normal with mean ¢* and
variance

2 _ laft E[s2()]y ~ Q)]
M E[s2(y)|y ~ P(y)]*

(111.66)
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where s is the regularised score function s(z) := [0y log P.(z|¢)]g=g= -

Proof. First, we show that the estimator is consistent, i.e. in the limit
of infinite samples M the estimator converges to the true value ¢*. The
regularised likelihood function £, converges to the expectation value

Le(¢)= lim Lc(9) (IIL67)
M — o0
_ ol E [sgnmj)logpc(xw) | i) ~ (20,00 +
> " log P.(z]¢) (IIL.68)
|D‘ zeD
|D| ;)P ) log P.(2|6) + clog Pe(a]9) (I1L.69)
= ol %;P ) log P.(z|¢). (I11.70)

L.(¢) has a maximum at ¢ = ¢* since

LL(¢*) =y [IDI Y P x|¢] =yl 4+ =0 (IIL.71)

z€D

[0pP(x .
£'(¢*) = |D| Z 4’@;’”” <0. (ITL.72)

The proof of asymptotic normality then follows the same steps as the proof
of Thm. III.8 using the regularized versions of the likelihood L. and score
Se. O

To conclude, we calculate the sample overhead of this error mitigation
technique. This is defined as the ratio between the number of samples M
needed to achieve Ui to the number of samples M that would be sufficient in
the noiseless case (Q = P, a = 1 and no regularization required ¢ = 0):

CEuMLE = M = |af? E [s2()|y ~ Q)] E [s3(2)]x ~ P(a)]
E 2]~ P(@)] Ef2@)]o ~ )]

iV (ITL.73)

Here, the term E[s3(x)|z ~ P(z)] is the Fisher information of the noiseless
distribution. The overhead consists of three factors: 1. the rescaling constant
|cx|?, 2. the ratio between the average (regularized) score of and the importance-
sampled noisy distribution and the noiseless distribution, and 3. the overhead
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due to the loss of information caused by regularization. The regularization
constant ¢ ensures term 2 remains bounded, but it also causes term 3 to
increase, so it should be chosen to optimize the product of the two. Quantifying
CeuMLE requires additional assumptions about the noise model and the
consequent basis circuit decomposition, and about the specific model P(z|®).

I11.E.3. Applying the regularized EUMLE to sin-state
QPE

In this section, we explore the application of the rEUMLE to phase estimation,
using the samples from the SinQPE circuit. The regularization is necessary
as the SinQPE distribution P(z|¢) vanishes for certain values of ¢. Here we
bound the variance of the resulting rEUMLE.

Theorem III.10 (EUMLE for Sin QPE)
We consider the TEUMLE (Def. IIL.7) applied to the SinQPE probability
distribution [Eq. (1I1.12)], which can be expressed with a PEC decomposition
[Eq. (111.49)] with one-norm |ae|y. For any constant c, there exists a threshold
depth Tiny and a constant B such that, for any SinQPE circuit with depth
T > Tinr, the variance of the EUMLE o2 is bounded as

o7
MT?

0’ <B (I11.74)

where M is the number of samples and the total oracular cost of the algorithm
s tot — MT

Proof. The goal of this theorem is to bound the variance of the rEUMLE
Eq. II1.66 for the sin-state QPE outcome probability distribution (from
Theorem II1.6)

Pr(sl) = £ (¢ ~ ;le) ’ (I11.75)
sin? ) 1+ cos[(T + 2)Ad¢]

fr(Ag) =

(T +1)(T +2) [COS(A(M B cos(%z)r' (I1.76)

In order to bound o2, we calculate asymptotic bounds for E[s2(y)|y ~ P(y)]

(bounded from below as Q(7T)?) and for E[s2(y)|y ~ @(y)] (bounded from
above as O(7?)). This allows us to bound o2 for sufficiently large 7.
We first show that 2z E[s2(y)|y ~ P(y|¢)] converges to a constant a in the
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T — oo limit. Substituting the definition of the probability we can write

! LT (¢_ 2”)2 o
72 Elsi@)ly ~ Pyle)] = ; [fT ((;_ — ;116]2 . ((b— T+x1> |

T+1
(I11.77)

For T — oo, we can replace the normalized sum %ﬂ ZZZO with an integral

i Tl [ TG,
Pl ~ Pl » T [ as T I o
:T+1/” s T2f4 (5)°

2r Jox [fr(s)+

L N2
(T+2)7 T2f (2 /

- 27(T + 2) 7(7’+2)7rd [fT (TSJ;Q)JFC T+2

T (s) =

where, in the second step, we used the periodicity and evenness of fr to
remove the dependence on ¢ and shift the integration bounds, and in the
third step we performed a change of variable s’ = (T + 2)s. The T — oo
limit of this integral can be calculated following the same steps as in the proof
of Thm. I11.6. Using the convergence property limy_, . f(s/(T +2)) = f(s)
with f(s) in Eq. (II1.40), we can write

L oerg2 Tooo [ ds [/ (s)° B
ﬁE[sc(y)|y~P(yl<zﬁ)} —>/oo27r[f(s)+c]2 (s)=:a. (IIL79)

This integral converges to a finite constant a, as the integrand (independent
on T) can be bounded by j(s) defined in Eq. (I11.42), which can be bounded
by O(|s|~%) [see Eq. (I1L1.44)].

Secondly, we show lim7_, % E [sg (y) ’y ~ @(y)] is bounded by bounding
lim7 o0 7|sc(2)| for any z. By definition, the score is,

fr(#5 = 9)
F(FE -0 +c
and we can bound it as [s.(z)| < |f7-(25%5 —¢)|/c. Asper Eq. (IT1.41), the limit
function f'(s) = limy—,o 7 f'(s/(T + 2)) is continuous and f'(s) 0
so f’ is bounded by a constant b := sup, |f’(s)|. Combining all the steps, we

Sc(x) = [8¢ log Pc(x|¢)]¢':¢* = (IIISO)

s—+oo
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get the bound

. 1 2 ~ . 1 2
Jim L E[2)ly ~ Q)] < Jim - ma2() (Ls1)

) 1 max, |[fF(s)]* _ b?
< 7151{1)0 = e < = (I11.82)

Combining the above limits,

i 72 EBE@)ly ~ Q)] _ v

< o 111.83
Tool E[s2(y)|y ~ Ply)]?  @%¢ ( )

For any constant B > b?/a?c? we can then use this limit to bound the variance
o? for any sufficienly large depth 7 > Tz:

o _ E[stwly ~ Q)] |af?

2
5 —— < BB“ . (I11.84)
E[s2(y)|ly ~ P(y)]” MT?> — MT?

Numerically, we find that the limits for 7 — oo act as bounds in the correct
direction: for any T, max f7 < (T + 2)max f’, and E[s2(y)|y ~ P(y)] >
a(T +2)2. We find the value of b~ 0.16. For an example choice of ¢ = 0.4,
we find a = 0.01. Hence, the bound on the variance Eq. (II1.74) is satisfied
for any depth 7 for B = b%/a?c? ~ 12.6. O

III.E.4. Overhead for QPE with local Pauli noise

To quantify the EUMLE overhead in quantities that we can relate to the rest
of this work, we assume a local stochastic noise channel with uniform error
rate that is locally invertible [49-51]. (This is the case for local Pauli channels
with constant and qubit-independent error rate, e.g. local depolarizing noise.)
Under this assumption, Eq. (I11.48) can be written

1

= (I11.85)

1
UZFB()-FZ(J&J‘BJ', |a|1:
3>0
where F is the logical circuit fidelity and oy = 1/F is the weight of the noisy
implementation By of the logical circuit.

It remains to optimize 7T, in an equivalent manner to Thm. I11.7. To
achieve precision € using a circuit of depth 7, we need to choose the number
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of samples M = 0% /€2, Using Theorem II1.10, we can write

> _ o’ _ Blaf?
w=TM=T-=< ) I11.86
Ton =TM =T% < =0 (IIL86)
Using oy = F~2 and F = e 7
B€—4v7—
ot < —=—— I11.87
T < 20 (Ls7)
This is optimized at T = %, yielding
(Pauli noise) -2 -2
Tiot = 4Beye “ = 137ve ~. (IT1.88)

Comparing to Thm. II1.8, where Tio; = Cve 2 with C' =~ 20, we find the
overhead from mitigating local Pauli noise to be a constant factor 7x larger.
As the bound in Thm. IT1.10 holds for arbitrary adversarial noise, while the
expression in Thm. III1.8 saturated in the limit € — 0, we expect in practice
this gap to be significantly smaller. Furthermore, one could consider replacing
our constant regularization with a noise-specific additional term, which may
lead to further optimization.

III.LE.5. Improving the overhead by filtering

In order to improve the error mitigation overhead of the EUMLE, we propose
to combine the explicit unbiasing method with a postselection method, which
we refer to as filtering. In the single eigenstate case, we expect the noiseless
samples from the QPE circuit to cluster in some region, around the true
phase value. By postselecting the outcomes of all our circuit runs based on
whether they lie in this clustering region, we can avoid the explosion of the
final estimator variance due to the spread of the noisy samples. Note that
this is already somewhat achieved by the regularization, as the regularized
likelihood is constant on phase estimates sufficiently far from the true value.
However, filtering gives us a means to further add prior information, such as
energy estimates from classical methods, to boost our QPE performance.

We develop here a filtering procedure that assumes prior knowledge of a
clustering region of size A > e where the phase should lie. The proposed
filtering procedure can be applied offline, as the circuits that need to be
sampled are the same described above for the EUMLE, the only difference
being in the data processing.

Given a guess @guess for the phase we are attempting to estimate and a
phase distance A within which we expect to find the true phase, we define
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the filtering region [@guess — A, Pguess + A] and the relative indicator function

R(z) = [1if |2 — @guess| < A, else 0]. (I11.89)
We start from a set of measurements {(j;,y;)},_, 7; sampled from the same
distribution Q(j,y) defined in the section above, obtained by importance-

sampling j from the PEC decomposition Eq. (I11.49). We then reject all
samples that lie outside the filtering region, obtaining a subset of the data

S = {(ji, yi) €Uy}t imy 51 |¥i € [Dguess — A, dguess + A}}. (111.90)

This subset represents samples from the filtered distribution Q(j,y)- R(y) (up
to an irrelevant normalization factor). The corresponding filtered model for

the noiseless signal is then Pgr(z|¢) = %W, where Ny is a ¢-dependent

normalisation factor Ng(¢) =", R(z)P(x|$). We can then construct a fil-
tered explicitly-unbiased maximum-likelihood estimator like in definition II1.6,
by maximizing

Fr(@) =2 S sgn(ay,)log Pa(yilo)- (I1L.91)

(Ji,yi) €S

Regularization can be reintroduced analogously as in section III.E.2. Depend-
ing on the chosen size of the filtering window A, the regularization constant ¢
can be lowered compared to the unfiltered case, or it may not be needed at
all.

Let us formalize the above:

Definition III.8 (Filtered EUMLE)
Given the same assumptions as Definition II1.6, as well as an indicator

function R(x) (taking values in {0,1}), the filtered explicitly unbiased max-
imum likelihood estimator (filtered EUMLE) of the phase ¢ is defined as

¢ ~ arg max,, Lr(¢) where Lr(¢) [Eq. (IIL91)] is constructed by sampling M

points {(Ji, yi)lds ~ lag, /1o, yi ~ Qj, (yi) }i=1,... .M and constructing a subset
S [Eq. (1I1.90)] by rejecting all points where R(y;) = 0.

The filtered EUMLE is also a consistent estimator, as £z (¢) matches the
log-likelihood of filtered noiseless data coming from the probability Pgr(z) =
P(x) - R(x)/Ng [which matches the model Pg(xz|¢) for the true value of ¢]:

lim Lr(6) = Ng E[log P(2]¢) R(x) [Na(9) |z ~ P(x)R(x)/Nz] (I1L92)

M—o0
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Theorem III.11 _
The filtered EUMLE estimate ¢ of a phase ¢ € [dguess — O, Pguess + A] is

asymptotically normal with mean ¢ and variance o® oc M 1.

This result can be proven with the same technique as the result without
filtering in Thm. IIL.8.

The scaling of the filtered EUMLE variance with fidelity depends on the
details of the noise and of the filtering window. Let us assume that o < A,
and that ¢ lies in our window. Then, in our worst-case scenario ¢ lies at
the edge of our window, so we reject half of the data from P(z), while an
adversarial noise model gives samples within the window. In the best-case
scenario, all noise falls outside the window and ¢ lies in the center. In this
case, filtering works exactly as post-selection. In practice, we suggest that the
result may be closer to the latter than the former, as good classical bounds
can be many times smaller than the spectral range of the Hamiltonian, and
we have no reason to expect the outcomes due to noise to fall within the
filtering window with a particularly high probability.

Filtering can also be useful when we do not have access to an exact eigen-
state |¢@). Assume that the starting state has nonzero overlap with multiple
eigenphases separated by gap A, and the precision of phase estimation for
any single circuit % < A. Then, a filtering procedure similar to the one we
described should enable to separate the signal coming from each eigenstate.
The developement of a filtering procedure that works both for eignenvalue
projection and variance reduction, as well as the details on the choice of the
center and width of the filter and the calculation of the filtering-EUMLE
overhead are left to future work.

II1.F. Surface-code resource estimate and
optimization

In this section, we aim to benchmark our circuit-division QPE method and get
an idea of the runtime overhead implied by a limitation on the number of avail-
able physical qubits. To do this, we estimate the physical resources for running
fixed-precision circuit-division sin-state QPE on qubitized block-encodings of
Fermionic Hamiltonian. In particular, we consider the 2-dimensional Fermi-
Hubbard Hamiltonian [94] and a selection of molecular Hamiltonians for in
small to medium active spaces, using a block encoding based on the ten-
sor hypercontraction factorization [43]. We assume free and perfect state
preparation — including a cost for state preparation would increase the circuit
division overhead as the state needs to be prepared for every run; imper-
fect state preparation would require filtering or a different analysis of data
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processing. We also assume that the residual noise (after error correction)
follows the global depolarizing model. This allows us to apply the results from
App. IT1.C.2 and choose the optimal depth 7 and the number of samples M
as a function of the error rate « as detailed in Algorithm II1.5. In practice,
in the presence of a more realistic noise model, the techniques proposed in
Sec. ITII.E would need to be applied, resulting in an additional overhead which
depends strongly on the assumptions about the noise model.

In the following sections, we describe our procedure for estimating the logical
qubit and Toffoli gate count of the QPE circuits for the target problems. In
order to translate these to a physical resource estimate, we must make some
assumptions about the error correction and magic state distillation model used.
We consider a rotated surface code, with Clifford gates performed via lattice
surgery [167] and CCZ2T magic state factories [169] used to produce CCZ
states (as our algorithm only requires Toffoli gates as non-Clifford resources).
We consider both using a single factory, to minimize the number of physical
qubits (as in [94]) and using two factories to reduce the runtime. We assume
50% of routing overhead [169] on top of the physical qubits used for data
encoding and magic state distillation. We assume a physical gate error rate
of p=0.001 and a surface code cycle time of 1ps [167]. The code distances
for data qubits encoding d and for the two levels of distillation dy and d; are
then optimized (by grid search) to minimize the physical computation volume
while keeping the total error probability per circuit below 1 —e=77.

III.F.1. Cost estimates for the qubitized Fermi-Hubbard
Hamiltonian

We consider quantum phase estimation of the qubitized walk operator for the
2-dimensional Fermi-Hubbard model. We consider a model with L x L sites,
for a total of 2L? spin-orbitals, and interaction strength u/t = 4 (with the
hopping parameter ¢ setting the energy dimensions). This choice of interaction
strength is common in resource estimates literature, as it represents the
most challenging regime to treat at scale with classical algorithms [95]. We
compute the Toffoli cost of the controlled-walk operator W using Qualtran
[203] and following the procedure of [94]. We assume the rotation angles
in the PREPARE step are encoded using 5 = 10 bits and performed with
the phase-gradient technique (we neglect the cheap one-time preparation of
the phase-gradient resource state). We separately compute the Toffoli cost
of sin-state preparation and quantum Fourier transform on [logy (T + 1)]
qubits, also using Qualtran. We estimate the number of logical data qubits
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analytically as

qubitization ancillas

spin-orbitals  QPE control qubits Eq. (64) of [94] phgggg?;lg?ent
2 2
207+ Jlogo(T +1)] +[12+43logy(2L%)]+ S +1 (I11.93)

The walk operator has the same spectrum as 4 arccos H/\, with \/t = 8L?
the qubitization 1-norm. We fix the goal of estimating the energy to a precision
AFE/t = 0.01, which can be achieved by requiring a precision on the eigenphase
of Wof e = AE/\ = 0.01/8L? [94].

With the required precision on the phase estimation of the walk operator
W fixed, we estimate the logical cost of implement the circuit-division QPE
algorithm for different choices of the noise rate v (defined per application of W)
using the protocols developed previously in this work. We first use Alg. II1.5
to choose the optimal 7 and Ty based on v and e. Then, multiplying these
by the Toffoli cost of W we obtain the single-circuit Toffoli cost and total
Toffoli cost, respectively.

The resulting physical resources as a function of v are reported in Fig. I11.9,
for four lattice side sizes of L = 2, 5,10, 20. Increasing the error rate allowed
shortens the largest circuit that is optimal to run (following Algorithm II1.5,
T < ~y71). As we reduce T, we must increase the number of repetitions
quadratically to achieve the same fixed error rate. Thus the total runtime
scales inversely with the runtime of the largest circuit. At the same time,
increasing the allowed error rate allows us to choose smaller code distances
for data (d) and distillation (dp, d; ), reducing the physical qubit requirements.
In the right panel of Fig. II1.9 we show the time required to run the algorithm
under a limitation on the total physical footprint. In the L = 5 case, for
example, we see that our algorithm requires about two hours with 3 x 10°
physical qubits, or about 200 hours with half the number of physical qubits.
This plot also indicates the number of physical qubits required for it to be
more convenient to use multiple factories.

We observe that the curves representing the computational space-time
tradeoff (in the right panel of Fig. I11.9) have an “elbow-like” shape. We
expect our method will lead to the most significant advantage around the
elbow of the curve, as further increasing the number of available qubits affects
the total runtime only marginally, while further reducing the computational
time requires unreasonable space overhead. This elbow point represents the
regime in which is most advantageous to combine error correction and error
mitigation, similar to the enhancement regime discussed in section IIT.A.1 and
represented in the bottom panel Fig. I11.4. We find that, across system sizes,
the elbow point corresponds to the algorithm prescribing around M = 15 to
40 samples, i.e. to the middle regime in Alg. II1.5, and to the regime where
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MSQPE slightly outperforms RPE (see Fig. I11.2).
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Figure II1.9.: Physical costs for MSQPE applied to the qubitized Hubbard
model Hamiltonian, with a target precision on the phase of ¢ = 1072/
(where A is the qubitization 1-norm). (Left) runtime and qubit costs as a
function of the error rate per step of the qubitized walk ~. (Right) trade-off
between number of physical qubits and runtime. We assume the residual
error (originating from imperfect error correction and imperfect distillation)
can be modeled as a global depolarizing noise channel of strength . The
logical circuits are defined according to Algorithm ITL.5 (multi-circuit sin-state
QPE with global depolarizing noise), with the Toffoli cost for the controlled
walk operator estimated using Qualtran. We assume a model of fault-tolerant
computation based on CCZ resource states, and show cost estimates based on
using either a single CCZ factory or two of them; this allows to highlight the
crossover point when it can be convenient to invest more physical qubits to
implement multiple magic state factories. The size of surface code and CCZ
factory parameters are chosen to minimize computation volume while keeping
the error rate below v, assuming physical error rate of 10~3 and surface code
clock cycle of 1 ps.

ITI.F.2. Cost estimates for Electronic Structure
Calculations using THC
We compute the quantum resources for a number of molecular systems of

small to medium size to illustrate how the higher complexity of molecular
Hamiltonians and the more stringent precision requirements affect the required
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quantum resources and run-times. All quantum chemistry calculations are
performed with the help of PySCF [242]. For H2O, N3, naphthalene, and
anthracene the active spaces were constructed either from restricted Hartree-
Fock (RHF) orbitals or with AVAS [243] as implemented in PySCF. The
CAS(27, 26) of the Co(salophen) complex was determined with the help of
the Active Space Finder (ASF) [244] software developed by HQS Quantum
Simulations and Covestro (see Table III1.2 for details).

The resulting active spaces Hamiltonians were first symmetry-shifted as
proposed in Ref. [202]. This means finding shifts a¢; and as and modifying
the molecular Hamiltonian H by adding powers of the total particle number
operator N, according to

H' = H +a; N, + aaN?. (I11.94)

This leaves the eigenvectors and the spectrum of the Hamiltonian inside the
particle number sectors intact up to a particle number dependent offset that
can be easily subtracted classically but reduces the norm of the coefficients of
the Hamiltonian. Concretely, one picks a1 as the median of the eigenvalues
of the one-body part of the Hamiltonian and ay as the median of a certain
diagonal of the two-body tensor [202].

The shifted Hamiltonian H' of each molecule was then factorized with the
tensor hypercontraction (THC) procedure with L2 regularization with the
penalty parameter pryc as implemented in OpenFermion [245], leading to a
A factor denoted by \. Symmetry shifting leaves the coupled cluster singles
doubles (CCSD) energy unaffected, but does cause very small changes in
the triples correction contained in CCSD(T). It was thus more convenient to
chose the THC rank based on the constraint that the CCSD energy error,
AFEccsp, stayed below 1 mEh. Consistent with what was reported in [209],
we also observed roughly a factor of two reduction of the lambda value due
to symmetry shifting.

Table III.2.: Orbital selection method, selected active spaces, and THC
factorization parameters and results for the molecular systems used in the
resource estimates. The AVAS [243] and ASF [244] methods were used for
some systems.

Molecule Active Space  Selection Method THC PTHC A AEccsp
Rank [mEh]
Na CAS(6, 6) around HOMO-LUMO 30 10-%  4.66 0.62
H,O CAS(8, 6) AVAS (H 1s, O 2s2p) 30 107*  6.97 0.3
naphthalene CAS(10, 10) AVAS (C 2p.) 45 107° 6.45  0.67
anthracene CAS(14, 14) AVAS (C 2p.) 80 1075 1212 0.19
Co(salophen)  CAS(27, 26) ASF default settings 100 1075  34.58 0.44

The logical resources for obtaining QPE estimates with e = 1073 /)" preci-
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sion (see Fig. I11.10) were then computed with Qualtran [203], from the THC
tensors. The logical circuit for the controlled walk operator is constructed
using the algorithmic primitives included in Qualtran, and from that both
the number of logical qubits and Toffoli gates are computed (assuming that
rotations in PREPARE and SELECT are implemented to 10-bit and 16-bit preci-
sion, respectively [43]). The logical cost for the controlled walk operator is
converted into physical costs for Algorithm ITI.5 as a function of the residual
noise rate v, under the same assumptions made for the Hubbard model.

I11.F.3. Comparison to the fully fault-tolerant algorithm

For the sake of comparison in Fig. III.3 we also estimated the resources
required for running the standard fault-tolerant single-circuit sin-state QPE
algorithm. The standard fault tolerant algorithm is defined by choosing
an acceptable failure probability § as a free parameter. We fix the logical
circuit to depth T = Tiot = Am/AFE to ensure a phase estimate to the desired
precision in the absence of errors. The surface code and distillation distances
are then chosen to optimize computational volume while keeping the total
error probability below d, under the same assumptions as above. The resulting
requirements are reported in Fig. 111.3 for 6 = 1% (A) and § = 0.1% (V),
together with the requirements for the circuit-division algorithm.

The costs of this standard approach should only be considered a reference
and not a fair comparison, as the circuit-division algorithms targets the
estimate of the phase with variance bounded by €2, without allowing for any
failure probability. A failure probability of J, assuming the error produces
a random phase estimate, would result in a final estimate with a much
larger variance (1 — 6)e? + dA\%72. While prior knowledge about the target
phase can be used to filter these results with a repeat-until-success strategy,
effectively reducing the expected error, the same technique can be applied to
circuit-division QPE as suggested in App. IILE.5.

Note that, in most cases, the cost of phase estimation circuits on a qubitized
walk operator can be improved by an additional factor of ~ 2 by using the
unary iteration circuit to control the reflect operator as described in [43].
This improvement is not considered in this work, as it would require a subtle
modification of the parameter selection procedure for MSQPE. Nevertheless,
we expect this would yield an improvement by about a factor 2 in total
runtime.
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Figure II1.10.: Physical costs for MSQPE applied to the electronic structure
Hamiltonian factorized with THC, with a target precision on the phase of
€, = 1073/X (where X is the symmetry-shifted THC lambda value). (Left)
runtime and qubit costs as a function of the error rate v per step of the
qubitized walk. (Right) relation between number of physical qubits and
runtime. We assume the residual error (originating from imperfect error
correction and imperfect distillation) can be modeled as a global depolarizing
noise channel of strength . The logical circuits are defined according to
Algorithm IIL.5 (multi-circuit sin-state QPE with global depolarizing noise),
with the Toffoli cost and logical qubit requirements for the walk operator
estimated using Qualtran (assuming rotations in PREPARE and SELECT are
specified to 10 and 16 bits of precision respectively). We assume a model
of fault-tolerant computation based on CCZ resource states, and show cost
estimates based on using either a single CCZ factory or two of them; this
allows to highlight the crossover point when it can be convenient to invest
more physical qubits to implement multiple magic state factories. The size of
surface code and CCZ factory parameters are chosen to minimize computation
volume while keeping the error rate below v, assuming physical error rate of
10~2 and surface code clock cycle of 1ys.
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IV.1. Introduction

Quantum hardware is quickly approaching the era of early fault tolerance [1-4],
where error correction is possible, but not perfect. Experiments must continue
to be designed to tolerate imperfections, and classical post-processing must
be exploited to make efficient use of limited gate and qubit counts. This
also requires continued development of reliable error mitigation techniques
to overcome residual bias and deliver accurate results. Initial experimental
demonstrations of quantum error correction [1, 2, 4] and logical gates [3] have
already made progress into early fault-tolerance, alongside early theoretical
works outlining what is possible within this era [54, 56-61, 64, 67, 71, 72, 78,
92, 99, 170-172].

A natural target for early-fault-tolerant quantum computing is quantum
phase estimation (QPE). This is a foundational computational task that
underpins many applications in quantum simulation [43, 46, 88, 90, 94, 246],
and more broadly in quantum information processing [11, 133]. QPE targets
estimating the eigenvalue e’ of a unitary U! given access to a circuit
implementing U (or a controlled version thereof) and an initial state |¢) that
overlaps with the eigenstate |¢g). To perform phase estimation, one can use
the Hadamard test [55, 57, 61, 75] or other methods [225, 247] to estimate
(U*), and process this classically at multiple points & to infer the spectrum
of U. Alternatively, one can coherently accumulate phase on a multi-qubit
quantum register, and perform the quantum Fourier transform, which samples
from a distribution that is peaked around the eigenphases of U [29, 88, 248].
It is possible to interpolate between these two methods [76, 132, 134], which

n practice, most applications target a specific eigenvalue Eo of a Hamiltonian H and
implement unitaries e.g. U = e~ *H? (Trotter-based) or U = e’ arccos(H/A) (Qubitization-
based) with t=1, X\ > || H|.
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becomes relevant in the early-fault-tolerant setting where arbitrarily long
circuit depths cannot be afforded. A third method uses quantum signal
processing (QSP) circuits to implement block-encodings of some function
of the Hamiltonian f(H — 1z), which allows sampling from a distribution
similarly peaked around eigenphases of U [56, 60, 112, 135, 145].

The classical post-processing of any of the above methods is a crucial piece of
an early-FT QPE algorithm. One must compensate here for both the presence
of experimental noise and imperfect state preparation (ag := | {(¢o|t)) | < 1),
which can otherwise bias the estimation of ¢g. Significant recent work has
gone into optimizing Hadamard-test-based QPE in the presence of imperfect
state preparation, using matrix pencil [75, 136], cumulative distribution
function [57, 59|, and maximum likelihood methods [61, 62, 73]. These
methods have been shown in some cases to be robust to small amounts of
noise [74, 99, 190], and can be error mitigated using standard techniques [50]
due to their intermediate estimation of expectation values (|e?H¢|¢p). The
same is not true for QFT-based or QSP-based QPE algorithms, as these do not
work with expectation values. In previous work [76], we demonstrated that
QFT-based QPE algorithms could be adapted to handle global depolarizing
and circuit-level noise, but under the assumption of access to a perfect
eigenstate. (This used a maximum-likelihood framework that is immediately
extensible to QSP-based QPE methods.) Separately, Ref. [134] constructed
a bias-free estimator for QFT-based QPE with imperfect initial states, but
in the absence of noise. This leaves a gap in the literature to combine both
sources of imperfection.

IV.1.1. Summary of key results

In this work, we consider the classical task of learning an eigenphase ¢ of a
unitary from phase estimation data generated by a quantum computer. We
consider quantum phase estimation methods that sample from a distribution
p(x) peaked around & = ¢. In the presence of multiple eigenstates and
experimental noise, this distribution becomes distorted and difficult to model;
we set ourselves the task of optimally inferring a target phase ¢ given samples
from a distribution p with this distortion present. (We are concerned in this
work in the case where experimental noise is large enough that one cannot
afford the circuit depths required to purify the state and estimate phases at
the Heisenberg limit, and must instead run short QPE circuits and repeatedly
sample from this distribution p(z).) We focus on the situation where ¢q is
isolated within a region D, which allows us to bound the contributions from
spurious eigenvalues ¢;.o. The key contribution of this work is to optimize the
classical post-processing of samples from the distribution p in this situation
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Definition IV.1 (Def. IV.8, informal)

Fizx a unitary U, and assume that there exists a known region D containing a
single target eigenphase ¢o. Let p(x) be the output distribution from a phase
estimation routine for U on a quantum computer. The classical task of phase
estimation is, given M samples from p(x), to construct an estimator gzgo of
¢o. The performance of this estimator is measured by the bias

b= E[g[a]|x ~ p(z)] — ¢o (IV.1)

and variance
& = E[(3la] - 6o — b)2le ~ p()] (Iv.2)

(In Sec. IV.3.1 and Sec. IV.3.2 we explain how samples from p(z) can be
efficiently generated by a quantum computer.)

The above definition shifts the problem of near-term phase estimation to
the slightly more abstract problem of extracting features of data drawn from
a complex distribution. In Sec. IV.4.1 we solve this task by filtering out only
the data that lies in D (yielding a filtered distribution P), and fitting this
data with a parametrized model Q(x|¢) that ignores all eigenphases other
than ¢p. This fitting procedure is known (among other names) as moment
projection [249-251], so we call the resulting estimator the “moment projection
phase estimator”. We propagate the error in the simplifying assumption
P(z € D) = Q(x|¢o) to an error in the estimation of our phase:

Lemma IV.1 (Lemma IV .4, informal)

Assume U is a unitary with single eigenphase ¢q in a known interval D. Let P
be an output distribution from a phase estimation circuit of U confined to the
interval D, and let Q(x|¢p) be a model distribution parametrized by ¢ € Dy C R.
Given M samples {z;} from P, define the moment projection estimator as the
choice of ¢ that maximizes the likelihood I(¢|{z;}) = Zj;xjeD Q(zjlp). To
lowest order in the model error h(x) = Q(z|do) — P(x), in the M — oo limit
this has variance €2 = Ty "M~ +O(||h||1), and bias b = ||h|[iZy S+ O(||h|1?),
where S = max,ep[0g log Q(z|d)]p=g, is the mazimum of the score, and Ly
is the Fisher information of Q(x|¢) at ¢ = ¢p.

The moment projection estimator defined above is able to reliably estimate
a single phase in the presence of spurious neighbours, but only in the absence
of experimental noise. To consider a more realistic setting, we follow the unbi-
asing procedure of Ref. [76]. This samples from a quasiprobability distribution
as in PEC, but performs likelihood estimation instead of expectation value
estimation on the output. This requires regularizing the likelihood function,
as the quasiprobability samples often have large negative (i.e. highly unlikely)
values that only slowly average out. However, naive regularization of the
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moment projection estimator introduces a large bias. We solve this by adding
the regularization term to the distribution P itself (this is the same as adding
a small amount of global depolarizing noise)

Theorem IV.1 (Theorem IV .4, informal)

Assume U is a unitary with single eigenphase ¢g in a known interval D, and
fix a regularization constant ¢ > 0. Let P be the output distribution from
a phase estimation circuit of U confined to the interval D, let Q(x|¢p) be a
model distribution parametrized by ¢ € D, and let Q.(x;|¢) = Q(x|¢p) + ¢ be
the regularized (non-normalized) model distribution. Assume the ability to
write down a quasiprobability distribution

Z a.P, =P, (IV.3)

and sample from the distributions P, using a noisy quantum device. Given
M samples {x;} from the P, distributed with probability o, /||c||1, define the
Noise-unbiased moment projection Estimator (NME) of ¢g as the value that
maximises the quasi-likelihood

el 3 |
(ol 0;)) = St S sen(on, ) 0BlQuay )] + ¢ [ do loglQu(alo)]

(IV.4)
To lowest order in the error h(x) = P(x) — Q(z|do), the NME has bias
|h|1S:. Z 1 + O(||h]|2) and variance ||o||?e? = S2Z2 + O(||h||1), where S. =
maxgep|0y log Qc(x|P)]p=g, s the mazimum of the score, and I, is the Fisher

information of Qc(z;|¢) at ¢ = ¢o.

The results thus far are completely general and hold for any type of dis-
tribution that could be generated when performing phase estimation on a
quantum computer. To obtain analytic resource requirements, we explicitly
calculate the above bounds for a model with a Gaussian model distribution
Q(z|¢) ~ e=(@=9)°/20" "and a linear combination of Gaussians for the true
distribution P(z). (We show how this distribution can be generated using
phase estimation in Lemma IV.2 following [141].) We then make connection
to the wider phase estimation literature by replacing our promise interval
with an initial guess of ¢g and a promise of a gap A to other eigenvalues, and
obtain the following result for the number of calls to the (controlled) unitary
U.

Theorem IV.2 (Theorem IV.5)
Let U be a unitary with spectral gap A around a target state ¢o (Vj>0|d;—do| >
A). Assume oracle access to a controlled version of U, and an initial state
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[¢) such that | (¢o|b) | > n. Further assume an initial estimate ¢guess of do
such that |¢o — Gguess| < A/3. Then, one can produce an estimate é of do
with RMS error € using M = O(n~*t"2¢=2) samples of a phase estimation
circuit, where each circuit requires t = QA log™Y2(Ae ™)) calls to the
unitary U, and the total number of calls T = O(n~1t~1e=2).

In the absence of any noise, Theorem IV.2 recovers the Heisenberg limit
when t ~ e~ 1. To go beyond the noiseless assumption, in Sec. IV.4.5 we
consider moment projection in the case where a circuit is affected by global
depolarizing noise. This corresponds to a uniform probability distribution,
and the optimal mitigation strategy is to simply incorporate the noise into
our model function Q(x|¢). This yields a similar theorem to the above, but

with an additional noise cost.

Theorem IV.3 (Theorem IV.7, informal)

Let U be a unitary with spectral gap A around a target state ¢o (Vjsold; —
dol > A). Assume oracle access to a controlled version of U with global
depolarizing noise e~ per call, and an initial state |) such that | (po|) | = ag.
Further assume an initial estimate @guess of ¢o such that |po — Pguess| < A/3.
Then, one can produce an estimate ¢ of ¢o with RMS error ¢ using M =
O(aalt_26_2) samples of a noisy phase estimation circuit, where each circuit
requires t = QAT H(yA™! +log(ag 'e1))) calls to the unitary U. The total
number of calls to U to execute the algorithm is T = O(e_Qt_le_QVtagz).
Minimizing T as a function of t at fized v yields a cost T = @(’)/6_2(152).

In Sec. IV.5 we test our estimators numerically in the presence of local
depolarizing noise, on a toy phase estimation problem of a 4-qubit Ising
model with up to 10 ancilla qubits. Beyond confirming our analytic results,
this provides a clear implementation for the phase estimation practitioner
that wishes to use these estimators. We observe that the moment projection
estimator assuming global depolarizing noise performs surprisingly well, and
often outperforms explicit unbiasing especially at low values of M. This
is because the difference in output distribution between local and global
depolarizing noise is not so large, and fitting the functional form of the noise
will always be preferable to cancelling it via a quasiprobability distribution.
This suggests future improvements to the NME via better modelling of the
noisy distribution may yet be achievable.

IV.2. Definitions

In this section we define the phase estimation problem that we will focus on
solving in this work (Def. IV.8). This splits phase estimation as a whole into
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quantum and classical subroutines [75], which in our case interface via the
distribution that a the quantum computer provides samples from Def. IV.3.
(We defer the discussion of how these samples are obtained to Section IV.3.)
We modify this distribution in Def. IV.5 by adding noise, and in Def. IV.7 by
filtering (via rejection) to an interval, and in Def. IV .4 give a specific Gaussian
example (which we will use throughout this work).

Quantum phase estimation takes as input a unitary U and initial state |¢).
The output of QPE depends on the decomposition of this state |¢) in the
eigenbasis of U.

Definition IV.2 (Spectral distribution)
Let U be a unitary operator with eigenbasis U|¢p;) = €'%i|p;), ¢; € [0,2m).
The spectral distribution of a state |b) in the eigenbasis of U is the function

a@)( = avjp @) =D adla =0, ay=[GWA (V5)

The normalization of the state |¢)) ensures that a(x) is a normalized proba-
bility distribution:

| atris = lgstone = 1. v.o)

In this work, we consider variants of QPE which use a quantum computer to
provide samples from a distribution approximating a(x). Perfectly sampling
from a(z) is in general not possible; instead, one typically approximates the
delta functions d(xz — ¢;) in Eq. (IV.5) by convolving with a so-called kernel
function f(z) =~ 6(z — ¢,)

Definition IV.3 (Kernel function)
A kernel function is a non-negative normalized function f :[0,27) — [0, 00);
fjﬂ f(z)dx = 1. Given such a function, the smoothed spectral distribution of
a state ) in the eigenbasis of U is

[f *al(z) :== Zajf(x — ;) (IV.7)

where a(x) is the spectral distribution (Def. IV.2).

Various kernel functions have been explored in the quantum phase estima-
tion literature, in particular the Fejer kernel [29], sine window [43, 76, 129],
cosine taper [140], DPSS taper [252], the Kaiser window [142], and the Gaus-
sian kernel [56, 134, 141]. In this work we focus on Gaussian kernels due to
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their ease of manipulation, but our techniques can be readily adapted to any
kernel function with exponentially-decaying tails and controllable width.

Definition IV.4 (Gaussian kernel function)

A Gaussian kernel function of width o > 0 and precision § > 0 is a kernel
function f,(x) for which approximates a Gaussian in the interval (—m,m)
such that

—z%/20°

sup | fo() ‘

- |<s V8
z€(—m,m) f_ﬂ. e~z%/20%dy, ( )

The Gaussian kernel function f,(x) can be constructed by polynomial
approximation, with only a logarithmic overhead in the approximation preci-
sion [56]. We will ignore the details of this approximation in this work, and
assume f, oc e~ /207,

In the absence of noise, the quantum computer targets sampling from a
smoothed spectral distribution [f * ay|4]. The circuits required for this
distribution typically have a depth proportional to the inverse of width o of
the kernel f (which is a consequence of the no-fast-forward theorem [151]).
This becomes more complicated in an early fault-tolerant or NISQ setting.
Under a stochastic noise model (where noise is treated as a series of discrete
events that either occur or do not), the noisy probability distribution can be
rewritten as a convex combination of the noiseless distribution a(x) and a
distribution u(x) of all cases where a noise event happened, weighted by the
fidelity F' € (0,1):

Definition IV.5 (Noisy distribution)

Let U be a unitary, |¢) be a state, and f be a kernel function (Def. IV.3). In
the presence of stochastic noise, let F' be the circuit fidelity (the probability of
no noise event occuring), and let u(x) : [0,27) — [0,00) be the distribution
sampled from the quantum computer in the event that at least one noise event
occurs. The noisy distribution is then the function

p(x) = F-[fxa](z)+ (1 - F) - u(z), (IV.9)

where [f * a](x) is the distribution of |¢) in the eigenbasis of U with kernel
function f in the absence of noise (Def. IV.3).

Typically the circuit fidelity F' is exponentially small in the circuit depth
T. As we expect T o< o~!, one can assume a form F = e~/ for some
decoherence rate . Optimizing QPE in the presence of noise trades thus
requires trading between deep circuits with small o (making estimation easier),
and shallow circuits with large F' [76].

The classical subroutine of a QPE algorithm takes the samples output from
the quantum subroutine, and processes them to recover information about
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Figure IV.1.:  Schematic plot illustrating the construction of the signal

distribution of a filtered QPE experiment. (Top left) A unitary operator U
and initial state |¢) define the spectral distribution a(z) in Def. IV.2 — a sum
of Dirac deltas centered at the eigenphases ¢; of U with amplitudes a;. (Top
right) We define a kernel function f(x) (Def. IV.3), with a shape and width
o depending on the details of the circuit. (Bottom left) The QPE circuits
can sample from a distribution obtaining by convolution of a and f — the
distribution in Def. IV.3, shown by the dashed black line. (The colored lines
indicate the contributions of each eigenphase ¢; to the total distribution.)
The filtering procedure discards all samples outside of a filtering region D,
which is chosen assuming that the phase of interest ¢g is within the interval
(farther than an inner buffer distance ¢ from the interval edges) and all other
phases are outside the interval (farther than an outer buffer distance d from
the interval edges) — see Def. IV.6. The unnormalized distribution of filtered
outcomes in the absence of noise is highlighted in blue. (Bottom right)
Adding noise to the distribution f * a yields the distribution p(z) (Def. IV.5).
Normalizing this distribution within the filtering interval D we obtain the
filtered noisy distribution P(z) (Def. IV.7).
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the phases {¢;}. In this work we consider the estimation of a specific single
phase, ¢g, which is identified by the promise of a region D in which it alone
exists. This is in contrast to methods which attempt to estimate all phases
in the problem simultaneously [62, 73, 75, 136], or to estimate a discretized
form of the spectral distribution a(z) itself [138], or to prepare the ground
state itself [112, 135]. In practice, this promise is a reasonable assumption
for e.g. the ground state energy of a gapped Hamiltonian, where D could be
estimated via classical means or a lower-cost QPE method.

Definition IV.6 (Promise interval)

Let U be a unitary with eigendecomposition U|p;) = e'%i|¢;), ¢; € [0,27). A
promise interval D for an eigenphase ¢g with inner buffer ¢ and outer buffer
d is a connected ? subset of [d, 27 — d) centred around Gguess that satisfies the
following two properties:

D D
1. QSO S [(bguess - ‘27| + C, (bguess + ‘27| - C]

2. v.] 7é 07 ¢j ¢ [¢guess - ll;‘ - d7 ¢guess + ‘QQ + d]

In words, we require a buffer zone of width ¢ + d around the edges of D,
such that no phases lie within this buffer. The existence of a promise interval
D with inner buffer ¢ and outer buffer d implies a gap A > ¢+ d between
¢o and any other phase, and a promise interval can always be constructed
given an e-accurate estimate of ¢ (i.e. ¢ — Pguess| < €) and the promise of a
gap A > 2¢ + ¢ + d (choosing a promise interval of size |D| = 2¢ + 2¢). For
simplicity, in this work we will fix the inner buffer size ¢ = % as a fraction
of the interval width |D].

To use the promise interval D to optimize our estimation of ¢g, we will filter
the noisy distribution p(x) to lie within D only. This yields a new distribution,
that can be sampled from by sampling from p(z) and rejecting samples from
outside D:

Definition IV.7 (Filtered noisy distribution)

Let p(x) be a noisy distribution (Def. IV.5) for unitary U, state |¢), kernel
function f and fidelity F', and let D C [0,27). The filtered noisy distribution
P(x) is the normalized distribution with support on D defined as

2B g ep
P(z) = { Jor@)de

: (IV.10)
P(x)=0 xz¢0D

2To avoid unnecessary complications, we do not consider promise intervals that wrap
around the circle. In the case where this would occur (i.e. if ¢¢ is near 0 or 27), one
can trivially shift all phases by a constant to yield a connected promise interval D.
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Given oracular access to some filtered noisy distribution P(z), we measure
the performance of our classical estimation of ¢y by bounding the bias and
standard deviation of the constructed estimator ¢o. This is a common metric
used in the quantum metrology community [129, 144]. It differs slightly from
the confidence interval formalism commonly used in computer science [29],
however the two can be related to each other with at most a logarithmic
overhead in the error probability through Chebyshev’s inequality. We are now
ready to state the phase estimation problem considered in this work.

Definition IV.8 (Classical and quantum subroutines of QPE)

Let P be a filtered noisy distribution (Def. IV.7) for given U, |, f, F, D;
and assume D is a promise interval (Def. IV.6) for ¢o, with buffers ¢ and d.
The classical subroutine of the quantum phase estimation algorithm, given M
samples from P, constructs an estimator ¢ for ¢o, with bias

b= E[d[e]le ~ P(a)] - do (1v.11)

and vartance
& = E[(dlz] — do — b)?|z ~ P(a) (1v.12)

The quantum subroutine of a QPFE algorithm is to generate samples from the
distribution P(z) given D, f, F, a circuit implementation of U, and copies

of 1)

In this work, for the sake of recovering simpler constant factors and making
the proofs clearer, we restrict to a version of the above problem, but with the
distribution p(x) fixed to be a Gaussian:

Definition IV.9 (Classical QPE subroutine with Gaussian kernels)
Def. IV.8 with f = f, Gaussian kernel function with variance o® and § = 0,
and inner buffer ¢ = |D|/6.

The techniques used in our proofs easily extend to smaller inner buffers
and any kernel function that vanishes exponentially in z/o [i.e. f,(z) ~

0 (ﬁ)], but the resulting expressions for bias and variance will have
p(z/0)
different constant factors.

IV.3. Background

Due to its BQP-completeness [137] and use as a subroutine in various quantum
algorithms [11, 88, 133], much prior work has focused on optimizing phase
estimation in various settings. In this section, we describe the various methods
for constructing the quantum subroutine for quantum phase estimation,
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followed by a review of the state of the art in constructing the classical
subroutine (following our division of QPE into two subroutines in Def. IV.8).

A large body of work exists on quantum phase estimation that has a different
quantum-classical interface to the one considered in this work, namely single-
control QPE and related methods [57, 74, 75, 246]. These methods still
have a well-defined split into quantum and classical subroutines, but here
the quantum computer provides estimates of expectation values (|e?t|1))
instead of samples from a smoothed spectral distribution f % a(z) (Def. IV.3).
This allows these methods to access standard error mitigation techniques for
expectation values [50]. However, it was shown in Ref. [132] that single control
methods converge slower in estimation in the absence of noise. Furthermore,
the ability to filter noisy data (as studied in this work) allows phase estimation
to tolerate higher levels of noise, analogous to the difference in fidelity cost
between postselection and rescaling [76]. Thus, extending error mitigation
techniques from single-control to QFT-based and QSP-based methods is
clearly of relevance for early-fault-tolerant phase estimation.

I1V.3.1. QFT-based phase estimation

Quantum phase estimation was first studied as a subroutine in Shor’s factoring

algorithm [11]. Here, the quantum algorithm uses application of U* controlled

on the kth basis state of a control register prepared in some initial state
f_}l b |k), to generate

K—

,_.

K—-1
(cx = U) Y blk)|w) = D> braje™i(k)|¢;). (IV.13)
k=0 J

k=0

Here, (cx — U) = @} (|k)(k| ® U*) is the unitary U controlled by the
entire quantum register. The algorithm proceeds by performing the quantum
Fourier transform on the control register, and reading out the result. The
cost of executing a single shot of cx — U is proportional to the maximum
number of calls K to the unitary; for Shor’s algorithm this is logarithmic,
however in quantum simulation this is bounded below by the no-fast-forward
theorem [151] to be worst-case linear in K.

A large body of work in phase estimation has focused on the optimization
of the control register state. Originally, the b, values were chosen to be
a uniform superposition across K = 2" qubits (by = 27"=) [216], which
was popularized as the ‘textbook phase estimation’ due to its appearance
in Ref. [29]. Following the quantum Fourier transform, measurement in the
computational basis sample bitstrings Z from a convolution of the spectral
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function with a Fejer kernel as kernel function

~ 2m Fejer 27T~ ~
p(QPEA)(;E) = ;aj? I(( jer) (Kx_(bj) , z€{0,1,...,K —1},

(IV.14)
2T (Feior 1 1—cos(Kx
R0 = G ) (9
Textbook phase estimation has the advantage of having simple state prepara-
tion, and yielding exact eigenvalues given the promise that 2™*¢;/(27) € N.
However, the Fejer kernel has a suboptimal width o (as a function of K);
o ~ K12 as ¢! = O(c~!), this implies that a classical estimator
constructed from this data cannot achieve the Heisenberg limit (variance
€2 ~ K~2). Refs. [131] improved on this by careful choice of the control
state amplitudes cg, such that the resulting kernel functions achieved tighter
widths 0. Namely, Ref. [94, 129] uses a sine kernel to achieve an optimal
standard deviation, while Ref. [127, 142] uses a Kaiser window to achieve
optimal confidence-probability bounds. Gaussian kernels are also considered
in Refs. [134, 141], as they allow for easy analysis when multiple samples
are involved. Circuit constructions for sine states and Kaiser window states
are known [94, 142]. More generally, as the cost of phase estimation for
non-fast-forwardable unitaries grows linearly in the control register Hilbert
space size, constructing even arbitrary control initial states should not be a
significant factor in the overall cost of phase estimation.

In their standard definition, QFT-based QPE algorithms sample discrete
variables. However these can be easily be adapted to the continuous description
of the distributions we gave in Defs. IV.3, IV.5 and IV.7 through the random-
phase technique [253, 254]. This technique consists in classically sampling
a phase ¢ef uniformly at random in the interval [0, 27) before every circuit
run, and implementing the QPE circuit on the modified unitary e'®=fU (this
implies a very small additive overhead, logarithmic in the precision of the
classical variable). The reference phase is then added the output of the
quantum circuit, yielding a random variable z = 2?”50 — e With continuous
support in [0, 27). For instance, the resulting distribution for textbook QPE
becomes

POV - Y0 (o6, se2n, (VG
J
(Fejer)( ) 1 1—cos(Kx)

K VT oK 1 —cos(z) (IV.17)
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More generally, if the circuit samples bitstrings z € 0,1,..., K — 1 with
probability p(Z) = 3_; a; 2% f(32& — ¢;) for some kernel functlon f, then the

random phase technique will modify this to p(Z|¢rer) = 3_; a; Z (25— (¢;+
¢ref)) and yield samples x € [0, 27) distributed as

21
p / d¢ref |¢ref) (l‘ - (i—?x - d)ref))

=0
[ dfer2 )
= 2 A 27Tf [7; Z J.f ( T — (QSJ +¢ref)> (.’L’ — ([? d)ref))
K—-1
:%Z a; f (@ Z%f (z —¢;) = (ax f)(z). (IV.18)
=0 j

To sample from p(z) with a Gaussian kernel function of width o (Def. IV.4),
we must prepare the QPE control register in a quantum state Zngol bi|k)
whose computational basis amplitudes by, approximate a Gaussian distribution.
The random phase technique (Eq. (IV.18)) then smoothens out the discrete
measurement grid, allowing us to sample from the (continuous) convolved
distribution fxa(x) (Def. IV.3). We can bound the Gaussian tails to precision
6 by exploiting the Fourier duality of the discrete sampling errors analysed in
[141]. This requires a register dimension (and thus maximum evolution time)
scaling as K = O(c71y/log(61)). Neglecting the one-off cost of preparing
the state on the n = log,(K) control qubits (which is subdominant to the
cost of applying the K controlled unitaries), we obtain the following result as
a direct consequence of Ref. [141], Theorem16:

Lemma IV.2 (Gaussian kernel synthesis)
One can prepare the window state and sample from the continuous phase
distribution p(x) of a Gaussian kernel function f, (Def. IV.4) to precision

0 > 0 using a preparation circuit of depth O (0’1 log(5—1)>.

In the presence of noise this distribution will change as per Def. IV.5. In
order to get to the filtered distribution of Def. IV.7, we neglect the samples
that lie outside of the given promise interval D. To obtain M samples from
the filtered distribution P, we need to run the quantum subroutine M’ > M
times, yielding an average sample overhead E[M']/M =1/ [, p(x). For kernel
functions with fast decaying tails, such as the Gaussian kernel f, (Def. IV.4),
this overhead is approximately ay 1. We will discuss this more in detail in
section IV.4.3.

In the absence of noise, and given an initial eigenstate |¢)) = |¢g), the
optimal strategy for phase estimation involves a single-shot readout of an
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estimate of ¢ from the control register [29]. This renders complicated classical
post-processing unnecessary, as one cannot optimize further over a single
estimate. As a mixed state can be purified to the ground state using a
circuit of depth aal/zA*I [112, 135](with A the gap to the first excited
state), less focus has been traditionally given to the classical QPE subroutine.
However, in the presence of noise, one cannot afford the depth of such circuits,.
In Ref. [134], QFT-based phase estimation was studied in the absence of
noise, using a mean estimator on a subset of lowest-energy outcomes. This
yielded a bound on the cost of estimation of circuit depth 7'= O(1/A) and
number of repetitions M = O(1/e?). In Ref. [76], we studied QFT-based
phase estimation of an eigenstate in the presence of general noise and global
depolarizing noise, finding that optimal phase estimation occurs at circuit
fidelities ~ 1/e ~ 30%. However, no works have yet studied the realistic phase
estimation context, with non-eigenstate starting states and noise.

IV.3.2. QSP-based phase estimation

Recently a new class of algorithms to estimate eigenvalues emerged, which use
a completely different quantum subroutine from the QFT-based or Hadamard-
test-based QPE algorithms [60, 145, 255]. Given a target unitary U, these
algorithms rely on variants of quantum signal processing [114, 159, 256] to
construct block-encodings of polynomial functions h(U):

Wi = [h@ :} . (0| Wi, |0) = R(U), (IV.19)

with |h(e®)| < 1V¢ € [0,27). Applying Wy on |0) [¢) and measuring the
control qubit will yield O with probability

P v = (W1OI W 4 [0X0| W0 0) [9) = (| AT (U)R(U) [¢),  (IV.20)

and 1 otherwise. Sampling from these binary-test circuits with an
appropriately-chosen set of functions {h} allows to extract information about
the phases of U.

Following the approach of [56], we aim to reconstruct the smoothed spectral
distribution f * a(z) of Def. IV.3 with kernel f by choosing a set of h, such
that hy(e'?) = \/f(z — )/ maxy \/f(¢), with = taking values in the interval
[0,27). The sample probability p(])c(w_qb),U,w will be proportional to f * a(z):

0
Pho U = max¢f Za]f (Iv.21)
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Given access to these binary samples with probabilities, we can obtain M
samples from the smoothed spectral distribution [f * a](x) through rejection
sampling, with the following steps: (1) sample = at random in [0, 27), (2) run
the binary-test circuit with h = h,; if the outcome is 0 accept the sample =
(with probability p?Lw,U’w) and (3) repeat from 1 until M samples are accepted.
We call M’ the total number of repetitions, i.e. the total number of quantum
circuits ran in order to obtain M accepted samples. The sampling overhead
is equal to the inverse of the expected acceptance probability

7 27 -1
E[M] = [1/0 p%muwdx} =27 mqbax f(®). (IV.22)

M 2

In this setting, we can naturally implement filtering (Def. IV.7) by changing
step (1) of rejection sampling, choosing x uniformly at random in D rather
than in [0, 27). The sampling overhead is then reduced to

E(M] [ 1 ' D] maxy f(9)
M Lm/ Phew wd‘””] AT (1v.23)

In the case of a Gaussian kernel function f, (Def. IV.4), the maxi-

mal value max¢f = f:r _7”2/2‘72dﬂc)_1 is proportional to ¢~!, while

fD fxal(x)dx 720, ao because only ¢ is in the promise interval. The sam-

pling overhead is o< ay '~ |D|, with an additional factor of o—!|D| comparing
to the QFT-based method.

In a pre-print version of [56], the authors proposed an algorithm (Algorithm
2 in [255]) to estimate ¢ using samples from a (filtered) Gaussian distribution
(Def. IV.4). The authors generated data {z;} for this using the QSP-based
circuits described in this section, and constructed a classical estimator by
taking an average of the accepted samples; ¢ = (7;)2;ep. This algorithm
further uses an adaptive choice of the interval D and Gaussian width o to
achieve arbitrarily low bias. Throughout this work we will use the mean
estimator suggested here without these adaptive updates as an estimator to
compare our results to.

Relative to the QFT-based implementation, QSP-based phase estimation
techniques carry an additional sampling overhead of o~*|D|. In principle
this could be reduced by an adaptive choice of D, and QSP-based circuits
have lower requirements for ancilla qubits (1 as opposed to O(c~1)). For
simplicity we do not consider the overhead from the QSP scheme (nor do we
consider adaptive updates of D) further in this work. However, the estimators
designed in this work can be applied immediately to samples generated by
the QSP-based rejection-sampling scheme above.
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IV.4. Results

In this work, we construct a classical estimator for QPE (the “filtered moment
projection phase estimator”) in two steps. The key idea here is that a sample
from the smoothed spectral distribution that falls within the filtering interval
is, with high likelihood, caused by the eigenvalue of interest ¢y. Thus, we
can fit the samples from the filtered distribution P(x) [Def. IV.7] with a
simple model Q(z|¢) that consider a single eigenvalue ¢. The small amount of
samples due to eigenvalues other than ¢q (i.e. spurious phases), will however
produce a small amount of bias in the resulting estimator. We bound both the
bias and the variance of the resulting estimator. We calculate these bounds in
Sec. IV.4.1 for a generic moment projection estimator, under the assumption
that P(x) is close to Q(z|¢g), but without assuming any specific form for
P(z) and Q(z|9).

In practice, the effect of noise on the outcome distribution is far more
complex than global depolarizing noise, and can’t be modelled with an explicit
functional form. Instead, we can mitigate the noise using explicit unbiasing,
a method we developed in previous work [76]. In section IV.4.2 we show that
the moment projection estimator also works with explicit unbiasing.

To calculate the scaling of these bounds with quantities like the cost of
execution on a quantum device, we must first fix a family of parametrized
distributions. We achieve this by ignoring all phases except for the target
phase ¢q, after which a distribution naturally occurs from the chosen kernel
function (Def. IV.3) that we sample data from. In Sec. IV.4.4 and Sec. IV.4.5
we focus on a Gaussian kernel (Def. IV.4) in the case of no noise and global
depolarizing noise respectively. In Lemma IV.7 and Lemma IV.8, we estimate
the first-order constant factor terms for both cases, and in Theorem IV.5 and
Theorem IV.7), we propagate this to costs in a standard phase estimation
model.

IV.4.1. Moment projection estimator

When a stochastic phenomenon producing samples = ~ P(z) can be modelled
exactly with a parametrized distribution — i.e. there exists Q(z|¢) which
matches the true distribution Q(z|¢g) = P(z) for some true value of the
parameter ¢ = ¢y — the asymptotically optimal estimator for ¢g is obtained
by likelihood maximisation. In quantum phase estimation, this is the case if
we are promised the initial state is the eigenstate |¢)) = |¢o), thus the spectral
distribution a(x) = d(x — ¢o). Under the knowledge of the noise distribution
u(z) we can then fully model the distribution p(z) (Def. IV.5) by

q(xl¢) = Ff(x — ¢) + (1 — Flu(z) (IV.24)
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We explored this setting in a previous work [76], further relaxing the as-
sumption that u(z) is known and defining an explicitly-unbiased maximum-
likelihood estimator based on probabilistic error cancellation circuits.

To extend these techniques to the case of a more complicated spectral
distribution, we propose to give up exactly modelling P(x). Instead, we fit
the same single-phase model Q(z|¢$) to P(z) only within a promise interval D
(Def. IV.6), where we know that f(x — ¢g) is the main contributor to P(z).
The estimator we choose is the maximiser of the likelihood of the model
Q(z|¢). However, as we do not expect Q(x|¢o) = P(x) exactly this is not a
canonical mazimum-likelihood estimator. Instead, this estimator is known in
information geometry [249] and machine learning [250] as moment projection,
M-projection or reverse-KL minimization [251]. These names derive from the
observation that Q(z|¢o) is an orthogonal projection P(z) onto the manifold
defined by Q(z|¢), in a geometry defined by the reverse Kullback-Leibler
(KL) divergence Dkr,(P(2)||Q(z]¢)) = [ P(x)log %dx. We use the term
“moment projection” going forward

Definition IV.10 (Moment projection estimator)

Let Q(z|¢) be a model distribution parametrized by ¢ € Dy, and let
{z;}j=1,..m be M independent samples distributed according to P(x). The
moment projection estimator is defined as

¢ = argmax {(p|{z;}) (IV.25)
$ED,
(ol{ah) = 57 Y 1og Qe,10) (1v.26)

We want to apply this estimator to the case where P = Q(z|¢o) + h(z),
with |h(z)| sufficiently small. The discrepancy between Q(z|¢g) and P(z) will
result in a bias in the estimator ¢ of ¢g, i.e. ¢* := lims_ o0 E[@] # ¢o. We
want to study this in the M — oo limit; let us first obtain functional forms
for ¢* and the variance €2/M of the M-projection estimator for an arbitrary
family of distributions Q(z|¢).

Lemma IV.3 (Asymptotic distribution of the moment projection estimator)
Let Q(x|¢) be a model distribution on D parametrized by ¢ € Dy C R. Let ¢ be
the moment projection estimator defined in Def. IV.10, using M independent
samples © € D drawn according to P. Assume that log Q(z|p) is twice
continuously differentiable in ¢, that the expectations of its first and second
derivatives exist under P, and that the minimizer of Dk, (P(2)||Q(z|®)) is
unique and lies in the interior of Dy. Then, in the limit M — oo, the estimator
is asymptotically Gaussian: the random variable \/M((ES — @*) converges in
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distribution to N'(0,€*), where
¢* = argmin Dy, (P(x)]|Q(z]¢)) = arg max/ dz P(z)[log Q(x|®)],
¢ é D

(IV.27)

2 Jp dz P(z)[(0g log Q(z[¢*))?] . (IV.28)

(Jp dr P)[02 08 Q(al")])

This result is a relatively standard application of the central limit theorem:;
we prove this for completeness in App. IV.A.

The main result of this section is a bound on the closeness of the mean ¢*
and variance o of the moment projection estimator in the case where P(x) =
Q(x|do) + h(x) for some “target” ¢o, with ||hly = [ |h(z)|dz sufficiently
small. In the phase estimation case, ¢g is the underlying phase we are trying
to estimate, and the bias ¢* — ¢¢ # 0 emerges from our incomplete modelling
of the target distribution P(z) # Q(x|¢o) [Def. IV.7]. The resulting bias can
be bounded proportionally to the norm of the model error ||k||, whilst the
variance can be linked back to the Fisher information of Q(z|¢o).

Lemma IV.4 (Moment projection estimator for distributions close to the
model)
Under the same assumptions as in Lemma IV.3, let ¢g be a hidden target
parameter such that

P(z) = Q(xldo) + h(a), (1v.29)

where the deviation h is small in the 1-norm
Il = [ Ihie)lde. (1V.30)
D

Assume furthermore that 3§)DKL(P(Q:)||Q($|¢>)) > 0 for ¢ € [¢*, ¢o]. Then
the asymptotic bias b and variance €2/M in Lemma IV.3 satisfy

Jp dz ()[04 10g Q(x|9)] g0

b - vo(nl)  avay
0
maxzep|0p 1og Q(x|9)]p=¢,
< oy e B QUloes o), vz
1
& = 2 +O(kl) (v.33)
0
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where

T, = /D dz Q(z]¢0) [0, log Q(]6)2_,, (1V.34)
is the Fisher information of Q(x|do).

We prove this lemma in appendix IV.A.
In practice, the assumptions of this theorem are satisfied if Q(z|¢) is a
reasonable model for P(z). This in turn requires that:

1. Q(z|¢) is close to P in a single region around ¢g, and for values of ¢ far
from ¢¢ the distributions are very different [this ensures a well-defined
global minimum of Dky,(P(z)||Q(z|9))]

2. Q(z|¢) is smooth [this ensures that Dy, (P(x)||Q(z|¢)) is convex around
in a finite region around the optimum ¢*]

3. ||k is small enough [this ensures ¢y and ¢* are close enough, and both
contained in the convex region Dy].

IV.4.2. Explicit unbiasing for moment projection

The moment projection estimator requires a model Q(z|¢) of the output
distribution; in the case of general noise, this model is not known. One
possibility is to approximate the effect of general noise with a simplified
model, e.g. one that assumes global depolarizing noise. This will generally
result in an estimation error (bias) due to the incorrect modelling of the
noise. Though this error may not be terribly large, we desire a method
that can provably remove the bias from noise in the asymptotic resource
limit. For expectation value estimation, this is achievable via probabilistic
error cancellation (PEC) [49, 51|, which expands the target expectation
value as a linear combination of expectation values that can be estimated
on a noisy device. In Ref. [76], we extended the PEC approach to QFT-
based phase estimation, by constructing an explicitly-unbiased maximum
likelihood estimator (EUMLE). The EUMLE writes the output distribution
of the inaccesible (noiseless) QPE circuit as a quasi-probabilistic sum P(x) =
Y @aPa(x), where the P, are the output distributions of accessible (noisy)
circuits. From this, one can derive a likelihood function to optimize over,
giving an estimate of the phase that is asymptotically bias-free whenever the
noisy decomposition is correct. In this section, we extend this result to a
result that uses the full moment projection estimator.

Care needs to be taken when implementing the explicitly unbiasing proce-
dure, as sampling from the distributions P, can yield data that has near zero
probability to be sampled from Q(x|¢o). This causes any estimation of ¢g to
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be dominated by the cost of obtaining sufficient samples to cancel this effect
out; the variance of the resulting estimator becomes decoupled from the width
o of the kernel function. This was circumvented in Ref. [76] by regularization;
one adds a small spurious constant to Q(z|pg) = Q.(x|do) = Q(z|do) + c.
This works when our range of estimation covers the full circle, however here
the smaller interval D reintroduces a bias. To solve this problem, we could
consider adding a small amount of global depolarizing noise to the data itself
P — P.(x) = P+ ¢, so that this regularization term properly models the
data 3. However, this noisy distribution comes with a large variance term.
To circumvent this, instead of randomly sampling the noise, we can add the
expected contribution to the likelihood itself.

Definition IV.11 (Noise-unbiased M-Projection Estimator (NME))

Let a € R? be a vector of real coefficients and let {P,(x)}¢_, be probability
distributions on D C R. Let Q(x|@) be a model distribution parametrized by
¢ € Dy. Fiz a regularization constant ¢ > 0, and define Q.(z;]¢) = Q(z|¢)+c
Let {(z;,a;)}j=1,...m be M independent samples generated by first sampling
aj € {1,...,d} with probability P(a;) = |og,|/llcl|li, and then sampling x;
from P,,(x). The noise-unbiased moment projection estimator estimates

¢ = argmax {(o|{z;,a;}), (IV.35)
$ED,
o el |
Uz, a53) = 7 > " sgn(a,) log[Qe(x|¢) (x;)] + ¢ Ddfflog[Qc(fE|¢)]~
j=1
(IV.36)

As one might expect, the NME is not significantly different from the EUMLE
of Ref. [76], and one can derive similar results to that work.

Lemma IV.5 (Asymptotic distribution of NME)

Let Q(z|¢) be a model distribution on D parametrized by ¢ € Dy C R and
{P.(2)}e_, be sampleable distributions on D. Fiz a regularization constant
¢ >0, and define the reqularized distributions Q.(z|¢p) = Q(z|p) + ¢, P.(z) =
22:1 o P.(x) 4 c. Let ¢ be the estimator defined in Def. IV.11, using M
independent samples generated as described in Def. IV.11. Assume that
log Q.(x|¢) is twice continuously differentiable in ¢, that the expectations
of its derivatives exist under each distribution P,, and that the minimizer
of Dk (P.(2)||Qc(z|¢)) is unique and lies in the interior of Dy. Then, in
the limit M — oo, the estimator is asymptotically Gaussian: \/M(qg — 0"

3Qc(z]|¢) and Pe(x) are not normalized; we add the effect of the regularization directly
to the likelihood rather than sampling from either distribution, so normalizing these
distributions is unnecessary.
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converges in distribution to N'(0,€?), where

¢F = arg max/ dz P.(z)[log Q.(x|9)], (IV.37)
¢ D
Jp dz R(x)[04 log Qc(a:|¢)]?5:¢* .
(Jp do Po()[03 1og Qc(1)] o=

€ < laf?

(IV.38)

Here, R(x) is the marginal distribution R(z)(z) = —— ZZ:1 | | Pa().

el

Theorem IV.4 (NME for distributions close to the model)
Under the same assumptions as in Lemma IV.5, let ¢g be a hidden target
parameter such that

d
> auPu(@) = Q(z|¢0) + h(x), (IV.39)
a=1
where the deviation h is small in the 1-norm
Il = [ Ihie)lde. IV 40)
D

Assume further that aﬁDKL(P(x)HQ(J:M)) > 0 for ¢ € [¢*,¢o]. Then the
asymptotic bias b = |¢p* — ¢o| and variance €2 /M in Lemma IV.5 satisfy

maXgzep [8¢ log Q. (w|¢)]¢:¢0

b <Al = +O(||n]3), (IV.41)
zeD[0g log Q. 2_
2 < ||04H%max ep[0p OIgQQ (:E|¢)}¢,¢O +O(|h]), (IV.42)
where
7. = [ 42 Qualon) s 10g Qulalo)l . (1v.43)

is the Fisher information of Q.(x|¢o) [Fq. (IV.34)].

We prove Lemma IV.5 and Theorem IV.4 in Appendix IV.A.
While the EUMLE in Ref. [76] was compatible with PEC alone, NME is
compatible with a larger class of error mitigation methods. This is be-
cause EUMLE required the quasiprobability to exactly match the model, i.e.
EZ:1 aqPy(x) = Q(x|¢o), and therefore the quasiprobability distribution
needed to reconstruct the noiseless probability Py(x) exactly. Instead, since
NME allows for a small mismatch between the quasiprobability 22:1 oo Py ()
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and the model Q(z|¢g), it suffices to have an approximate linear decompo-
sition ZZ:1 aq Py (x) = Py(x). This can be achieved by any linear quantum
error mitigation technique, including PEC but also methods such as zero-noise
extrapolation or symmetry verification [257], which reconstruct mitigated
quantities as linear combinations of measurements from noisy circuits. This
can be treated as an additional contribution to h. The asymptotic bias in
Eq. (IV.41) will then contain contributions from both the modelling error
(the mismatch between the noiseless distribution Py and Q(x|¢o)) and the
imperfect 22:1 aq P, reconstruction of Py produced by the QEM procedure.
We can separate these contributions to the error via the triangle inequality,

d
Ih@)l = 1IY aaPal(z) — Q(z]¢0)| (IV.44)
a=1
d
< 1Y aaPa(@) = Po(@)]| + [|Po(x) — Q(x]do)|l (IV..45)

IV.4.3. Moment projection for phase estimation

In the previous section we focused on how the error in fitting a distribution
with an imperfect parametric model propagates to a bias in the estimate of the
parameter. In this section, we apply these tools to QPE. First, we prove that
the underlying sampling input (Def. IV.8) can be generated by QFT-based
QPE techniques, and that we can construct an appropriate promise interval
D under standard assumptions. Then, we define estimators for noiseless and
noisy phase estimation, to which we apply the results of the previous section.

Lemma IV.6 (Generating filtered QPE samples)

Let U be a unitary with target phase ¢o. Assume an initial guess ¢gyess Of
@0 accurate up to A/3, for A > minj;zg |¢; — ¢o|. Then, given the ability to
sample from p(x) (Def. IV.5) for U, a state |) with ground state overlap
ag > 0, and a kernel function f using t calls to a circuit implementation of U,
one can construct a promise interval D and generate M samples from P(x)
that satisfies the conditions of Def. IV.8 (i.e. one can execute the quantum
subroutine), using on average Mt/Pya calls to a circuit implementation of U,
where Py is a lower bound on the probability of accepting a sample given by

¢guess+A/2 |D|
PA:FG()/ f(.’E—QS())d.’E"‘(].—F)i
é

gues‘s_A/2 27T
A/3 |'D‘
> Fao/ fl@)de+ (1-F)— (IV .46)
—A/3 2w
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Proof. First, we will construct a promise interval that satisfies the properties
in Def. IV.6. Let D be an interval of size |D| = A centered around ¢gyess, i-€.
D = [dguess — A/2, Pguess + A/2]. By assumption |¢pg — dguess| < A/3, and
the first condition in Def. IV.6 is satisfied for an inner buffer ¢ = A/6. Using
triangle inequality, and the assumption that V;so|¢; — ¢o| > A, we have

2
|¢J - ¢Q’U«ESS| > |¢j - ¢0| - |¢0 - (bguess‘ > gA (IV47)

Therefore the second condition in Def. IV.6 is satisfied with an outer buffer
d= |¢1 - ¢gues(9| - |D‘/2 2 A/6)-

To obtain M samples within the promise interval D, we need to get M’ > M
samples from p(x). We can write probability of accepting each sample as

Paceept = F /D da [(a f D)) + (1 — F)— (IV .48)

2
17|

. v.4
o (IV.49)

= F S [ fa=s)da| +1-F)

Since f is positive, we can bound it from below by neglecting the contributions

of ¢j+0 as
D|

Paccept > Fag /D f(fE - ¢0)df£ + (1 — F)g (IV50)

Again using positivity of f, we can bound the integral in the expression above
by an integral over a subset [¢g — A/3, ¢o + A/3] C D, yielding the desired
bound. O

With Lemma IV.6 in hand, we construct estimators for phase estimation
to which fit the assumptions of Lemma IV.4. As described in Sec. IV.3, these
depend on a choice of kernel function f (Def. IV.3); we leave this free for now,
but will consider Gaussian kernels in the rest of this section (Sections IV.4.4
and IV.4.5). In the noiseless case, the probability distribution P(z) is a
combination of contributions from different phases, which we approximate by
a model Q(z|¢) which assumes a single phase. The mismatch P(x)—Q(z|¢) =
h(z) then comes from the signal due to residual phases; within the promise
interval this contribution is small, which we investigate in the next sections.
Here, we introduce the models Q(z|¢) and related moment projection phase
estimators, with different assumptions about noise. Starting from the noiseless
case:

Definition IV.12
[filtered moment projection Phase Estimator (fMPE), noiseless case] Let f be
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a kernel function (Def. IV.3), D be a promise interval (Def. IV.6), p(x) be
the distribution in Def. IV.5 with kernel function f, fidelity F =1 and ground
state overlap ag, and P(x) be the corresponding filtered distribution on D
(Def. IV.7). In the noiseless case, the fMPE is moment projection estimator
(Def. IV.10) with samples © ~ P(x) and a model distribution

__ Jl&=9)

(IV.51)

If instead the circuit is affected by global depolarising noise, we can model
it exactly by adding a constant noise level of (1 — F)5- to the model for p(z)
and normalizing properly after filtering. This yields a new estimator, where
again the mismatch h only comes from the spurious phases:

Definition IV.13

[fMPE, assuming global depolarising noise] Let [ be a kernel function
(Def. 1V.3), D be a promise interval (Def. IV.6), p(x) be a noisythe distribu-
tion in Def. IV.5 with kernel function f, fidelity F' and ground state overlap
ag, and P(x) be the corresponding filtered distribution on D (Def. IV.7).
Assuming global depolarising noise, fMPE is moment projection estimator
(Def. IV.10) with samples x ~ P(x) and a model distribution

Faof(z —¢) + (1 - F)5

Qlzle) = Fag [, f(z — ¢)da + (1 — F) 2

(IV.52)

In Figure IV.2 we give a schematic representation of this estimator.

The case of general noise cannot be simply modelled by adding a term
in Q(x|¢), as modelling general noise would amount to simulating the full
quantum circuit. Instead, we use the explicitly-unbiased moment projection
estimator introduced above:

Definition IV.14

[filtered Noise-unbiased moment projection Phase Estimator (fNMPE)] Let f
be a kernel function (Def. IV.8), D be a promise interval (Def. IV.6). Let the
coefficients a € R? and probability distributions on D {P,(x)}4_, be such that
P(z) = 22:1 Py () is the distribution in Def. IV.7 with kernel function f,
fidelity F' =1 and ground state overlap ag. The fNMPE is NME (Def. 1V.11)

with samples (a,x) ~ dz‘ﬁ‘lPa(x) and the noiseless model distribution from

Eq. (IV.51).
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Figure IV.2.: Schematic representation of the fMPE (Def. IV.13): among a
family of models Q(z|¢) [Eq. (IV.52), colored as per the colorbar based on the
value of the parameter ¢] supported on D, the one that minimizes the inverse
KL divergence with P(z) (Def. IV.7) is Q(z|¢*). The target distribution P(x)
is the final result of the filtered-QPE scheme represented in Fig. IV.1. We
also highlight the model distribution for the ideal value of ¢ = ¢¢: Q(x|do)
— the difference between ¢y and the optimal parameter ¢, is the bias of the
fMPE.

IV.4.4. Gaussian kernel and no noise

In order to apply Lemma IV.4 to a real phase estimation problem, we need
to define a noise model and a kernel function. We first consider the noiseless
setting, and choose a Gaussian kernel. This allows us to directly compare
our moment projection estimator to the sample mean estimator of [255]. For
simplicity of notation, we use the following shorthand for the Gaussian and
its integral on the filtering interval D

1

9o () = moe*?% (IV.53)
G0(¢):/Dga(m_¢)dx. (IV.54)

Let us first give some intuition into how the M-projector differs from a
simple mean estimator z = M1 ;- In the case where the domain of
the filtering is [—oo, o], the sample mean estimator matches the moment
projection estimator with Q(z|¢) = go(x — ¢). Taking a finite filtering

interval D,
> 490 (x — b))

Ple) = > 0iGo(r — ¢5)’

(IV.55)
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modifies the model for the moment projection estimator to

o g(r(x — )

The objective function we have to maximize (log-likelihood £ of the model) is
then

for x € D. (IV.56)

olfep == E g ava)
J M - 202 7
Maximising this leads to a truncated normal distribution
7 [D] 7 [D]
T ga((b - ¢guess - T) - go(¢ - ¢guess + T)
=z+0° : IV.58
i Gr(9) (V-39

The second term is an additional correction due to the normalization term,
which depends on ¢ but not on the samples. This clarifies explicitly the
difference between the mean estimator and the moment projection estimator
for a filtered Gaussian model.

If the probability distribution of samples matches the model P(z) = Q(z|po)
(i.e., for the case of QPE, if we do not have spurious phases), the moment
projection estimator matches the maximume-likelihood estimator, which we
know to be unbiased. This implies the bias of the mean estimator in this
case is precisely the second term of Eq. (IV.58). This is exponentially small
in o~ as long as ¢ is contained in the promise interval with inner buffer
(Def. IV.6).

In the presence of spurious phases, the moment projection estimator also
picks up a bias. We characterise the bias and variance of this estimator in
the following lemma.

Lemma IV.7

Consider the fMPE (Def. IV.12) with a Gaussian kernel function f,(z) X go(x)
(Def. IV.4 with 6 = 0) and ground state overlap ag. Assume that D is a promise
interval (Def. IV.6) with inner buffer ¢ = |D|/6 and outer buffer d, i.e. target
phase ¢g falls within the filtering interval D = [@guess — |D|/2, Oguess + P /2],

|¢0 - ¢guess| < |D|/3, (IV59)
and further that all ¢; for j # 0 are sufficiently far from the filtering region

i 2| >d. IV.
r}l;ggleagl% x| >d (IV.60)

Then, for any o < |D|/6, the asymptotic bias and variance of the estimator
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in Lemma IV.8 satisfy

1 —ag |D| D[*o*
_ bF| < 452 e N el

Jim M Var[¢] < 202 + O(|D|go(d)). (IV.62)

6-(d)?)  (IV.61)

The proof of this theorem is given in appendix IV.B. Our choice of the
buffer between the ground state eigenphase and interval edges [Eq. (IV.59)]
is artificial; in principle this can be removed entirely without affecting the
asymptotic scaling of our estimator with ¢ and ag. The non-zero buffer
between the spurious phases ¢; and the filtering interval D [Eq. (IV.60)]
is necessary however to accommodate the fact that our model distribution
Q(z|¢) explicitly does not consider any additional phases; when d = 0, the
M -projection estimator remains biased for arbitrarily small o.

In order to characterize the performance of the moment projection estimator
beyond upper bounds and compare it to the mean estimator, we integrate
numerically the first-order bias in Eq. (IV.31), ignoring the O(|D|%*g,(d)?)
correction. We observe in Fig. IV.3 that the bias of the moment projection
estimation is largely independent on the value of ¢g; the bias is only due to
the contribution of the spurious phases and decreases as ¢; is further from
the interval D, as predicted by the bound in Eq. (IV.61). In contrast, the
mean estimator (ﬁ = (2j)z,ep picks up an additional bias that depends on
the value of ¢g [Eq. (IV.58)]. When this latter bias dominates, the moment
projection estimator achieves a total bias that is exponentially smaller in o1
than the bias of the mean estimator. The improvement is especially evident
for ¢, farther from the filtering interval. The narrow region where the mean
estimator has vanishing bias is due to a fortuitous cancellation of the positive
bias coming from the spurious phases and the negative bias coming from the
filtered-out samples from the ground phase.

At this point we have constructed an estimator that takes samples from a
distribution P(x) and fits a Gaussian model Q(x|¢) with a fixed distribution
o. This considers only the classical subroutine of phase estimation (Def. IV.8).
To connect this to the standard phase estimation literature, we extend this to
a quantum algorithm

Theorem IV.5 (cost of noiseless fIMPE)

Let U be a unitary with spectral gap A around a target state ¢o (Vj>o0|¢;—do| >
A). Assume oracle access to a controlled version of U, and an initial state
[¢) such that |{polt)| > n. Further assume an initial estimate ¢gyuess Of
¢o such that |po — Pguess| < A/3. Then, the fMPE (Def. 1V.12) using
t calls to U per circuit produces an estimate ¢ with RMS error € using
M = O(n~'t=2e72) samples and T = O(n~1t"1e=2) total calls to U, as long
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ast = QA log 2 (Ae 1)),

Proof. By Lemma IV.2, we can generate samples from p(z) with a Gaussian
kernel function f, using t = ©(c~ 1) calls to U (we ignore the overhead of
log(d)). By Lemma IV.6, we can then generate samples from P(x) with D that
satisfies the assumptions of Lemma IV.7 with |D|,d = O(A). By Lemma IV.7,
t = QA log 2(Ae 1Y) is enough to ensure that the bias is O(e).
To ensure that the variance is O(e?), we need M = O(t~2¢~2) samples. By
Lemma IV.6, to generate M samples, we need T = O(n~*Mt = O(n~ 1t~ ?)
total calls to U. O

It remains to fix the number of calls to the unitary ¢ in each circuit, however,
in doing so we must maintain the large-M limit in which our results were
obtained. In the early-F'T setting, this is achieved as we fix ¢ by the maximum
depth allowable for a circuit (see Sec. IV.4.5 for more details), and achieve
arbitrary precision by increasing the number of samples M. In the absence of
experimental error, one can fix t = c,e~! and recover the Heisenberg limit at
sufficiently large M. However, one cannot for instance set ¢ o< a; L and take
the limit ag — 0, as this would lead to arbitrarily low M.

IV.4.5. Gaussian kernel and global depolarising noise

We now consider the performance of the moment projection estimator again
using a Gaussian kernel, but this time under the presence of global depolarizing
noise (GDN). Global depolarizing noise assumes that each error event is
maximally scrambling; this can be modelled by (with probability p) replacing
the quantum state with the maximally mixed state on N qubits; i.e. p —
(L=p)p+pl.

In the presence of GDN, the probability distribution p(z) becomes (as per

Def. IV.5)

(@) = Fax f,(z)+ (1— F)% (IV.63)

where F' is the circuit fidelity. To see that this is correct, one can repeat
the calculation in Eq. (IV.18) modifying the probability of each circuit as
P(&|¢ref) = Fp(Z|drer) + (1 — F)+, as in the presence of GDN each bitstring
is equally probable. The probability of accepting a sample is

D

/Ddxp(x):sz:aj/pdmfo(x—d)j)—i—(l—F)% (IV.64)

166



I1V.4. Results

M-projection bias bM-Proi) Mean bias b(mean) Bias ratio p(M-prei) /p(mean)

10710 107° 107° 107" 1072 10° 1072 107 10° 10° 100%™

Figure IV.3.: Comparison of the bias of the moment projection and mean
estimators for the distribution P(z) in Eq. (IV.55), with phases ¢o, ¢1,
amplitudes ag = 1—a; = 0.7, filtering region D = [—1, 1], and kernel width o =
0.3. (Left) The first order bias b™-P™J) of the moment projection estimator
[first term in Eq. (IV.31)]. (Center) The bias of the mean estimator (™" =
| [p P(z)zdx — ¢ol. (Right) The ratio of the two biases, p(M-proj) /p(mean) - The
dashed lines represent d = |¢pg — Pguess| and mark the regime in which the
dominant source of the mean estimator’s bias is the distance of ¢y from the
center of the interval [Eq. (IV.58)].

and the filtered distribution becomes

FZ]' ajgo(x — ¢;) + (1 - F)%Ma
P(z) = Y a)Galon) + (1— F) '22‘2/\4,, . (IV.65)

where M, = [7_g,(z)dz = erf (\/Lia_l) is the normalisation of the kernel
function f, (Def. IV.4).

In the presence of global depolarizing noise, mean sampling incurs a large
sampling overhead compared to the moment projection estimator. Ignoring
terms exponentially small in o for simplicity, the expected value of P(z) is

E[.’L‘] ~ (1 - w)(bo + w¢guessa (IV66)
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where the noise weight w is given by

(1-F)5=-M,
w = D| .
Fag+ (1 - F)2Ipm,

(IV.67)

To get an estimator with an exponentially small bias using the sample average
Z, we can use a shifted and rescaled mean estimator:

1—w

1—wy\_
)x—¢w%{—a—. (IV.68)

o=(1+

However, as o — 0, the variance of P remains constant, which means in turn
that the variance of the mean estimator is constant.

In contrast, to extend our moment projection estimator to the setting with
GDN, we can include the additional noise term in our model probability, and
neglect the contribution of the other phases as before: Q(z|¢) x F ag fo(x —
¢;) + (1 = F) 5=. We assume that F and ao are known; determining these
from the data itself would be an interesting target for future work. As in the
noiseless case, the bias decreases exponentially with decreasing o, and the

variance decreases as 0'2.

Lemma IV.8

Consider the moment projection phase estimator (Def. IV.18) with Gaussian
kernel function f, (Def. IV.4 with 6 =0), fidelity F' and ground state overlap
ag. Assume that the D is a promise interval (Def. IV.6) with inner buffer
¢ =|D|/6 and outer buffer d. Then, for

. 1 _1/2 1-— F
< — _— V.69
o |'Dm1n( ,log ( ] (Iv.69)

the asymptotic bias and variance of the estimator in Lemma IV.3 satisfy

1— 1-F\ |D
W_¢ﬂg20g%w)aj00+_mm>h}+0@4@)avm)

B 1-F 11-F

. < 2 2y,

&Eiﬂthﬂ¢]_loa (1+ th) (1+27r Fao)-+cxggw))
(IV.71)

We provide the proof of Lemma IV.8 in Appendix IV.B. We can now convert
the above result into the physical cost to execute phase estimation, assuming
a fixed circuit fidelity F'.

Theorem IV.6 (Cost of noisy fMPE with fixed fidelity)
Let U be a unitary with spectral gap A around a target state ¢o (Vj>o|d; —
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do| > A). Assume oracle access to a controlled version of U, and an
initial state |v) such that |{(Po|p)| = ao, and global depolarising noise
with fized circuit fidelity F. Further assume an initial estimate Qgyess Of
¢o such that |pg — dguess| < A/3. Then, the fMPE (Def. 1V.12) using
t calls to U per circuit produces an estimate ¢ with RMS error e using
M = O(ag 't=2¢72) samples and T = O(e 2t~ F~2ay?) total calls to U, as
long as t = Q(A~ log /2 (AeLag2F~1)).

Proof. As in the proof of Theorem IV.5, we can then generate samples from
P(z) with D that satisfies the assumptions of Lemma IV.8 with |D|,d = ©(A).
By Lemma IV.8, t = Q(A~! logfl/z(Ae_la(fF_l)) is enough to ensure that
the bias is O(¢). By Lemma IV.6 and Eq. (IV.176) to ensure that the variance
is O(e?), we need M’ = O(c2¢ 2F2a;?) = O(t"2¢ 2F2a;?) shots, so
T =M't=0(c2"1F2a;?) total calls to U. O

Note that while in the noiseless case it was enough to assume a lower bound
1 < ag, here we instead assume that both ag and F' are known exactly. The
difference is that in the noiseless setting these parameters do not enter the
model Q(z|¢), and a lower bound on ag is only needed to choose the total
number of samples M. In the present setting, by contrast, both ay and F
appear directly in the model, since they determine the relative size of the
signal term Fag f(x — ¢o) and the noise term (1 — F')/(27). In principle both
parameters could be estimated from the data itself; optimizing this would be
an interesting task for future work.

So far in this work, we have treated the circuit fidelity and the width of the
Gaussian g, as independent variables. However, to generate a distribution
of width o using either the methods described in Sec. IV.3.2 or Sec. IV.3.1
requires a circuit depth ¢t ~ ¢~!. Under a typical noise model, the circuit
fidelity decreases exponentially in the circuit depth t: F' = e~ for some decay
rate . This creates a trade-off in choosing the optimal circuit depth between
limiting the onset of noise and achieving Heisenberg rather than sampling
noise scaling, which we studied in detail in Ref. [76]. We now re-apply these
methods to develop a QPE estimator in the presence of global depolarizing
noise.

Theorem IV.7 (Cost of noisy fMPE with fixed noise rate)

Let U be a unitary with spectral gap A around a target state ¢o (Vj>o0|¢;—do| >
A). Assume oracle access to a controlled version of U, and an initial state
[1) such that | {po|1)) | = ao, and global depolarising noise with circuit fidelity
F = e for t uses of U. Further assume an initial estimate ¢guess Of
¢o such that |po — dguess| < A/3. Then, the fMPE (Def. 1V.12) using
t calls to U per circuit produces an estimate ¢ with RMS error e using
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M = O(ag 't=2e72) samples and T = O(e =2t~ F~2ay?) total calls to U, as
long as t = QA7 (yA™! +log(ag 'e1))).

Proof. As in the proof of Theorem IV.5, we can then generate samples from
P(z) with D that satisfies the assumptions of Lemma IV.7 with |D|,d = ©(A).
By Lemma IV.8, to ensure that the bias is O(e), it is enough to take ¢ =
QAT (yA +log(ag 'e7?))) By Lemma IV.6 and Eq. (IV.176) to ensure that
the variance is O(€?), we need M’ = O(c2e 2e?7ay?) = O(t 2 2e¥ay?)
shots, so T = M't = ©(e 2t~ 'e®ay?) total calls to U. O

Unlike in Theorems IV.5 and IV.6, where one can take t = ©(¢~1) and obtain
Heisenberg-limited scaling T = ©(e~ 1), such a choice is no longer optimal here,
as the cost grows exponentially with ¢. Instead, as in Ref. [76], optimizing
over ¢ yields an optimal depth ¢ = ©(y~!) and total cost T = ©(ve 2ay?).
Thus, the optimal circuit depth is set by the noise rate rather than the target
precision. This generalizes the result T' = O(ye~2) of Ref. [76] to the case of
imperfect initial states, with an additional multiplicative overhead of a 2,

IV.5. Numerical demonstration

In this section, we implement and demonstrate the various estimators described
throughout this text on a simplified problem for illustrative purposes. This
allows us to show the potential phase estimation practitioner how the above
theory can be used in practice. It furthermore allows us to test the effect of
finite statistics on our estimators. The results derived above typically hold
in the asymptotic limit in the number of samples, but the experimentalist is
far more concerned over whether they need 5 or 5 million circuit samples to
guarantee robustness. And finally, the results allow us to check the critical
constant factors in our phase estimation performance.
For simplicity, in this section we consider a 1D Ising model on 4 qubits:

4 3
H= hZZi +tZZiZi+1 (IV.72)
=1 =1

with magnetic field A = 0.27, and coupling strength ¢ = —0.46. This is chosen
to give a well-separated ground state, ¢; — ¢y = 1.46, and we can choose a
simple filtering interval D = [—m, —7 /2] [Fig. IV.5] that contains only ¢o. We
obtain an initial state by applying Y rotations with angle 8 = 0.8 rad to each
qubit, yielding a ground state overlap ag =~ 0.52. In Fig. IV.5, we plot the
spectral function a(z) [Eq. (IV.5)], as well as its convolution with the Fejer
kernel [Eq. (IV.17)] from a textbook QPE implementation [29].

170



a4

I1V.5. Numerical demonstration

—{x]

4@ QFTT Q1 R, (h)

4@ q2

O gs

— By (0)H 0 H 17 n—1

Tmol U2 ] U2 L U2 “

—Ry(0) A 1 I~ 1

@ co Gio Gao Gso “ X @

@ c1 G Gay Gaip-- ‘1 @

@ 2 Gip Gap G2 }» €2 Y

—@ c3 G Gas Gs3 }» : s @ @ ’
g a1 Ry (9) R.(h) {2z}

(3 HRy(G) R-(h) )—
a3 ‘{Ry(b’) [y]

24

Figure IV.4.: Circuits used in this work for example numerical QPE im-

plementation. Top row: (Left) Noiseless circuit (Right) Decomposition of
the system unitary U = []; e~ ZiZjt I1; e~thZi. Bottom row: (Left) First
layers of the noiseless circuit for n = 4 control qubits; (Centre) insertion of
stochastic gates G; ; after each moment; (Right) one explicit noisy circuit
realization obtained by sampling Pauli errors.

We implement the full QPE circuit (see Fig. IV.4, top row) using a quantum
register of variable size (n between 4 and 10 control qubits) using cirq. For a
simple noise model, we choose local depolarizing noise

p = (1= per)p + 252 (X5pX; + YipYj + ZipZ;), (Iv.73)
applied on all qubits between each moment of gates (see Fig. IV.4, bottom
row). We fix the error rate pe,; such that the probability of no error is
(1 — pepy) NaXNa = %, where N, is the total number of qubits (system plus
control) and Ny is the circuit depth. The resultant ochre probability distribu-
tion p(z) in Fig. IV.5 can be split into a rescaled noiseless distribution and
the distribution coming from circuits where at least one error has occurred
[Fig. IV.5, maroon]

p(z) = (1= F)p1(z) + F(a=x f)(x), (IV.74)

which we will use as the quasiprobability distribution when testing the fN-
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MPE®*. We observe that the distribution p; (x) in Fig. IV.5 still retains a peak
around ¢q, implying that it contains significant phase estimation information
as well. This makes sense, as the effective volume of our QPE circuit is likely
small, and PEC schemes that make use of this [258] can likely be incorporated
into the INMPE as well. Pseudocode for the sampling routines used in the
above is as follows:

Algorithm 2:
Filtered PEC sampler

Input: Filtering interval D C [—, 7],
Fidelity F € (0,1],
Number of circuit shots M € N.

. A Output: Samples Xo, X1
Algorithm 1: a+ [F~ 11— F ! forj<« 1toM do
Filtered sampler Sample a ~ %

Input: Filtering interval D C [—m, 7], if a = 0 then
Number of circuit shots M &€ N. Sample noisy CircuiQt C
Output: Samples X P(z) < | (x| C|0) |
for j < 1,...,M do // Simulate C
Sample noisy circuit C | Sample z ~ P(x)
P(x) + | (x| C|0)|* // Simulate C else
Sample z; ~ P(x) repeat

ifLrjangxﬂzﬁnX | Sample noisy circuit C
J

until C contains at least one
error;
P(z) + | (x| C0) |?
// Simulate C
Sample z ~ P(x)

if © € D then
[ add z to X,

return X

return Xo, X

With our schemes for sampling from QPE probability distributions given,
we now give pseudocode implementations for each of the estimators given in
the text. As we are using textbook quantum phase estimation, our model
distribution Q(z|¢) for fIMPE and fNMPE is the single phase distribution in
Defs. IV.13, IV.14 with the Fejer kernel (Eq. (IV.17)).

4This decomposition ignores the overhead from constructing a real quasiprobability
distribution, as in practice we do not have access to p1(x).
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Algorithm 4:
fMPE assuming GDN

Input: Samples X Algorithm 5:
generated by
Alg. 1, fNMPE

promise interval Input: Samples Xo, X3
D generated by
)

Algorithm 3: oumber of Alg. 2,1p;omise
Filtered PEC average control qubits ;ng:r 0f7
n €N,
Input: Samples Xg, X1 fidelity control qubits
generated by Fe(0,1], n e N -
Alg. 2 B overlap Output: Estimate ¢
Output: Estimate ¢ ao € (0, 1] a(z]¢) « fz(iejer)(mf(b);
Mo | Xol Output: Estimate ¢
M « | X, utput: Estimate ¢
A a(z ) a(el)
return ¢ = (Fejer) Qal®) m;
) =3 N Faofyn 7 (2 — ¢) + p!
JUEXRIO_Mlmexl (1—F)% ; £(¢)
Qlale) « 7q((x‘r’;>d : D e, 108 Q[9)~
q(x x
D D pex, 08 Q[9);
turn
0(¢) + e
(L) Z log Q(216): ¢ = argmax £(¢)
M 2 pex 08W(ZIP);
return

¢ = arg max £(¢)

In Fig. IV.6, we show the bias and the variance of all three estimators on
our Ising model QPE simulation, for a range of control register sizes n and
numbers of circuit repetitions M (shots). (Note that we change the error
rate with the number of qubits n in order to maintain a constant circuit
fidelity F' = %) We observe that all estimators converge quickly in variance
to the standard quantum limit M ~'/? with different constant factors, and the
moment projection estimators converge as 27" whilst the mean estimator has
a constant variance in n, as expected from the prior sections. The moment
projection estimator under a GDN assumption achieves this convergence to
the standard quantum limit with fewer than 50 circuit repetitions ®, making
it an attractive choice for early fault-tolerant QPE implementations. The bias
of the mean estimator and the fMPE under a GDN assumption saturate as
a function of M, which can be expected due to them not properly modeling
experimental noise. However the {NMPE without regularization has 0 bias
within the error bars of the simulation. (In practice we expect a small residual
bias due to the imperfect initial state, but this is likely too small to be
observed.) The bias trend with n is less pronounced. We see some evidence
that that the fMPE and fNMPE have an exponentially decreasing bias while
the mean estimator saturates. However, more simulation at larger system

5For the given starting state and circuit fidelity, filtering removes around 80% of the data
in these simulations, and the likelihood maximization is performed on only around 10
data points at M = 50.
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Figure IV.5.:  Spectral distribution and QPE results on a 4-qubit Ising
model, with n = 4 QPE control qubits. The arrows represent the eigenphases
and corresponding amplitudes for the fast-forwarded unit-time evolution
unitary of the considered model, i.e. the spectral function a(x). The blue
line shows the smoothed spectral function f * a(x), with the kernel function
corresponding to the continuous Fejér kernel expected from textbook QPE:
f(z) = fEI K (2) from Eq. (IV.17) with K = 2". The ochre histogram
shows the samples obtained from simulating 100k shots of textbook QPE with
circuit local depolarizing noise, with error probabilities tuned such that the
total circuit fidelity is F' = e~ [i.e. samples from the noisy QPE distribution
p(x), Eq. (IV.74)]. The maroon histogram represents the subset of samples
coming from simulations where at least one noise event happened [i.e. samples
from the pure noise distribution, p;(x), Eq. (IV.74)], which we use to simulate
a simplified version of PEC/Explicit Unbiasing. The un-shaded area represents
the filtering interval D.

sizes is required for a convincing demonstration of this result, and we present
this solely as an example of the implementation of the estimators from this
work.

IV.6. Conclusion and outlook

In this work, we extended the classical processing schemes for quantum
phase estimation that we introduced in Ref. [76] to the case where we cannot
prepare an initial eigenstate. This utilized prior knowledge of a promise region
containing only the eigenstate of interest, which allows us to post-select away
data outside this region while avoiding the bias potentially introduced by this
post-selection. In the absence of noise, our estimator improves over a naive
mean estimation by correcting for the bias due to the choice of the filtering
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Figure IV.6.: Performance of estimators considered in this work for 4-qubit
Ising model [estimators distinguished in legend]. The upper two plots show
the estimator bias |¢~> — ¢|, while the bottom two plots show the standard
deviation. For the plots on the left, the number of control qubits n is fixed to
8, and the total number of shots taken on a quantum computer (i.e. number of
samples before filtering) M’ is varied. For the plots on the right, M’ = 1000,
and n is varied. Error bars are obtained by bootstrapping [259].

interval. We further extended our work to consider global depolarizing noise,
which can be handled via a relatively simple change to the model distribution
Q(z|¢) in our estimator. The resulting estimator remains asymptotically
normal. Furthermore, for Gaussian kernels with variance o, it achieves a
bias exponentially small in ~! and a variance scaling as 2. We combined
the estimators developed in this work with the explicit unbiasing scheme of
Ref. [76], and tested both schemes in an illustrative example of QPE on an
Ising model. We observe that the moment projection estimator is surprisingly
noise-robust even in the absence of explicit unbiasing, and requires < 50
shots to overcome small-sample-statistics effects and converge to an expected
asymptote (at least for the parameters chosen).

Our new estimator solves a key roadblock to quantum phase estimation in
early fault tolerance, where high-overlap state preparation is likely unfeasible
and noise remains a concern. However, it remains to test the performance
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of the moment projection estimator on realistic noise models and phase
estimation problems, and to project performance at beyond-classical system
sizes. This is especially relevant given the observed noise-robustness, which
suggests that the overhead for explicit unbiasing may not be necessary across
a range of target error rates. One can further consider learning a few phases
within the promise region D instead of just one, to allow for excited state
energy estimation, or ground state estimation of gapless systems. It may also
be worth re-optimizing the choice of kernel function in the presence of noise
(both within the QFT-QPE and QSP-QPE framework), as previous optimality
results do not hold in the presence of noise. And finally, it remains to compile
the results of this work to make resource estimates for phase estimation of
real problems of interest, in fault-tolerant architectures being pursued today.

IV.A. Proofs of Lemmas IV.3, IV.5, IV.4, and
Theorem 1V .4

IV.A.1. Proof of Lemmas IV.3 and IV.5

In this section we prove Lemma IV.5. Note that this also proves Lemma IV.3 by
fixing d =1, @ = 1, and ¢ = 0 (in which case P.(z) = R(z) = P(z), Q.(z|p) =
Q(z[9)).

The estimate ¢ satisfies the stationary point condition
¢ (gl{x;,a;}) =0, (IV.75)

where ¢ and ¢ are defined in Def. IV.11. Expanding this equation around ¢*
(as defined in Lemma IV.5) gives

C(0l{zj,a53) = 09" [z, a5}) + (6 — ") (9" {zj,a5}) + O(( — 67)?),
(IV.76)
which implies

S A CHLETROD))
OO = T i (g, ay))

We now analyze the numerator and denominator of the expression above in
the limit M — oo. First, we consider the denominator. Using the definition

of £(¢*{zj,a;}),
(¢ {zj,a5}) =

+0((¢ — ¢")?). (IV.77)
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s

M
T D s, [0 108 Qula 0o + ¢ [ e[ log Qulalo)] o
j=1

(IV.78)

The pairs (z;,a;) are independent samples generated according to the proce-
dure in Def. IV.11, so in the limit M — oo, by the law of large numbers the
mean above converges to its expectation value

d
E16" (6" (ayvap))) = ol Y- 5 [ do Pula)senta)[02 g Qulol)]oo
a=1
+c / dz [0 1og Qc(x|9)] g (IV.79)
D

d
_ /D dz " aq Pu(2)[03 10g Qu(e]6)] s gr
a=1

+c / dz [07 log Qc(|¢)] =g (IV.80)

D
- /D 4w P (x)[02 1og Qu(w]6) - (1V.81)
=0"(¢,). (IV.82)

Here, P.(x) is the regularized distribution defined in Lemma IV.3, and £(¢) :=
Jp dz Pe(z)log Qc(x|¢) is the objective function in the limit M — oo.

Next consider the numerator

[lexlx

M
O g, a58) = =, > sen(aq,)[05 log Qc(w;|¢)] s=¢-

j=1

+c/ da [0y 1og Qc(z|0)]p=g=. (IV.83)
D

This is again a mean of independent random variables, and it converges to

d
£ o)) = s Yo 5 [ dessn(an) Pu(e)]0y g Qulol)]oo
+e [ doloslogQu (el (IV.84)

D
:/Ddec(x)[8¢ log Qc(x|0)]p=¢* (IV.85)
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{ / dz Pu(z) log Q. (]0) (IV.86)
P=0*

—7( (IV.87)

By definition ¢* is the maximum of {(¢), and satisfies the stationary point

condition ¢'(¢.) = 0. Therefore the expectation value of the numerator

vanishes. To calculate the variance, we note that the second term of Eq. (IV.83)
is not a random variable, and so

M
Varlt'(6°) (5,0, ))] = Var [ 100 3™ g, ) 0 08 Qe 0)] g | (IV.58)

=1

= - Var [Jallsgn(@n) [0 o8 Qel(rl)lo=pr]  (IV-59)

- % <E [(Haﬂlsgn(aa)[% log Qc(f”‘@]‘i’:wﬂ

2
- E[lallsen(an)ioslog Qu(ololoer] ). V.90
We can evaluate the second term using Eq. (IV.84) above, which yields
o
Vel (6 {a3,0,)] = L9 ([ o R 0 08 Qo).
D
2
@[ [ awioaros@eloles| ) avon
D
< Nl / dz R(x) [0, log Qu (] )2 (IV.92)
i > c =0
and so by the central limit theorem,

VM U(¢*|{z;,a;}) (IV.93)

converges in distribution to a Gaussian with mean 0 and variance

< lal} [ do R0y 108 Qulalo)3 - (1V.94)

Now we combine these results with Eq. (IV.77). Since the maximizer of
Jp d P.(x)log Q.(x|¢) is unique and lies in the interior of Dy, the estimator

converges to ¢ — ¢* as M — oo and the Taylor expansion becomes valid.
Then, applying Slutsky’s theorem, v M (¢ — ¢*) converges in distribution to
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a Gaussian with mean 0 and variance
Jp dz R(2)[04 log Qc(2|)]5_ -
Jo

¢ < af? P
(fD dx Pc(x)[—ai log Q.(z]¢) :¢*)

(IV.95)

IV.A.2. Proof of Lemma IV.4

We first analyze the bias in the moment projection estimator (Def. IV.10).

By definition ¢* maximizes £(¢) = Jp dz P(x)log Q(2|¢), and therefore satis-
fies the stationary point condition

0=7(¢") = /D dw(Q(xlg0) + h(@)) [Dslog Qald)],_,.  (IV.96)

When h(z) = 0, ¢* = argmax, Drr(Q(x|¢0)||Q(x]|p)) = ¢o. Therefore for
small ||h]| we can expand the above equation around ¢y:
0= [ a(Qalon) + (@) (0 108 Qel)o-s+
+ (9" = 60)[03108 Q(x0)]s=4,) + O((¢" — ¢0)*) (IV.97)
Rearranging this formula obtains

 Jpdz (Q([¢o) + 1(2))[0s log Q(x[$)]s=g0
Jp(Q(x|¢o) + h(x))[03 log Q(]#)]p=4,

+0((¢* = ¢0)?).
(IV.98)

(9" — ¢o) =
Then, since Q(z|¢) is normalised, we have that

/Ddx Q(x]00)[0g 1og Q(x[@)] s=¢, = /Ddx [05Q(2|9)]p=g, (x) =0, (IV.99)
so the numerator is
/Ddx h(2)[4 log Q(2|9)]g=¢, < [|hll1 max[dy log Q(x[d)]s=g,  (IV.100)

We expand the denominator of Eq. (IV.98) to lowest order in ||h|; =
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Jp [h(z)|dx as

[5¢Q(w|¢)]¢—¢o)2

dz Q(z]¢0)[—9510g Q(x]¢)|p=¢, = [ dz Q(x|¢0)
Qg0 ()

B [3§Q(ﬂf|¢)]¢:¢o> (IV.101)
Qgo(z)

_ / dz Q(x]60)[9s log Q(x]0)]%s,

-0 U dx Q(x|¢0)L_¢O (IV.102)

=T,. (IV.103)

Here, the second term of the second-to-last-line evaluates to zero again by
the normalisation of Q(x|¢) (Eq. (IV.99)). We can simplify

6"~ ol < [ " OB L omee o), avaon
0

where 7 is the Fisher information of Q) with respect to ¢, which is exactly
Eq. (IV.32)
We now bound the variance €,

J dz P(x) (05 10g Q(x[¢7))*
(f de Pa)[~22 log Q(x16)

e =laf? (IV.105)

Since ¢* = ¢o+O(||h||1) we may replace ¢* with ¢g up to O(||h||1) corrections.

[ dz P(x)(94 log Q(x¢o))?
(J de Pa)[~02 log Q(x160))

¢ = |la|? S+ O(|[h])1)- (IV.106)

As in Eq. (IV.101), the leading order of the denominator in ||h||; is Z2. We
finally recover Eq. (IV.33) by writing P(z) = Q(z|¢o)+O(||h||1) and collecting
terms. O

IV.A.3. Proof of Theorem IV.4

Our proof for Theorem IV.4 follows similarly to the proof of Lemma IV.4; the
calculation for the bias follows Eq. (IV.77)-(IV.104) under the substitutions
Q(z|¢) — Q.(z|¢), P(x) — P(zx)+ c¢. However, our calculation for the
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variance does not simplify in the same way, as we integrate the numerator over
the marginal distribution R(z), which we expect to be significantly different
to P.(x). Instead, because R(x) is a valid, normalized probability distribution,
we can bound the numerator as

[ e R@)[0, 105 Qulald)] s < max(dy log Qulalé)iy, (V107

and identify within the denominator

| e P02 108 Qual)oms. = T. + O] (1V.108)

from which the result follows. O

IV.B. Proofs of Lemmas IV.7 and IV.8

In this appendix we calculate the application of the result of Lemma IV.4 to
the case of a Gaussian kernel, both without noise and with global depolarizing
noise. First, we note that for a Gaussian kernel function, the regularity
assumptions in Lemma IV.4 are satisfied in both cases, so we can use the
bounds in this lemma. Our target in both cases is to bound the bias b =
|¢* — ¢o| [Eq. (IV.32)] and the variance limy; o M Var[¢] [Eq. (IV.33)]. We
achieve this bound piecewise. First, in App. IV.B.1 we bound the 1-norm
of the the model deviation h from above by using the assumption on the
distance of spurious phases from the filtering interval [Eq. (IV.60)]. Then, in
App. IV.B.2 we bound the normalization constant that arises from cutting
the Gaussian model distribution to a finite filtering interval, and its derivative
with respect to ¢g, using the existence of gaps between the edges of the
filtering interval and the target phase [Eq. (IV.59)]. Next, in we derive an
upper bound on the score of the model distribution (App. IV.B.3) and a
lower bound on the Fisher information (App. IV.B.4, IV.B.5). This is finally
summarized in App. IV.B.6, where we derive the explicit forms of the bounds
appearing in Lemma IV.7 and Lemma IV.8.

Before we begin, let us define some notation to be used in the rest of
the section. The model distribution used to define the moment projection
estimator is

_alelo)
Q(z|o) = T dz g(ald) (IV.109)
(a16) = Faogo (e — 6) + (1~ F) 52, (Iv.110)
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1 2
go(x) = 5 e 207, (Iv.111)
o
Mo = 9o (z)dz = erf <\7/T§0_1> . (IV.112)

Note that the case of no noise is included by taking F' = 1. The model g(x|¢)
is defined so that ¢(z|¢)/ M, matches p(x) in the case of ag = 1, and N'/ M,
is equal to P4 in Eq. (IV.46).

For brevity of notation, let ' be the normalization of Q(z|¢o)

N z/ q(z|go)dz, (IV.113)
D
and let (.)’ denote derivative with respect to ¢,
% () = [064(x|6)] 4, » (IV.114)
N = {&7)/ q(z|¢)dz] :/ g, (v)d. (IV.115)
D d=¢o D
(IV.116)

IV.B.1. Step 1: Bound on |A||

In order to bound the 1-norm of the model deviation, h(z) = P(z) — Q(x|¢o),
we calculate a bound on a related distribution, ||u||, defined by

u(z) = FY_a;gs(x — ¢;) (IV.117)
Jj#0

so the true probability distribution is

q(x[ o) + u(z)

Pl = =3

(IV.118)

Using the triangle inequality (noting that u(z), ¢(z|¢o) > 0), we can bound
|| as

1Al = /D dz [P(x) - Q(z]o)| (1V.119)
B g(zléo) +ulz)  glzlbo)
—/Ddx ' Nl (IV.120)
fpda Wu(z) — [[ullg(zlo)|
_ NV Tl (IV.121)
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_ Jode Wuz) + [ullg(z160))

IV.122

< NN+ Tl (IV.122)

2N ]

_ V.123
N+ ] (1V.123)
Jul

<2 . (IV.124)

Now, we use the assumption on the distance of the spurious phases ¢,
from the filtering region,

L Cal> '
rﬁig?ggu ¢j| >d (IV.125)
to bound
lull = F > a;G(¢;). (IV.126)
J#0
We can bound
0o o2
Go(¢5) = / go(z — @)dz < /d 9o (y)dy < Ega(d), (IV.127)
D

where the last inequality is obtained from standard bounds on Mill’s ratio for
a normal distribution. Then, substituting this into Eq. (IV.126) yields

0.2
lull < FY_ aj)—90(d) (IV.128)
po
— F(1— ao)%zgg(d). (IV.129)

Combining the above with Eq. (IV.124) yields

2
1l < 2N P(L = a0) g0 (d). (IV.130)

IV.B.2. Step 2: Bounds on A, N’

In this step we bound the norm N and its derivative A/’ using the assumption
that ¢o is well inside the filtering region D = [dgucss — |D|/2, Pguess + |DP|/2]:
D]

|¢guess - ¢0| S ? (IV.131)

Using the definition of the Gaussian model ¢(x|¢) in Eq. (IV.110), we can
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evaluate

M, |D
N = FaoGs(¢) + (1 - F) 27|r |,

Nl = Fao(go'(¢guess - (bO - |D|/2) - ga((bguess - ¢0 + ‘D|/2)) (IV133)
(IV.134)

(IV.132)

The normalization N is minimal when |¢gyess — ¢o| is maximal, for ¢y =
Oguess + |D|/3, and

N > FagGo(9) (IV.135)

> FagGy(dguess + D1/3) (IV.136)
erf(3 121y 4 erp( L 1Dl

= Fay (67) 5 vz 7)), (IV.137)

Conversely, the derivative of the normalization reaches a maximum when
|@guess — Pol is maximal, for ¢g = Pguess + |D|/3 (to convince oneself one can
check that N < 0 for ¢g € D). Thus, we can bound

D D
W] < Fao(g, (|6|> ~ 90 (5|6|)) (IV.138)
D
< Faogos (|6|) (IV.139)
Fao |D|
=— — ] 1V.14
s (60) (IV.140)
We can also bound the norm from above as
N < Fag+ (1 — F)i (IV.141)

27
since G, (¢) and M, are both bounded by 1 for all values of ¢ and o.

IV.B.3. Step 3: Bound on max, [0, log Q(z[¢)],_,,
In this step we bound [0, log Q(z(¢)],_,,, that appears in the numerator in
the first order of the bias bound in Eq. (IV.32).

First, using notation introduced at the start of the section, we have
Ty, (x) N

o "N (IV.142)

[0 108 Q(z])],_, =
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Hence we can bound the numerator in Eq. (IV.32) as

]
T

g, (@)
max |0y log Q(z|¢)| < max’ 2 (Iv.143)

= |q(x|¢o)

We can bound the second term in the above expression using Eq. (IV.140)
and Eq. (IV.137) in Step IV.B.2 as

v 1 n (5
N =51 5_|D| 1_|DV)’ (IV.144)
g 5 (erf(mT) + erf(MT))

As this is monotonically decreasing, for o < |D|/6 we can bound this as
NP ()
=2
N g 6% (erf(%)—i—erf(%))

DI

o2

<0.05 (IV.145)

To bound the first term, inserting the definition of the Gaussian g, (¢) into
q yields

!
‘ qd)o (x) — |Z‘ _2¢0| ga(l' - ¢/?/? — S |x _2¢0| . (IV146)
q([o) 7% go(r = ¢0) + T Fap 7
Using assumption (IV.131), we can bound this as
() | _ max, |z —do| _ 5[D|
< , IvV.147
. ’q(x|¢0) = o? = 602 ( )
leading to a final bound
’mgx 105108 Q(z[6)] ,_y, | < IDIo>. (IV.148)

IV.B.4. Step 4: Q(c?) bound on the Fisher Information
Iy

Next, we can calculate the Fisher information of the filtered distribution, Zg
(see Eq. (IV.34)):

%:AMMWM%mmmm% (1V.149)
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/ x|¢0 ( q(d;](;))) - %)2 (IV.150)
/ (J\?Zoyup ) QJJ\\[T;% () + qu(ﬂf%)) (IV.151)
( q¢§c|¢o2 QAJQQ + Aﬁ) (IV.152)
( q¢3c|¢02 Aﬁ) ' (IV.153)

For the Gaussian model, we can bound the boundary term using Eq. (IV.140)
and Eq. (IV.137) in Step IV.B.2 as

N?  Fa gt (%)
- < = ; ol z i (IV.154)
g (erf(T—) erf(rﬁT))
and rewrite the integral in the first term as
/ Qo2 (®)° _ FPag /%EMD'/2 97 = 00)(x = d0)*dx - 1y )
a(zlgo)  0* Jg,ueoiipij2 Faoge(z — o) + (1 — F) &=
Fao  [Gouess+DI/2 _ _402d
-0 90(z — do)(z = do)"dz (IV.156)
g Sguess—|D|/2 1+ Fao 27: go (x—¢0)
r Pguess—Po+|D|/2 (§)§2d§
= J‘;o o T —— (IV.157)
g“% +U 27r Fag g1 (&)

To bound Zy, notice that assumption in Eq. (IV.131) implies that either
[0 — |DI/6, 90 + |D|/2] C D or [¢o — |D|/2,¢0 + |D|/6] C D. Since the
integrand in Eq. (IV.155) is always positive, we can bound the integral by an
integral over a subset of D,

/ xz @
/ az 1", Fao / gi(©)¢7ds (IV.158)
D

> — ,/\/l —F _1
Q(m|¢0) o 2 Fao 91(&)
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This yields a lower bound on the Fisher information:

[ead] 2 (DI

N, > Fao /2" 91(§)€2d¢ _ 91 (60)
02 o2 | 1+0“\24 LE 1 1( (5 \7) f(-L_ Dl
us aop 91(5) 2 er ( f er 6\/§ o )

(IV.159)

IV.B.5. Step 5: Upper bound on (Z;)™!

In order to use the lower bound in Eq. (IV.159) to upper bound (Zy) !, we
need to make sure that the RHS is positive.

For F = 1, the RHS is positive for o < |D|/2, and the term in brackets
is monotonically increasing to [0 g1(£)&%d¢ = 1. For any o < |D|/6 it is
2 0.5, so we get

1 2
< 27 for o < |D|/3,F = 1. (IV.160)
NI,
For F' < 1: assume o < |D|/6, then we can again bound the integral by the
integral of the subset [—1,1] C [—%, ‘Q%l]:
/"5 n©eds /1 91(€)¢d v.161)
0] 1 ¢ oMe IF 1 1 toMelE T '

27 Fag g1() 27 Fao g1(§)

Within the subset, [¢] < 1 and so g1(€) > ¢1(1) = (2me)~ /2, so we can further
bound

a/2 2 1 2
/ gh/&f)f Clif 1 >/ /\Etg)f inf 1 (IV.162)
——— l1+oZ=
2m Fag g1(§) 1 2 Fao g1(1)

J! 19 g1(£)§2d¢

s 1—F 1
27r Fao g1(1)

(IV.163)

We can also bound ¢ M, in the denominator as < |D|/6, and finally we get

I ()2 1 2
/d s, (2) . Fay f191(£)§ d¢ (IV.164)

T
= " 92 D] 1— 1
D Q($|¢0) 0" 1+ o Fao 691 (1)
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Inserting o < D/6 into the denominator of the boundary term yields

1 9 |D|
NIy > Foo [ o0 (%) . (IV.165)

2 D
? I+ B rram b (ef() +eaf())

To ensure the RHS of the inequality above is positive, we take o such that
the negative term is at most half of the positive term,

1Dl 1- 1
D 1+ 5 7
o< |6| 10g_1/2 Zr _To 691( ) : (IV.166)

z (erf( ) + erf(—= )f_191 (€)&2d¢

We get the final bound

1 o D1 - D] 1
<Cp— ( +Cy— ) f < —
NI Fa 2m Fa 6
0 0 \/Cg—Hog( +C'2|2D7r‘1Faf)
(IV.167)
with constants
C, =1012 11; (IV.168)
3 21 1(§)§2d¢
1
Co=07> , IV.169
> R ( )
C3=1.22 1o (” <erf(5) + erf(1)> /1 (g)g%zg) (IV.170)
3 =122 g B V2 V2 7191 . .

IV.B.6. Step 6: Final bound on the bias and variance

Now we are ready to combine all the steps above to get the bound on the bias.
The first order in Eq. (IV.32) can first be bound using the bound on ||k in
Eq. (IV.130) from step IV.B.1 and the bound on |max;[04 log Q(x|$)]p=g, |
in Eq. (IV.148) in step IV.B.3

D| 1

< 2F(1 — ag)=02g,(d .
< 2P (1= a0) 2000 (d) 577

||h|| |max1[a¢ log Q(I|¢)]¢:¢O|
d

Iy

(IV.171)
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Then we can bound (N'Zy)~! using Eq. (IV.160) and Eq. (IV.167) leading to
the bounds

||hH |maxx[8¢ 10g Q(m|¢)]¢=¢0‘ < 1—ag @0_2

4
1y T ay d 9(d)

(IV.172)

||hH |maxx[8¢ log Q(x|¢)]¢:¢o‘ < 1—ag @0_2
Ty ag d 21 Fag

(IV.173)

To get the variance bound in Lemmas IV.7 and IV.8, we combine
Eq. (IV.160) and Eq. (IV.167) with Eq. (IV.141) to get

1

— <207 F=1, (IV.174)
1y

1 DI1-F 1-F 1

— < Cio® (14 0= 1 — F<1. (IV.175
Iola<+227rFa0><+Fa027r> ( )

To bound the number of shots needed M’ = M/P,4 in Theorem IV.7, it is
useful to also have

1 M, 1 o? ID|1-F
= < <Ci— |1+ C IV.176
PiI, NTIo ~ NIo —  'Fag ( T e ) ( )
as the variance is
~ 1 1

Varlel ~ 3 = 3Py

(IV.177)

189

Dl1—-F
gg(d) x 2C4 (1 +Cgu ) F < 1.






V. The advantage of quantum
control in many-body
Hamiltonian learning

The characterization of unknown systems is a critical topic in science and
engineering. Quantum mechanical systems are governed by a Hamiltonian
that determines the evolution of the system in time. In this setting, system
characterization takes the form of learning parameters of the Hamiltonian from
experimental data [123, 260—-301]. Hamiltonian learning is of central interest
for both applications of quantum technologies and explorations of quantum
systems in nature; these include quantum metrology [260-263], molecular
structure identification [300, 302, 303] quantum device benchmarking [270—
272], and verification of quantum simulations [273, 274, 304]. A universal
objective is to develop learning strategies that consume as few resources (for
example, as little time) as possible. This optimization requires designing both
a set of experiments and an algorithm to infer the Hamiltonian from the
experimental data.

A central goal of Hamiltonian learning is the so-called Heisenberg limit.
Arising from the quantum Fisher information [305-307], the Heisenberg limit
stipulates that the error, €, of any estimation of a Hamiltonian parameter scales
at best with the inverse of the total experimental runtime, 7' [308]. Protocols
that achieve the Heisenberg limit, such as Ramsey spectroscopy [309], gate-
set tomography [310], and Floquet calibration [311], have become standard
procedures across quantum technologies. Theoretical progress has laid rigorous
foundations for Heisenberg-limited learning in single- and few-qubit systems,
including theoretical bounds on the learnability and optimal measurement
schemes in noiseless [123, 260-268] and noisy [126, 312] situations. These works
tie in closely with work on Heisenberg-limited phase estimation [57, 74, 75, 131],
and Heisenberg-limited unitary estimation [313].

Despite this progress, achieving Heisenberg-limited learning of many-body
Hamiltonians remains a largely open direction. The past decade has seen
an explosion of learning protocols for many-body Hamiltonians that utilize
full [261, 267, 268, 275-286] or restricted [260, 272, 273, 291-294] tomographic
access, access to eigenstates [280, 294-296] or thermal states [268, 282, 287—
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289, 291] of the unknown Hamiltonian, or the ability to copy experimental
quantum data to a trusted quantum register [269-271]. In most of these works,
the estimation error scales as the inverse square root of the total evolution time,
known as the standard quantum limit or shot noise limit, and the Heisenberg
limit has neither been achieved nor proven impossible. Interestingly, the
only work to achieve the Heisenberg limit thus far, Ref. [286], requires a high
degree of control over the system to be learned. Specifically, the algorithm
in Ref. [286] resembles dynamical decoupling, and requires interleaving ever-
smaller steps of time evolution with large single-qubit rotations. (See also
earlier related algorithms [275, 290].) By contrast, the standard quantum
limit can be achieved with only the ability to prepare product states, perform
time evolution, and measure in a product basis [289]. It is natural, and
practical, to wonder whether a large degree of control is necessary to achieve
Heisenberg-limited learning in the many-body setting.

In this work, we establish a rigorous separation in many-body Hamiltonian
learning between systems with and without quantum control. We consider two
forms of quantum control: continuous control, in which one can continuously
time-evolve under a Hamiltonian that is the sum of both unknown terms and
controlled known terms, and discrete control, in which one can interleave
time-evolution under the unknown Hamiltonian with discrete quantum gates.
We begin by providing a new algorithm for learning many-body Hamiltonians,
which uses continuous quantum control to achieve Heisenberg-limited learning
of any bounded-degree many-body Hamiltonian. Our algorithm calls an
algorithm by Haah, Kothari and Tang (henceforth the “HKT algorithm”) [289]
as a subroutine, and augments this with quantum controls that simulate
reversed time-evolution under a best estimate of the unknown Hamiltonian.
The estimate is updated adaptively as the algorithm proceeds, leveraging
techniques for phase estimation introduced in Ref. [74].

Complementary to this algorithm, we show that learning at the Heisenberg
limit is not possible in the absence of quantum control for large classes of many-
body Hamiltonians. We first show that, if there exist infinitesimal translations
in parameter space that do not change the spectrum of the Hamiltonian,
then the Hamiltonian parameters cannot be learned at the Heisenberg limit
without quantum control. This result applies to several common classes of
Hamiltonians, including qubits or fermions with local or non-local interactions,
and even a single qubit evolving under a field along an unknown axis. We
then provide an analogous no-go result for any many-body Hamiltonian that
satisfies the eigenstate thermalization hypothesis (ETH), a widely validated
conjecture for how closed many-body systems relax to effectively thermal
states [314-317]. Both of our no-go theorems apply quite generally, and
preclude any algorithm without sufficient quantum control, including adaptive
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ag[ GiH (u)t Hf,\

No quantum control

i

Discrete quantum control

&[ 6'L'H(u,c)t H’f\ﬁ)

Continuous quantum control

Figure V.1.: Schematic quantum circuit diagrams of the three experimental
models that we consider in this work. Colors denote when the experimentalist
has complete control (red), some control (light blue-red gradient), or no
control (light blue) over the operation. We assume the experimentalist has
the freedom to specify state preparation (half-ellipse) and measurement (dial
symbol). Further, during time evolution (rectangles) we assume the freedom
to specify the evolution times ¢/7;, and the instantaneous quantum operations
V, (in the discrete quantum control model), or the control parameters ¢ (in
the continuous quantum control model). In the discrete control model, we
assume the quantum operations V; are unitary but allow them to act on an
arbitrary number of ancilla qubits (not shown), and we hide the dependence
of H on the unknown parameters u for clarity.

algorithms, algorithms with access to a quantum memory, and algorithms
that involve arbitrarily complex quantum or classical operations that do not
involve the unknown Hamiltonian. This generality arises naturally because
our proofs utilize bounds on the quantum Fisher information [305-307] and
related quantities that we define for unitary quantum processes.

V.1. Background and problem definition

We consider the problem of learning a Hamiltonian,

NP
H(u) = uqPa, lug| <1 (V.1)
a=1

where u, are unknown parameters and P, are k-local Pauli operators on
N qubits, with & = O(1). We abbreviate u = (u1,...,un,). Our goal is
to learn the parameters u from a system with dynamics governed by H(u)
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by performing experiments on the aforementioned system. Each experiment
consists of state preparation, time-evolution, and measurement. We assume
that the time-evolution features some form of ‘black-box access’ to H(u) that
we describe below.

We consider three experimental settings (see Fig. V.1), which are distin-
guished by the presence of ‘quantum control’: the ability to manipulate the
quantum state of the unknown system during time evolution. (These settings
do not change our abilities regarding system preparation or measurement.
In each setting, we consider either product state preparation and compu-
tational basis measurement — for our learning algorithm, Theorem V.1, or
arbitrary state preparation and measurement — for our lower bounds, Theo-
rems V.2, V.3.) First, we consider learning with ‘no quantum control’ (top,
Fig. V.1), in which all experiments consist only of state preparation, a single
instance of time evolution under the unknown Hamiltonian, U = e~ (Wt
and measurement. Unless otherwise stated, we assume the experimentalist
can perform arbitrary state preparations and measurements, and evolve for an
arbitrary time ¢ (at a cost given in the next paragraph). Second, we consider
experiments with ‘discrete quantum control’ (middle, Fig. V.1), in which
time evolution may be interleaved with instantaneous quantum operations by
the experimentalist (i.e. operations during which H(u) does not act). This
definition is appropriate for hybrid analog-digital quantum platforms, and
for applications of Hamiltonian learning to verify digital quantum simula-
tions [273, 274, 304]. In practice, the degree of discrete control may be limited
(for example, by energetic considerations, pulse discretization, or noise), so
we will set an upper bound, L, on the number of instantaneous operations
in a single experiment !. Finally, we consider experiments with ‘continuous
quantum control’ (bottom, Fig. V.1), in which control terms are added to the
Hamiltonian itself:

N:D
H(u,c) = (uq + cq)Pu, tql, |ca] < 1. (V.2)

a=1

Compared to discrete quantum control, this model reflects the fact that in
physical quantum systems the experimental control frequently has a bounded

ILet us elaborate on this point briefly. In many settings of interest, the Hamiltonian
to be learned will be native to the system of interest, and it may not be possible to
instantaneously halt the Hamiltonian during the implementation of a discrete quantum
gate. Thus, the implementation of a digital gate might incur some error (e.g. if one
attempts to implement the gate when the native Hamiltonian is still “on”) or require
some additional time (e.g. to transition the system between Hamiltonian and digital
modes of operation). To capture these effects within a simple theoretical model, we
assume that the total number of digital gates is bounded by some number L, and study
the dependence of learning on L.
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strength that renders instantaneous operations impossible. For simplicity, we
assume the control parameters c, are time-independent within a single exper-
iment, but can be reset by the experimentalist between different experiments.
In practice, experiments may also be able to modify ¢, within the timescale
of a single experiment. However, this limited degree of control will already be
sufficient for our learning algorithm in Theorem V.1.

To quantify the performance of a Hamiltonian learning algorithm, we now
define a cost model and a metric for success. The cost of generating data is
taken to be the total experiment time

T = Ztl” (V.3)

where z labels an individual experiment, and ¢, is the duration of time-
evolution under the unknown Hamiltonian in the experiment. This neglects
any cost of state preparation and measurement. We quantify the accuracy of
an estimator @ of the unknown parameters u by requiring that the maximum
root-mean-square (RMS) error be bounded as

2} v (V.4)

€ < max [(ﬂa — Ug)
a

where the overline denotes an expectation value over experimental outcomes.

The Heisenberg limit provides a universal bound, 7' = Q(e~1), on the total
experiment time 7T required to achieve a maximum RMS error € [131, 262, 308].
(We provide a derivation of this via the quantum Cramer-Rao bound in
Appendix V.A.3.) The bound passes through to other error metrics up to
factors of \/Fp using a median-of-means approach (see Appendix V.A.2).
The Heisenberg limit applies to any learning model, and does not prohibit
stricter bounds being established in specific settings.

V.2. Results

In this work, we establish a gap between the learnability of Hamiltonians
with and without quantum control. We present our results informally in this
section, and establish rigorous statements and proofs in the Appendix.

Our first result is an algorithm to learn any local many-body Hamiltonian at
the Heisenberg limit using continuous quantum control (Appendix V.B). Our
algorithm builds off the the HKT algorithm introduced in Ref. [289], which
learns a many-body Hamiltonian at the standard quantum limit, T = Q(¢~2),
from experiments involving no quantum control. The HKT algorithm is
standard quantum limited because each experiment involves evolution only
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up to a maximum time t., which is constant in € (see Appendix V.B.1 for
details). This restriction is fundamental to the HKT algorithm, which involves
approximating time-evolved operators by their Taylor series, e/#*P,e 1t ~
P, +it[H, P,] + O(t?), which diverges at large t.

We surpass the standard quantum limit by introducing adaptive quantum
controls to the HKT algorithm, as illustrated by the flowchart in Fig. V.2.
Suppose that previous experiments allow us to form an estimate @ of u with
error less than . We then set our continuous quantum control parameters to
the negative of the estimated Hamiltonian, ¢ = —a1. This yields time-evolution
under the Hamiltonian,

H(u,c)=cH(u'), H()= Z ul, P,, (V.5)
ul, = (ug — 1)/, (V.6)

where the new parameters obey |u/,| < 1. We can now apply the HKT
algorithm to the rescaled Hamiltonian H’, by evolving under the original
Hamiltonian H for a time ¢./e. This improves the error in our estimate of
u by a constant factor. Repeating this procedure in a similar fashion to
protocols for Heisenberg-limited phase estimation [74, 75] yields our result:

Theorem V.1 (informal)

Consider a low-intersection Hamiltonian H(u) with unknown parameters u
and continuous quantum control as in Eq. (V.2). There exists an algorithm
to learn u within maximum RMS error € using a total experimental time
T = O(e~ ) and only product states and computational basis measurements.

(The term ‘low-intersection’ is a technical constraint inherited from the HKT
algorithm that we describe in Appendix V.B.1.) Our algorithm bears some
resemblance to that of Ref. [285]; however, by using the HKT algorithm as
an inner loop, we improve the error bound exponentially in N and remove
the need for entanglement with a large ancilla register.

Our remaining results place lower bounds, T = Q(e~2), on Hamiltonian
learning without control. Our first bound is particularly simple: suppose two
Hamiltonians H(u) and H(u + du) are equal up to a unitary transformation.
Then, they cannot be distinguished at the Heisenberg limit for € ~ ||0ul|2
without quantum control (Appendix V.C). This is based on a straightforward
calculation from the quantum Fisher information which shows that the eigen-
values of H(u) can be learned at the Heisenberg limit, but the eigenvectors
cannot. Our Hamiltonian learning problem does not target the learning of
eigenvalues or eigenvectors, but rather the unknown parameters u. However,
we find that if there exists a shift in the unknown parameters that leaves
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Set 1 =0
e=1 e —e/2
_ Obtain a new estimate t
Set ¢ = —u with error < /2
= tc/E

Learn H (u) using HKT
€

Figure V.2.: Flowchart of our Heisenberg-limited algorithm. The algorithm
starts with an initial guess @ for the unknown Hamiltonian parameters u
accurate up to € = 1, and adaptively adjusts the control parameters to refine
the estimate. The HKT algorithm of Ref. [289] is used to learn a rescaled
Hamiltonian (Eq. (V.6)) and then the estimate of u is updated based on the
learned Hamiltonian. The algorithm continues iteratively until the error € in
the estimate is smaller than a specified threshold e.

the eigenvalues unchanged, then the parameters cannot be learned at the
Heisenberg limit:

Theorem V.2 (informal)

Consider a Hamiltonian H(u) with unknown parameters u, and either no
quantum control or discrete quantum control with a constant number L =
O(1) of interleaved operations. Suppose that there exists an infinitesimal
transformation, u — u + du, that leaves the spectrum of the Hamiltonian
unchanged to leading order in du. Then learning the linear combination of
parameters u - (du/||éul|) to within RMS error € requires a total experimental
time T = Q(e™?)

Theorem V.2 is completely general, in that it holds for arbitrary state prepa-
ration and measurement in the experiment. As stated, the theorem concerns
the RMS error of a linear combination of parameters specified by du. If du
has support on only a single parameter, then this trivially lower bounds our
original choice of error metric, the maximum RMS error over the individual
parameters u, [Eq. (V.4)]. More generally, the error in any linear combination
lower bounds the maximum RMS error up to a factor of /1/N,,.

Hamiltonians that obey the conditions of Theorem V.2 are quite common
in the natural world. For instance the single-qubit Hamiltonian,

H(u) =u X +uyY +u, 2, (V.7)
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has the same spectrum whenever [[u; [|2 = |[uz[|2. The angle of u can therefore
not be learned at the Heisenberg limit. This point was established by other
methods in Refs. [260, 266]; Theorem V.2 can be thus seen as a generalization
of the single-qubit no-go theorems in these works to the general many-body
case. Similarly, the fermionic Hamiltonian,

H(u) = Z u%)cjcj + Z ug,llcgc;ckcl, (V.8)
i ijkl

possesses orbits of u connected by Givens rotations [318]. This holds for
both local and all-to-all connectivity, since Givens rotations may be chosen to
preserve locality. Analogous spin Hamiltonians are discussed in Appendix V.C.

While the applicability of Theorem V.2 is broad, the conditions of the
theorem can be circumvented by adding only a small amount of continuous
quantum control or prior knowledge about the Hamiltonian (for example, by
adding fixed non-adaptive background fields [123, 265, 266, 311]). Our second
lower bound excludes Heisenberg-limited learning on a more robust physical
context. Namely, we show that learning is bounded by the standard quantum
limit, T = Q(e2), for any Hamiltonian that thermalizes via the eigenstate
thermalization hypothesis (ETH) [314-317] (Appendix V.D). Thermalization
describes the relaxation in time of local observables to their thermal val-
ues [316]. The connection between learning without quantum control and
thermalization is natural, since both concern the late time dynamics of the
unitary evolution e~ *#(W! Thermalization clearly precludes learning at the
Heisenberg limit from local measurements, since they approach thermal dis-
tributions that are constant in time. However, it is not a priori clear whether
this extends to more complex measurement strategies, such as those involving
backwards time-evolution under an estimate of the Hamiltonian [270, 271].
Indeed, even thermalizing Hamiltonians exhibit coherent late time phenomena
in their own eigenbasis, which suggests that some degree of Heisenberg limited
learning may be possible.

We resolve these questions by invoking the ETH, a conjecture for how
thermalization occurs in closed Hamiltonian systems. The ETH concerns the
matrix elements of local operators in the Hamiltonian eigenbasis. It posits
that (i) the diagonal matrix elements are equal to the expectation value
of the operator in a corresponding thermal state, and (ii) the off-diagonal
matrix elements have magnitude exponentially small in the system size, and
are random up to certain macroscopic constraints [314-317]. We formulate
these conditions precisely in Appendix V.D.1. The core tenets of the ETH
have been thoroughly validated by extensive numerical studies across many
Hamiltonians; see Ref. [316] for a comprehensive review. Taking the validity
of ETH as an assumption, we establish the following theorem:
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Theorem V.3 (informal)

Consider a Hamiltonian H(u) with an extensive number, N, = Q(N), of
unknown parameters u, and either no quantum control or discrete quantum
control with a constant number, L = O(1), of interleaved operations. Suppose
that, within the states accessed by an experiment, the Hamiltonian obeys the
ETH and that its thermal expectation values have bounded derivatives with
respect to the temperature. Then learning the parameters u with mazimum
RMS error € requires a total experimental time, T = Q(e2), as long as the
time is sub-exponential in the system size, T = o(exp(N)).

The theorem holds for arbitrary state preparation and measurement, so
long as the Hamiltonian is thermalizing on the states accessed during the
experiment. The required condition on derivatives of thermal expectation
values is quite loose, and is a standard feature of the thermodynamic limit.
(In Appendix V.D.6, we prove it holds for geometrically local Hamiltonians
whenever correlations decay exponentially [319, 320].) The restriction to
sub-exponential times is natural, since at later times the system may exhibit
non-thermal revivals that are not captured by the ETH.

Our proof of Theorem V.3 relies on several technical lemmas, which may
be of interest for future work on multi-parameter Hamiltonian learning or
rigorous analysis of thermalizing Hamiltonians. We begin by expressing the
quantum Fisher information in terms of time-integrals over operators entering
the Hamiltonian, which are then amenable to analysis via the ETH. We
establish that the spectral norm of the contribution of off-diagonal matrix
elements of these operators is bounded above by O(t'/?), and hence cannot
lead to learning at the Heisenberg limit. Our proof leverages techniques
from random matrix theory. Meanwhile, the diagonal matrix elements grow
instead as O(t). However, we show that their contribution to the Fisher
information matrix is low-rank when the derivatives of thermal expectation
values are bounded. Intriguingly, this rank-deficiency is only a limitation
for many-parameter learning. In keeping with our initial intuition, we find
that Heisenberg-limited learning is possible for many-body Hamiltonians
where only a constant number of parameters are unknown, using non-local
measurement strategies (Appendix V.D.7).

V.3. Comparison to previous work

Models of quantum control: Prior studies on Hamiltonian learning have
considered a diverse range of experimental scenarios, almost all of which are
encapsulated by one of our three models of quantum control. Many works
fall under our ‘no quantum control’ model [261-263, 267, 269, 270, 273, 275~
278, 281, 283, 284, 287, 289, 291-293, 300, 301, 321], some of which include
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additional, experimentally-motivated constraints that are not imposed in our
work [273, 276, 281, 293]. Notably, our no control model encompasses previous
proposals for “quantum-assisted” Hamiltonian learning [269-271, 282, 301],
which nonetheless use only a single application of time-evolution under the
unknown Hamiltonian. A comparatively fewer number of works fall under our
discrete quantum control model [123, 266, 285, 286, 297]; these are referred to
as “quantum-enhanced” experiments in Ref. [286]. Meanwhile, our continuous
quantum control model encapsulates a number of additional works that use
both time-independent [265, 272, 285, 299] and time-dependent continuous
control [279, 294, 297, 298, 322, 323]. Some works have allowed evolving
an entangled state over multiple copies of the system [260, 285], which are
encapsulated within our discrete control model by allowing swap operations
between the the system and an ancillary register [124]. Finally, a number
of other works have focused on learning from access to steady states of
Hamiltonians (e.g. eigenstates or thermal states) [268, 280, 288, 289, 291, 294~
296]; while in principle steady states might be obtained by using time-evolution
under the unknown Hamiltonian, this is largely orthogonal to the focus of our
work.

Many works have investigated learning Hamiltonians with a single [123, 263,
265, 266, 275, 297] or few [260-262, 267, 269, 272, 273, 278, 279, 285, 290, 292,
294, 294, 296, 298-300, 322] unknown parameters. Here, we also use “few” to
refer to algorithms whose scaling with the number of unknown parameters is
either exponential [278, 279, 285] or unknown [261, 269, 272, 273, 290, 292,
294, 294, 296, 298, 300, 322]. Several of these works have also considered the
benefits of quantum control in Hamiltonian learning [123, 260, 262, 263, 265—
267, 275, 297, 299]. For the simplest such Hamiltonian, with H(u) = uP and
u unknown, learning corresponds to the well-known phase estimation problem.
In this case, the Heisenberg limit can be reached with no quantum control [131],
and thus quantum control yields no asymptotic advantage [297]. However,
beyond this, there are known examples of Hamiltonians with a single unknown
parameter where learning without quantum control is standard quantum
limited [123]. Previous works have proven that the Heisenberg limit can be
achieved in these scenarios by leveraging discrete [123] or continuous [265]
quantum control. Some of these algorithms leverage approximate backwards
time-evolution [123, 265], in a similar manner to our many-body learning
algorithm.

Rigorous algorithms for learning many-body Hamiltonians in polynomial
time have been demonstrated in Refs. [268, 270, 276, 277, 280, 281, 283, 284,
287-289, 289, 291, 291, 293, 321], all with precision scaling as the standard
quantum limit. For other algorithms [261] the Heisenberg limit is anticipated,
but has not been proven. Among these, the algorithm of Ref. [289] is crucial to
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the present manuscript, as we use it as a subroutine in our Heisenberg-limited
learning algorithm.

The only prior work to achieve the Heisenberg limit in many-body Hamil-
tonian learning was Ref. [286]. Their algorithm interleaves large single-qubit
rotations in between short steps of time-evolution, in a manner similar to
dynamical decoupling. In particular, the rate at which single-qubit gates are
applied becomes ever more frequent with the desired precision ¢, such that
the total algorithm requires a number of interleaved operations L = ©(¢~2).
Interestingly, this is quadratically worse than our lower bound, L = Q(e1).
It remains an open question whether the algorithm in Ref. [286] can be
strengthened to match this lower bound. In terms of experimental feasibility,
for small € the frequent interleaved operations in Ref. [286] may be difficult to
apply in practice (depending, for example, on the power of single-qubit pulses
relative to the strength of the unknown Hamiltonian). In comparison, our
algorithm only uses control operations of the same strength as the unknown
Hamiltonian. At the same time, these controls must be able to implement
backwards time-evolution under a best estimate of the unknown Hamiltonian,
which will require two-qubit interactions or gates. Thus, where each algorithm
succeeds in practice will depend on the specific control set of the system of
interest.

V.4. Discussion

The above results establish an advantage in many-body Hamiltonian learning
for both continuous and discrete quantum control. For the former, the
algorithm in Theorem V.1 establishes that any k-local Hamiltonian can be
learned at the Heisenberg limit with continuous quantum control. This
circumvents the no-go Theorems V.2 and V.3, and establishes an advantage
for continuous quantum control over the no quantum control model in learning
Hamiltonians where either of these theorems apply. Moreover, the total number
of experiments needed to implement our algorithm is only O(loge~!). This
is exponentially fewer than all known learning algorithms with no quantum
control. At the same time, our algorithm requires the ability to individually
modify every term in the Hamiltonian, a relatively strong requirement for
physical experiments. A clear question for future research is whether this can
be relaxed, for example to experiments with control over only single-qubit
terms or global combinations of terms. This is relevant in the case of e.g.
NMR [300, 302, 303] where one has only control over a global magnetic field.

For discrete quantum control, our no-go theorems combine with the al-
gorithm introduced in Ref. [286] to establish a separation in Hamiltonian
learning as a function of the number L of interleaved quantum operations.
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Ref. [286] establishes a Heisenberg-limited algorithm in the discrete quantum
control setting that implements a dynamical decoupling scheme requiring
L = O(T?) interleaved unitaries. Meanwhile, our formal versions of The-
orems V.2 and V.3 establish that L must scale at least linearly with the
evolution time, L = Q(T) (see Appendix V.C and V.D). Given recent work
establishing a Heisenberg-limited unitary learning scheme [313], we expect
that Heisenberg-limited Hamiltonian learning in the discrete quantum control
model with L = O(T) can be achieved, making the bound tight. This would
require repeatedly alternating forward time-evolution by e and backward
time evolution by e (M4t for dt constant in e. This follows a different
principle to Ref. [286] (term cancellation versus dynamical decoupling); these
two principles correspond to the limits of optimal control for learning in the
single-parameter case [265]. We think it an interesting open question whether
a dynamical decoupling scheme with L = ©(T') can be achieved; we speculate
that this may indeed be possible by leveraging rigorous approximations for
Floquet evolution with geometrically local Hamiltonians [324].

While each of our no-go theorems apply to Hamiltonians that are common
throughout nature, Theorem V.3 is in some ways more robust than Theo-
rem V.2. As we have remarked, even small modifications to the Hamiltonian,
such as the addition of an external field of known value, can break the unitary
equivalence necessary for Theorem V.2. However, Theorem V.3 cannot be so
easily circumvented. For example, suppose that one has continuous quantum
control, but chooses control parameters ¢ such that each instance of the
Hamiltonian H (u, c) satisfies the ETH. From the proof of Theorem V.3, one
can show that Q(NN/polylog(N)) unique choices of ¢ will be required to learn
at the Heisenberg limit. Our algorithm in Theorem V.1 circumvents this by
choosing c such that the system does not thermalize until ever-later times
in each successive experiment. We conjecture that similar methods might be
more broadly required: that efficiently learning many-body Hamiltonians at
the Heisenberg limit requires breaking, or delaying, ergodicity. Interestingly,
in Appendix V.D.7 we provide strong arguments that Heisenberg-limit learn-
ing can be achieved in thermalizing Hamiltonians when only a constant O(1)
number of parameters are unknown, using the quantum-assisted Hamiltonian
learning algorithms of Refs. [269-271].

Interestingly, we can in fact understand our Theorem V.3 for thermalizing
Hamiltonians in terms of Theorem V.2. This comes from an observation
within the proof of Theorem V.3 that there exist extensively many linear
combinations ) he P, of local operators whose matrix elements are purely off-
diagonal in the eigenbasis of the Hamiltonian. This implies that the spectrum
of the Hamiltonian is invariant (to first order in perturbation theory) under
the parameter shift, H — H + A} h,P,, which falls precisely under the
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conditions of Theorem V.3. (To see this, recall that from perturbation theory
the change in an eigenenergy E; is given by ME;| Y., hoPu|E;) + O()\?),
which vanishes to first order when ) h,P, is off-diagonal.) The fact that
the spectrum of a Hamiltonian obeying the ETH is independent of so many
microscopic parameters is a stark illustration of the averaging effects of
thermalization.

In summary, we have established separations in Hamiltonian learning be-
tween experiments that can control a system throughout time-evolution, and
those that cannot. Our work begins with a rigorous formulation of three
models of quantum control: no control, discrete, and continuous. These
definitions encapsulate nearly all previous algorithms for Hamiltonian learn-
ing. Utilizing continuous quantum control, we introduce a new algorithm for
learning any many-body Hamiltonian at the Heisenberg limit, which combines
techniques from robust phase estimation [74] with the HKT algorithm [289].
Our algorithm joins with that of Ref. [286] among the first provable algorithms
for learning many-body Hamiltonians at the Heisenberg limit. Complemen-
tary to this, we establish that the Heisenberg limit is impossible to achieve
in general without quantum control. We identify two roadblocks—unitary
equivalences between Hamiltonians, and thermalization via the eigenstate
thermalization hypothesis—and show that either of these preclude nearly all
learning strategies that do not interrupt time-evolution at, at least, a constant
rate. We hope that these results provide a new lens through which to view
existing Hamiltonian learning algorithms, and spark further refinements in
algorithms to come.

V.A. Preliminaries

We begin in Appendix V.A.1 by providing a formal definition of a quantum
experiment, quantum control, and the many-body Hamiltonian learning prob-
lem. We discuss the relations between various error bounds on Hamiltonian
learning in Appendix V.A.2. In Appendix V.A.3, we establish several ba-
sic facts regarding Hamiltonian learning experiments, related to the Fisher
information.

Throughout this work, we use O, 0,2, 0 and w following standard ‘big-O’
notation. We use || - ||2 and || - ||oo to refer to the standard vector 2- and
oo-norms over C and R, and || - ||s to refer to the spectral norm of a matrix or
operator. We use PN = {I,X,Y, Z}N to denote the set of all tensor products
of Pauli matrices on N qubits. We use bold-font to imply that the object
in question is a vector of dimension equal to the number of parameters N,
in our learning problem; depending on the context this may be a vector of
real or imaginary numbers, or a vector of operators acting on the N-qubit
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Hilbert space c2". We do not distinguish between operators on Hilbert space
and matrices acting on R™r; this is hopefully clear from context. We use
(-)p to denote an expectation value of an observable on a quantum state p,

and (-) to denote the expectation value of a random variable over all possible
measurement outcomes.

V.A.1l. Hamiltonian learning as an oracle problem

In this work, we consider a quantum experiment to consist of three steps: state
preparation, unitary evolution, and measurement. For a given experiment
x, we denote the initial state as p,. We denote the unitary evolution by U,.
Finally, a measurement is specified by a positive operator-valued measure
(POVM), which corresponds to set of positive operators, {E; n, }, that sum to
the identity, > = FEg ., = 1. The measurement produces an outcome m with
probability,

Sem = Trace[Ew,mUwpwUl]. (V.9)

which is returned to the experimentalist. In what follows, we will sometimes
omit the experiment label z when it is clear from context.

In this work, we are concerned with learning the parameters u of a Hamil-
tonian H(u). For specificity, we consider Hamiltonians that act on N qubits
and take the following form:

NI’
H(u) = ZuaPa, ug € [-1,1, P,ePN, P, #1I (V.10)
a=1

where u, € [—1,1] denotes an individual unknown parameter, N, is the
total number of unknown parameters, and P, € {1, X,Y, Z}" is a Pauli
operators on N qubits. We are particularly interested in learning many-body
Hamiltonians, when N is large.

The data that we will learn u from is the outcomes of quantum experiments
in which the unitary evolution U, involves time evolution by H(u). Before
formally defining the Hamiltonian learning problem, we define three specific
classes of such experiments that we will consider.

Definition V.1 (No quantum control)
A quantum experiment features no quantum control if the unitary evolution
is equal to a single application of time-evolution under the Hamiltonian,

U =e tHW (V.11)

for time t. Unless otherwise stated, we assume that state preparation and
read-out can be performed in an arbitrary basis, and that the experimentalist



V.A. Preliminaries

can freely choose t in each experiment.

Experiments with no quantum control are the most restrictive class we will
consider.

We now consider two, idealized ways in which increased control by the
experimentalist can enhance Hamiltonian learning experiments. First, the
experimentalist may be able to insert discrete instantaneous quantum gates
throughout time-evolution [286]:

Definition V.2 (Discrete quantum control)
A quantum experiment features discrete quantum control if the experimentalist
can interleave time-evolution by a Hamiltonian H(u) (Eq. V.10) with L
instantaneous unitary operations V;. That is,

U=Vye ey, e | Ve Ty, emiHm H=H(u) (V.12)

for some times 11,...,7. We assume that state preparation and read-out can
be performed in an arbitrary basis, that the experimentalist can freely choose
71 and V; in each experiment, and that Vi may act on an arbitrary number of
additional ancilla qubits.

We note that the use of unitary control operations allows a large amount of
generality. For instance, an arbitrary mid-experiment POVM measurement
can be implemented within the above definition as a unitary operation. More-
over, our definition also incorporates experiments involving up to L copies of
a quantum memory, since the control operations can swap the qubits acted
on by H(u) with ancilla qubits. Our consideration of a finite number L of
discrete operations is motivated by physical concerns, since any “instanta-
neous” operation will in practice require a non-zero amount of time and incur
a non-zero amount of noise. The above definition includes experiments with
no quantum control as the special case L = 1. Also, the inclusion of the
final unitary V7, is not strictly necessary as it can be absorbed into the final
measurement.

While the discrete quantum control model is natural for certain hybrid
analog-digital quantum setups, in practice energetic restrictions often preclude
the application of instantaneous control operations. For example, when
evolution under the Hamiltonian H (u) is native to the system and cannot be
paused, the application of instantaneous control operations requires driving
the system with a control field orders of magnitude stronger than the native
Hamiltonian strength. To capture setups where only moderate control strength
is possible, we consider the following alternate scenario. We suppose that the
experimentalist can continuously modify time-evolution by augmenting the
Hamiltonian with additional control parameters c:
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Definition V.3 (Continuous quantum control)

A quantum experiment features continuous quantum control if the unitary
evolution is equal to a single application of time-evolution for time t under an
augmented Hamiltonian,

U= e—i]’[(u,c)t7 (V13)
Np
where H(u,c¢) = H(u)+ H(c) = Z(ua + cq) Py,
a=1

|Ual, |cal < 1.

Again, we assume that state preparation and read-out can be performed in
an arbitrary basis, and that the experimentalist can choose ¢ and t in each
experiment.

We restrict the control parameters ¢ to be time-independent, which turns
out to be sufficient for our learning algorithm in Theorem 1 of the main
text. We also assume that the control parameters encompass the same Pauli
operators as the unknown parameters. This is an important and rather strict
assumption that is necessary for our theorem. Exploring Hamiltonian learning
under more restrictive forms of continuous control (e.g. when the control
parameters are restricted to single-qubit operators) remains an interesting
and potentially relevant future direction.

We can now formalize the Hamiltonian learning problem. We do so by
treating each quantum experiment as a query to a probabilistic classical
oracle.

Definition V.4 (Classical oracularization of quantum experiments)

A quantum experiment x involving a Hamiltonian H(u) with unknown param-
eters u takes as input a classical description of a quantum state p,, a classical
description of a POVM {Ey n}, and: a time t; (if no quantum control), a list
of L times 751, and L unitary operations Vy; (if discrete quantum control), or
a time ty, and a list of control parameters c, (if continuous quantum control).
The oracle returns a measurement outcome m drawn from the probability
distribution Sy m(t) [Eq. (V.9)].

The Hamiltonian learning problem is to learn u from calls to the classical
oracle.

Definition V.5 (Hamiltonian learning problem)

Consider a Hamiltonian H (u) with unknown parameters u, and a desired error
€. The Hamiltonian learning problem is to construct an unbiased estimator @
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of u such that the mazimum root-mean-square error is less than €,

<e, (V.14)

412
max [(ua - da)ﬂ

a

given access to an experiment oracle for H(u). We define the cost of a
Hamiltonian learning algorithm as the total Hamiltonian evolution time,

T= th (where t, = Z 75,1 for discrete quantum control)  (V.15)
T l

over all experiments performed.

V.A.2. Alternative error bounds

In the above definition, we have chosen the maximum RMS error as a metric
for the performance of a learning algorithm. This is not the only choice
possible, and different choices can lead to different costs to learn to the same
€. Popular performance metrics for the estimator @ include:

1. Have maximum RMS error max, 4/ (uq — @g)? < € (the metric used

here).

2. Have total RMS error y/>", (uq — Uq)? < €.

3. With probability > 1 — 4, satisfy |[u — a2 <e.
4. With probability > 1 — 4, satisfy ||u — @f|e <e.

The RMS error {/(ug — @,)? is equivalent to the 2-norm of the standard
deviation of the estimator %, under the assumption that this estimator is
unbiased. Thus, metric 2 is equal to the 2-norm of the standard deviation of
the vector estimator @, and metric 1 is equivalent to the infinity norm of the
standard deviation of .

Let us now outline the costs of converting between these various estimators.
We summarize this in Table V.1. The contrapositive of a result “existence
of estimator @ with cost T — existence of estimator @’ with cost T'” is the
result “a bound 7" on the cost of estimator @’ — a bound T on the cost of
estimator 1", so we will only discuss the costs of generating one estimator from
another. An estimator with P(|| — ul|oc <€) > 1 — 0 is an estimator with
P(lla—ul2 < N;/ze) > 1—46, and an estimator with P(|[a—uljs <€) >1-4§
is an estimator with P(|[i — u|leo <€) >1—§ as

—1 _ ~ ~
Np ?[lu =1z < flu—1fe < [lu—af. (V.16)
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Table V.1.: Conversion table between well-known estimators. Entry i, j gives
the conversion from estimator j (defined in top row) to estimator ¢ (defined
in left-column). Equivalently, entry ¢, j gives the conversion from a bound on
estimator ¢ (defined in left column) to a bound on estimator j (defined in top
row). As indicated in the top-left corner, we assume the cost of constructing
the estimator for column j is T', and the cost of constructing the estimator
for row ¢ is T".

Similar logic holds for the RMS error, as

max( —11g)? < Z tq)? < N, max (Uq — Uq)?. (V.17)

As we have not declared for these estimators how T scales with €, we cannot
propagate these changes through to a change in 7.

We now consider how to change from bounds on the RMS error to
probability-confidence bounds and vice versa. Given an estimator @ with total
RMS error ¢, Chernoff’s bound implies we can take the mean of O(log(1/4))
repeated estimates to guarantee P(]jlu — ulj2 <€) > 1 —J. Conversely, given
an estimator @ with P(|lu—1f2 <€) > 1-946, as [[u—1: < N,}/Q, we
can take a median over O(log(N,)log(1/¢€)/log(1/d)) estimation copies to
obtain an estimator with total RMS error 2¢. Similarly, given an estima-
tor @ with P(Jjlu — f|ec <€) > 1 —4, I can take a term-wise median over
O(log(1/€)/log(1/§)) estimation copies to obtain an error with maximum
RMS error €. Then, given an estimator @1 with maximum RMS error €, we can
take a mean over O(log(1/4)) copies and for each a construct an estimator i,
satisfying P(|ug — @q| < €) > 1 — §. But, these estimators can be correlated;
in the worst case we can only bound P(max |u, — @q| > €) < min(1, N§). To
achieve P(Jlu — @fjeo < €) < 1 — ¢ then requires we set 6 = §' /N, which
incurs an additional O(log(NN)) cost. All other conversions in Tab. V.1 can
be obtained by propagating through the results outlined above. One can
see that our chosen metric — the max RMS error — is relatively weak (in
that it is typically more costly to expand to another metric than vice-versa).
This implies that algorithms to achieve a given € are easier to construct, but
bounding the cost of an algorithm to achieve accuracy € is more challenging.

V.A.3. The Fisher information and the Cramer-Rao
bound

The ability to infer the hidden parameters u from the experimental outcomes
{m} is bounded by how sensitive the probability distributions S, ,, are to
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changes in u. The celebrated Cramer-Rao theorem solidifies this, by bounding
the covariance matrix of any unbiased estimation of u by the inverse of the
Fisher information matrix Z [297]. The Fisher information matrix quantifies
the sensitivity of S; ., to u, and has matrix elements:

I, — ZIx,ab _ Z S <8loaguim,m> <8lo§u5bx,m> (V.18)
T m,x
-y Sl (agz’m> <3527m> . (V.19)
mow DM a b

where a,b =1, ..., N, index the unknown parameters. We have used the fact
that the Fisher information is additive to write it as a sum over experiments
x, and then differentiated the logarithm. In the experiments considered in
this work, the dependence of S ,, on u arises from time-evolution under the
unknown Hamiltonian within U,. The Cramer-Rao theorem establishes that
this is the maximum amount of information that can be obtained from the set

of experiments {x} with probabilistic outcomes {m, }, regardless of whether
the experiments were performed adaptively or not.

The classical Fisher information above depends upon the measurement
bases E,, , of each experiment x. One can also ask the question: what is
the maximum information extractable from the final state U, pwU; of each
experiment by any possible measurement. This is quantified by the quantum
Fisher information [306, 307]. For the experiments considered in this work,
we assume the initial state p, is pure and the dependence on the unknown
parameters enters only through the unitary evolution U,. The quantum Fisher
information matrix then takes the simple form [125]:

7(@ — 4 ((Az,an,wpm ~(Asa),, (Ax,b>pz> , (V.20)

where we denote (), = Trace[(-)p]. (Note that maximal quantum Fisher
information from a unitary process is always achieved for a pure state, and so
the bounds we derive in this work will hold for mixed states p, as well [125].)
Here, we define a central object for learning unitary quantum processes, the
Hermitian time-integrated perturbation operator:

ou,
Ay = —iUI —2.
’ ZUﬂ”aua

(V.21)
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For convenience, we write the same equations in vector notation as:
7@ —4((A,A7), —(A,), (AD), ), A, =—iUL(VU,), (V.22)

where the transpose T' acts in parameter space (not Hilbert space).

The quantum Cramer-Rao theorem bounds the covariance matrix of any
unbiased estimation of u in terms of the quantum Fisher information matrix,
regardless of the choice of measurement bases E,, ;. We state it without
proof:

Theorem V.4 (Quantum Cramer-Rao theorem [125])

Let {m,} be measurement outcomes of a set of quantum experiments x whose
unitary evolution depends on an unknown parameter u, and define the quantum
Fisher information matrix @ = > I;,Q) following Eq. (V.20). Suppose
that a({m.}) is an unbiased estimator of u from the outcomes {my}. Then
the covariance matriz of the estimator,

S =(i—u)(a—u)’ (V.23)
is lower bounded by the inverse quantum Fisher information matrix:

® > [Z@) (V.24)

Here () denotes the expectation value over measurement outcomes {my}.

The quantum Cramer-Rao theorem immediately allows us to lower bound
the error metrics introduced previously. The root-mean-square error in an
individual parameter u, is lower bounded by the diagonal elements of the
inverse Fisher information matrix:

(ua — ﬂa)2 > [I(Q)];ala (V.25)
and the total root-mean-square error by its trace:

> " (ug — 1ig)? > Trace([Z9] 7). (V.26)

a

Following the previous section, we note that the trace also lower bounds our
error metric of choice, the maximum individual root-mean-square error €, via:

_ 7)Y @1\ (1 @)
€ = max ((ua — 1g) ) > (mgx[l' }aa) > ETrace([I =) .
(V.27)
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We are now able to formally derive the Heisenberg limit for Hamiltonian
learning:

Theorem V.5 (Heisenberg limit in Hamiltonian learning)
Consider a set of quantum experiments x with unitary evolution,

. T{eifow as HI(S,U)} , (V.28)

where H,(t,u) is an arbitrary time-dependent Hamiltonian with a bounded
dependence on the unknown parameters u,

<1, Va. (V.29)

S

OH,(s,u)
Ou,

Then any algorithm that solves the Hamiltonian learning problem requires a
total evolution time,
T>Q(eh), (V.30)

where T =3 t,.

In the above, we allow a completely general dependence of the unitary evolution
on u in order to capture both the discrete and continuous quantum control
scenarios.

Proof— Using the definition of the parametric derivative of an operator
exponential [325], we have

ou, (" O0H.(s,u)
8ua = —Z‘/O dSUm(tm,S)T%Um(S7O), (V?)].)

where U,(t, s) denotes evolution from time s to time t. Observing Eq. (V.21),
we can then write the time-integrated perturbation vector as follows:

0H,(s,u)

B Uy (s,0). (V.32)

te
Apa = 7/ ds U] (s,0)
0

We can bound the spectral norm as || A, 4||s < ¢4, using the triangle inequality

and the assumption HM#WHS < 1. This bounds the diagonal elements of

the inverse quantum Fisher information matrix as,

1 1 1
— > —. (V.33)

T(@1-1 5
[ Jaa 2 I((lg) 4th§ T 4772

Applying the quantum Cramer-Rao bound (Theorem V.4) and Eq. (V.27)
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yields,

T > (V.34)

1
2e
which is the Heisenberg limit. O

V.B. A Heisenberg-limited algorithm for
low-intersection Hamiltonians with
continuous quantum control

V.B.1. The Haah-Kothari-Tang algorithm for learning
from short time evolution

In Ref. [289], Haah, Kothari and Tang described an algorithm to learn a
Hamiltonian H from short-time evolution by e~*#*, along with state prepara-
tion and measurement in an arbitrary product basis. We restate their result
here in our formalism for ease of reading.

The HKT algorithm for finite times requires taking a Taylor expansion of
et Peiflt which in turn requires that this expansion converges. This sets
a maximum time, t., beyond which the algorithm no longer works. Ref. [289]
calculates t., in the case that P, is a Pauli operator with support on O(1)
qubits, as follows. Let us define Supp(P) as the set of qubits that P acts
non-trivially on, and let us further define

. (V.35)

{b =1,...,Np; b# a; Supp(P,) N Supp(P) # @}

which is the maximum degree in the dual graph to H. Ref. [289] gives
a critical time t. = O(Poly(d7!)). Note that if H has maximum degree
d—1=max,|{a=1,...,Np; ¢ € Supp(P,)}|, we can bound d < d < k(d—1).
It is typically assumed that 0 is constant in N, in which case the Hamiltonian
is called ‘low-intersection’, but we will not use this terminology in this work.
With this fixed, Ref. [289] gives an algorithm (the HKT algorithm) for learning
at finite times. We refer the reader to the original work for details of the
algorithm, and state it in a form relevant to us here:

Theorem V.6 ([289] A.1, restated)

Consider the Hamiltonian learning problem for an unknown Hamiltonian H (u),
with ||ullee < 1, with no quantum control (Definition V.1). There exists an
algorithm (the HKT algorithm) that with probability 1 — § can estimate u to
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an error || — u||oo < € in total experimental time,

Poly(d) . N
T= O( 2 log (SP)’ (V.36)

where N, is the number of parameters, and d is the maximum degree in the
dual graph [Eq. (V.35)].

The HKT algorithm does not achieve the Heisenberg limit, T = O(e~!), since
each experiment involves time-evolution only for times ¢t < ..

V.B.2. A Heisenberg-limited extension of the HKT
algorithm using continuous quantum control

In this section, we extend the HKT algorithm described above to a new
algorithm that works at the Heisenberg limit, and prove Theorem 1 of the
main text. The idea is, as we improve our estimate of u, to add a control
term ¢ ~ —u, so that the terms in Eq. (V.13) approximately cancel out.
We can rescale the resulting Hamiltonian, allowing us to ‘zoom in’ on the
error between our control and fixed parameters at the Heisenberg limit. This
is similar in spirit to robust phase estimation [74] (and its multiple phase
extension [75]), which achieves the Heisenberg limit by using estimates of
€12"® to estimate ¢ to within an error of 7. Doing this for d = 0,1,... D

. . . cod d—1 -od
avoids the aliasing error /2" (#4277 ™) — ¢i2°¢,

To achieve the Heisenberg limit requires we assume continuous quantum
control of our system (Definition V.3). This allows us to ‘zoom in’ on our
Hamiltonian: we use our control term to approximately cancel our fixed
parameters, and rescale our time variable. This gives a new black box that
we can plug into the HKT algorithm, but one which takes longer to query.

Lemma V.1

Assume we have an experiment oracle time-independent H (u, c) with dynamic
control, and an estimate . € [—1,1]V%, such that |[u—1||oc < A. We can query
a ‘rescaled’ experiment oracle with a Hamiltonian H'(0'), where u’ = % (u—1)
and ||u'|| < 1. This incurs a rescaled cost % to query for an experiment

with evolution time t.
Proof—1If [u—clleo <A, [A7 (u—¢)||oo <1 and A~ (u—c) € [-1,1]M.

Then, fix input p(0),0,¢, {E;}, for the new black box. From Eq. (V.13) we
can see that H(a,b) = H(a+b,0) and H(\a,0) = AH(a,0), which implies
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we need to sample from

Sm(t) = Trace {Em exp (— itA7 H(u, —c,0))p(0) exp (it A" H(u, fc))} .
(V.37)
We can obtain this sampling by querying the original black box with p =
p(0),c = —u,t =t/A,{E;} = {E;}, which has a cost £. O
With this given, our algorithm proceeds as follows:

Algorithm V.1 (Heisenberg-limited extension of the HKT algorithm)
Input: Hamiltonian H = H(u,c) as given by Eq. (V.13), desired precision e,
confidence parameter ¢ € (0,1/24].

1. Let D = [logy(1/€)].
2. Let 9 = 0 be our 0th order estimate for u.

3. Ford=0,...,D:
a) Fiz HD(u) = 29H (u, —a(®).
b) Apply the HKT algorithm (Theorem V.6) to the rescaled Hamilto-

nian HD | with error bound 1/2 and error probability 5@ = Sp—a

Define the output estimate g(®.
¢) If lg¥ e > 1, set g@ = 0.
d) Set ﬁ(d+1) = ﬁ(d) —+ 27dg(d).

4. Return u = a(Pth),

To show that this algorithm achieves the Heisenberg limit as defined, we
first bound the error in the d-th order estimate @(¥) assuming the first d
runs of the HKT subroutine have succeeded (Lemma V.2). We then bound
the error in the final estimate @ under the same assumption (Lemma V.3).
Finally, in Theorem V.7, we combine these results to show the final RMS
error is < €, and calculate the cost of running Algorithm V.1 to prove the
Heisenberg scaling.

Lemma V.2

Consider an application of Algorithm V.1 to an experiment oracle with un-
known parameters w. If for each d = 0,1,...,d — 1 the HKT algorithm
subroutine in step 3b of the algorithm succeeds, then i — |, <279,

Proof—We prove this result by induction in d. First we prove the case for
d=1. As HY(u) = H(u) we always satisfy the input condition of the HKT
algorithm [|ul|c < 1. We have a(Y) = g™ hence the success of the HKT
algorithm implies [[a™") — u|| < 1/2.
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Next, we prove that d — d+ 1. Lemma V.1 implies that if ||a(¥ —u|| < 27¢
we satisfy the input conditions to the HKT algorithm at round d. If the
subroutine succeeds, the output will satisfy

g —2¢(u—a@)| < (V.38)

l\D\H

Multiplying both sides of this inequality by 27¢, and substituting in the
definition of @(?*1) we find that [|[a(+Y) —u|| < 27D as required. O

Lemma V.3

Consider an application of Algorithm V.1 to an experiment oracle with un-
known parameters u. If for each d = 0,1,...,d — 1 the HKT algorithm
subroutine in step 3b of the algorithm succeeds, then the final estimate G
satisfies || — uf|oo <3 x 277

Proof— We will first show that the final estimate @ is close to the d-th
order estimate @(¥). Combining this observation with Lemma V.2 completes
the proof.

We have defined the estimate @ = @(P*1 recursively in step 3d of Algorithm
V.1. We can expand this as

(D) (D-1) (D)
-~ _~-(p), & _=bo-1, & g d
u—u()+27D—ll( ) 4 2D_1+2D =.. u()—i—g 2d,. (V.39)
d/_

As in step 3¢ we ensure ||g(4)||o < 1 for all d’, by the triangle inequality we
have

D
G- 8P < > 277 )g )] < 27 (V.40)
d'=d

We use the triangle inequality again to bound the error in the final estimate
18— ufloe < [0 = &V o0 + [0 — u|ec. (V.41)

Bounding the first term as in Eq. (V.40), and the second term as in Lemma V.2
yields the required result. O

Now, let us calculate the cost of implementing Algorithm V.1 and show
that it scales at the Heisenberg limit.

Theorem V.7

Given access to an experiment oracle with continuous quantum control, Algo-
rithm V.1 solves the learning problem (Definition V.5) to RMS error € at a
cost T = O(e71).
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Proof—We first show that the RMS error in the final estimate @1 is < 2-D <
€, where the second inequality follows from the definition of the final order D
in step 1. We have to consider contributions to the error from two different
scenarios: either the HKT subroutine in step 3b succeeds every time, or it fails
for the first time at some order d. If the subroutine always succeeds, which
happens with probability H(?:O(l —6()) < 1, by Lemma V.2 the final error
is at most 2~ (P*+Y . With probability ¢(¢) Hj;lo(l —0@)) < §d) = ¢/gP~1
the HKT subroutine succeeds for d = 0,1,...,d — 1 and fails at order d.
Lemma V.2 bound the final error in this case by 3 x 27¢. Combining all the
possible cases, we can bound the squared error as

D
(i — uq)? < 272PHD 13 " /8P 74 x 32 x 2724 (V.42)
D
=272(PH) 4 gy "8t (V.43)
d=0

Summing the geometric series in the second term we get
=5 _ o-2p 1
(g —uq)? <2 1 +18¢ ) . (V.44)

As we have assumed ¢ < 1/24, the right hand side is < 272 < €2, The above
equation holds for all a, which implies the desired bound on the maximum
RMS error.

It remains to calculate the cost of executing the algorithm Let us write this
as a sum C = ), Cq where Cy is the cost of the dth order call to the HKT
algorithm Substituting in € = 1/2 and p = 1 — ¢/8°~4, and recalling that the
runtime of the dth order black-box experiment scales as 2¢, we have

D—dpn
Cy=0 <Poly(0)2d log 5 . ) (V.45)

We can then evaluate C' =}, Cgq by summing the geometric series,
D—d D

= Poly(®)}_ (1og (N/¢) + (D — d) 1og(8)) 91

d=0

= Poly(2) [log(N/c) (2D+1 - 1) +log(8) (20+1 -D- 2)

8
Z Poly(0)2¢1log

. (V.46)
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and keeping only terms at leading order in 27, yields,

Poly(?) log 8%
c=Yci=0 <2DPoly(a) log 85) o (OY()Og> (V.47)
d

€

We have C' = ©(e~1)as required. O

V.C. Absence of the Heisenberg limit under
unitary invariance

In this section, we establish our first no-go theorem, showing that learning
at the Heisenberg limit is impossible without quantum control, for certain
Hamiltonians. We in fact establish a moderately stronger result: that learning
at the Heisenberg limit is impossible even with discrete quantum control,
unless the number L of interleaved unitaries scales with the total time T,
L = Q(T). The key result underpinning this section is a bound on the quantum
Fisher information matrix as a function of the derivatives of eigenvectors
and eigenvalues of the Hamiltonian. We state this for the discrete quantum
control model with fixed L, and recall that this is equivalent to no quantum
control when L = 1.

We begin by relating the quantum Fisher information to the eigenvalue
decomposition of the Hamiltonian through the following Lemma.

Lemma V.4

Consider a quantum experiment involving a Hamiltonian, H (u), in the discrete
quantum control model with up to L interleaved unitaries. Write the eigenvalue
decomposition of the Hamiltonian as H(u) = W (u)tD(u)W (u), where W is
unitary and D is diagonal. Then for any normalized v € R™», we have:

2
vIZ@v < min (tllalels +2L[0vW]s tavH”s> ; (V.48)

where T'9) s the quantum Fisher information matriz for the experiment and
_ )
3V = Za Va m .
Proof— Observing the definition of the quantum Fisher information matrix
[Eq. (V.20)], we immediately have

VITOv = (A2) — (A)? < (42) < A2 (V.49)

Here we denote Ay =), v,Aq, with the operator A, defined in terms of the
time-evolution unitary in Eq. (V.21), 4, = U(t, O)Ta%aU(t, 0). Working in
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the discrete quantum control model [Eq. (V.12)], we can apply the eigenvalue
decomposition of the Hamiltonian to the unitary to give

U(t,0) = VpWTePTew vy (WielPe—w . VaWleP2w iy wietPmy.
(V.50)
Differentiating with respect to v yields

U(t,0) = (V.51)

Z U(t,t)V, (z'nWTa‘,De”zDWJra‘,WTe”zDW+WTe”zDavW) U(ti-1,0),
1

where t; = >, ., 7 is the total duration of time-evolution before the [th

interleaved unitary. Since multiplication by a unitary operator does not
change the spectral norm, we can bound the spectral norm of Ay by the
spectral norms of the terms in parentheses. Applying the triangle inequality
gives

HAVHS = 5VU(t, 0)

< Z (Tl”avD's + 2|8VW||S> (V'52)

s

=t||3vD||s +2LHavW||s- (V'53)

We can improve this bound by invoking a second upper bound on ||Ay||s
and taking the minimum of the two. Note that the term in parentheses in
Eq.(V.51) is equal to

Oye W — —i/ dse HW(n=s)g fre—iH(wWs (V.54)
0

which is upper bounded by [|9ye~ W, < 7|0, H(u)||s. Applying the
triangle inequality to Eq. (V.51) gives

[Avlls < |ovH ()]s ZTZ = t[|0vH (u)|s. (V.55)
l

Inserting the minimum of the two bounds into Eq. (V.49) yields the final
result. O

In the above lemma, the contribution of eigenvalues D to the quantum
Fisher information grows quadratically in time, while the contribution of the
eigenvectors W eventually saturates to a constant. Intuitively, this tells us
that eigenvalues of the Hamiltonian can be learned at the Heisenberg limit,
while eigenvectors cannot. We formalize this in the following theorem.
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Theorem V.8

Consider the Hamiltonian learning problem (Definition V.5) for an unknown
Hamiltonian H(u) and desired error €, and write the eigenvalue decomposition
of the Hamiltonian as H(u) = W(u)! D(u)W (u). Suppose that each exper-
iment involves discrete quantum control with up to L interleaved unitaries
per experiment, and that there exists a normalized vector v € RNe such that
OvD = 0. Then learning the linear combination of parameters u - v to within
RMS error € requires a total time

TZQ(GJTL), if L=0(T). (V.56)

In particular, the combination cannot be learned at the Heisenberg limit unless
L=Q(T), ie a>1.

Note that the bound in Eq. (V.56) is superseded by the Heisenberg limit
whenever « > 1. Theorem 2 of the main text follows from this result by
setting L = O(1), i.e. a« = 0, for which we have T' = Q(e~?).

Proof of Theorem V.8—For v satisfying the conditions of the theorem,
application of Lemma V.4 to each experiment x yields

2
vIZ@v < "min <2L||8VW||3 , t$8VH||S> . (V.57)

For fixed T'= ) t,, this quantity is maximized by choosing

t. < 2L||0vW||s/||0OvH||s across [T/t,] experiments. Setting T to a multiple
of t, for convenience, this yields
T||ovH | s

T(Q) 2 2
@y < ar?|o, w2 [ SN2l
VT@y < 4120, W2 (2L” el

) LWL OV HILT.  (V.58)

Following the Cramer-Rao bound, Eq. (V.27), we have
2 >vIZW) vy > vIZ@v) 1, (V.59)

where the latter bound follows from the Cauchy-Schwarz inequality, as

1 =vT[Z @2z @)-1/2y (V.60)
< IO [[ZD) 1 2 (V.61)
= (T[T @] 1v), (V.62)
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Combining with Eq. (V.58), we have
2> 2LlovW 0w H 1)~ (V.63)

Finally, we can re-arrange terms and set L = O(T%) to find

—1

T2 (20, W0 H]l.e?) T, (V.64)

as desired. O
We conclude by outlining a more physical picture for where the above
theorem applies (as was discussed briefly in the main text). Namely, suppose,
as above, that the eigenvalues D of a Hamiltonian H are invariant under an
infinitesimal parameter shift, u — u + du, for some du. This implies the
two Hamiltonians are unitarily equivalent: H(u + du) = UT(du)H (u)U(su).
This is a one-to-one relationship, since unitary equivalence in turn implies
that dsuD = 0. We can therefore state the above result in a more intuitive
way: if we can unitarily transform between two nearby Hamiltonians, then
we cannot distinguish between them at the Heisenberg limit. To formalize
this, consider a orbit in parameter space along which the spectrum of a
Hamiltonian remains invariant. The presence of such a orbit will preclude
Heisenberg-limited learning of Hamiltonians lying along the orbit.

We mention two families of Hamiltonians that feature unitary equivalences—
single-qubit Hamiltonians and interacting fermion Hamiltonians—in the main
text. Here, we mention that unitary equivalence also holds for interacting
spin Hamiltonians of the form:

Zu“)z +Z( @ XX +u XY +u® viX;+ul® YY)

ij,xw ij,ay ij,yx i,y
(i,9)

(V.65)
where (-,-) denotes nearest neighbour pairs on a grid. This possess orbits
at any u that are unitarily-equivalent up to local Z-rotations. This can be
extended to arbitrary local rotations by adding other 1- and 2-qubit terms on
nearest neighbours.

V.D. Bounds on learning thermalizing
Hamiltonians
In this section we formally state and prove Theorem 3 of the main text,

establishing that Heisenberg-limited Hamiltonian learning is not possible
without quantum control in systems that obey the eigenstate thermalization
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hypothesis (ETH). We remark that, even on physical grounds, the existence of
this result is not clear a priori. On the one hand, for typical initial states, time-
evolution under a thermalizing Hamiltonian will cause the system to approach
an equilibrium state where few-body observables are well approximated by a
thermal density matrix. Since the equilibrium state is independent of time,
this appears to preclude learning at the Heisenberg limit. On the other hand,
all Hamiltonian systems can support long-lived coherences within the energy
eigenbasis. The dependence of these coherences on Hamiltonian parameters
could in principle open the door to Heisenberg-limited learning.

In what follows, we resolve these questions using the ETH. We begin in
Appendix V.D.1 with a formal statement of the ETH, adapted from the
standard but non-rigorous definitions in Refs. [314-317]. In Appendix V.D.2,
we provide several preliminary definitions and results regarding low-rank
approximations of the Fisher information matrix Z (Q), as well as the operators
A, defined in Eq. (V.21), which will be useful later on. In particular, we prove
that the existence of a sufficiently low-rank approximation forbids learning all
N, = Q(N) Hamiltonian parameters at the Heisenberg limit. This motivates
our main result in Appendix V.D.3: a proof of Theorem V.9, the formal
version of Theorem 3 in the main text. Our proof strategy is to leverage
the connection between the quantum Fisher information matrix and the
operators A, defined in Eq. (V.21). The operators A, are equal to integrals
over time-evolved local Hamiltonian terms, which can be treated via the ETH.

Our proof of Theorem V.9 builds upon two lemmas, which we prove sepa-
rately in Appendixs V.D.4 and V.D.5. In Appendix V.D.4, we show that, if a
Hamiltonian obeys the ETH, the spectral norm of the off-diagonal components
of A, are upper bounded by O(t!/?) and thus cannot contribute to learning
at the Heisenberg limit. Our proof utilizes standard techniques from random
matrix theory. In Appendix V.D.5, we show that the diagonal components
of A, are highly linearly dependent for different parameters a, which we
capture formally using the notion of low-rank approximations introduced in
Appendix V.D.2. This result relies on a physical assumption, namely that
the temperature derivatives of thermal expectation values are bounded by
a constant (i.e. do not diverge in the system size). In Appendix V.D.6, we
prove that this assumption is satisfied in any geometrically local Hamiltonian
with exponential decay of correlations for operators that enter the Hamil-
tonian. Exponential decay of correlations have in turn been established for
one-dimensional Hamiltonians at any finite temperature [320] and higher-
dimensional Hamiltonians at sufficiently large temperatures [319]. We expect
our assumption to hold more broadly than is currently provable (e.g. in
all-to-all interacting systems as well), as long as the states of interest are
a non-zero temperature difference away from any finite temperature phase
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transitions.

The above results concern learning many-body Hamiltonians with N, =
Q(N) unknown parameters. In Appendix V.D.7, we conclude by discussing
learning in thermalizing Hamiltonians with only a constant number, N, =
O(1), of unknown parameters. In this case, we show that Heisenberg-limited
Hamiltonian learning may in fact be possible even without quantum control,
but requires the ability to prepare and measure coherences between states with
extensive differences in energy. Relatedly, we show that Heisenberg-limited
learning is not possible if the initial states are related to product states by
any finite depth quantum circuit.

V.D.1. The eigenstate thermalization hypothesis

We begin by formulating a precise statement of the eigenstate thermalization
hypothesis. Thermalization is the common behaviour of observables in physical
systems to relax towards a thermal average, regardless of their initial state.
This is surprisingly difficult to predict in quantum mechanics, as the absolute
values of a density matrix in the eigenbasis of a system’s Hamiltonian H are
invariant in time. A popular method to explain this has been the eigenstate
thermalization hypothesis [314-317].

The eigenstate thermalization hypothesis is commonly stated as follows [316].
Consider a Hamiltonian H with energy eigenstates H|E;) = E;|E;), and a
k-local operator V' with k = O(1). We are interested in the matrix elements
of V in the energy eigenbasis. The eigenstate thermalization hypothesis posits
that:

(i) The diagonal matrix elements of V' are given by their thermal expectation
values?

(E;|V|E;) = <V>B(Ej) ) (V.66)

where we define an inverse temperature, S(E), for each energy via
(H) () = E, where ()5 denotes the trace with the thermal density

matrix, pg = e #H /Trace(e ). (Such a temperature exists for every
energy F in the spectrum of H.)

(ii) The off-diagonal matrix elements of V' are given by
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2To be maximally precise, the diagonal matrix elements are expected to display small
random variations ), ~ O(e™* /2 about their thermal values. However, these contribu-
tions have exponentially small spectral norm and are thus negligible for our analysis.
Nevertheless, if desired, they are easily incorporated into our proof of Theorem V.9 by

modifying the operators A4, in Eq. (V.92) to include the diagonal fluctuations.
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where E;; = %(EZ + E;) is the average energy, w;; = E; — Ej; is the
energy difference, r% = (r]V;)* are random® complex numbers with zero
mean and unit variance, and S(FE) and fy (E,w) are smooth functions

defined below.

Statement (i) implies that eigenstates “look” thermal from the perspective
of observables V. Numerical experiments have found that this indeed holds,
up to corrections that are exponentially small in the system size (see [316]
for a comprehensive review of numerical experiments). Statement (ii) implies
that the off-diagonal matrix elements “look” like random complex numbers,
up to the requirement that they reproduce the auto-correlation function of
the operator V. Here, e5(F) is the density of states at energy E (which is
expected to be exponential in the system size at any finite temperature). A
straightforward calculation shows that the function fy (FE,w) is related to the
Fourier transform of the connected auto-correlation function G°(t; E;) in an
eigenstate |E;) via [316]

|fv(Eij,wij)|2 = GS(Ej)_S(EU) / dt €_iwithc(t; Ez), (VGS)

where we define
Ge(t; E;) = (Ei| V(H)V(0) [E;) — (Bi| V |E;)?, (V.69)

and V() = U(t,0)1VU(t,0). In previous literature it is common to equate the
above auto-correlation function with its value in a thermal state [i.e. replacing
(E|(-)|E) — Trace((-)ps(r))], as well as to approximate the difference in
entropies using the inverse temperature via S(E;) — S(E;j) = B(E;)wi; /2.
However, we will not need these simplifications in this work. Numerical studies
have found that the magnitudes of off-diagonal matrix elements are indeed
well-described by Eq. (V.67) (see again [316] for a review). However, several
more recent works have pointed out that the coeflicients r% are not in general
i.i.d. random numbers; indeed, correlations between different coefficients are
in fact necessary to capture the behavior of higher-point correlation functions
in the theory [327-332]. After a time-scale Ty ~ poly(N) that is polynomial
in the system size, these correlation functions are expected to fully decay and

3As has been previously noted [326, 327], it is not immediately obvious how to interpret
the randomness in 'er., since the actual matrix elements of interest are defined for a
specific, non-random Hamiltonian. An intuitive way to reconcile this difference is to
imagine adding small, random perturbations to the Hamiltonian. If these perturbations
are large compared to the level spacing but small compared to the time-scales of interest,
then they can serve to randomize the matrix elements while leaving physical observables
approximately unchanged. Since the level spacing is exponentially small in the system
size, there is an exponentially large time window in which this picture can apply.
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the coefficients to be treatable as i.i.d. random numbers [327, 333-335].
Motivated by these observations, in this work we adopt the following
definition of ETH.

Definition V.6

Consider a Hamiltonian H acting on N qubits, with energy eigenstates
H|E;) = E;|E;). We say that H satisfies the eigenstate thermalization hypoth-
esis (ETH) over an inverse temperature range [S1, B2), if the following condi-
tions hold for all energy eigenvalues E;, E; such that B(E;), B(E;) € (51, B2]:

1. For Pauli operators V that act on a constant number of qubits, time-
integrated operators V (t) are well-approxzimated by random matriz theory
predictions,

1/TdtV(t) _ 1/TdtV @) +ov, witn v, < S
T A “\7 o rmt 5 we s =

(V.70)
where Vi is defined via Eq. (V.66) and Eq. (V.67) by taking rz‘; as i.i.d.
normal random numbers with unit variance. Here, C = O(poly(N)) is
a constant independent of T .

2. The system thermalizes in the conventional sense: namely, auto-
correlation functions decay to their thermal values after a time-scale
that is polynomial in the system size. We capture this via the following
condition:

1 [T C
— c(t: By < = el
T/o dt G°(t; 1)_T, (V.71)

for every |E;). We take the constant C = O(poly(N)) to be equal to
that in Eq. (V.70) for convenience.

3. The density of states is exponential in the system size, e°(F) =

Q(eap(N)).

In conditions both 1 and 2, we find it more natural to state the requirements
for thermalization in terms of averages over time-evolved operators. In
condition 1, we note that the time-average leads to a weaker condition than
the conventional formulation of ETH in Eqs. (V.66, V.67), which involves
the operator without time-averaging. This modification enforces that any
correlation function involving the approximated operator will be dominated by
time differences of order T, where we expect the random matrix prescription
to be appropriate for sufficiently large times* (i.e. T' > Ty ; see the discussion

4Several previous works [326] have addressed this issue in an alternate fashion, by only
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above Definition V.6). We expect the corrections, 6V, to this approximation
to scale as at most, [|[V|s < Timt/T. We therefore expect the constant C
in the definition above to be proportional to the random matrix time scale,
Trms- In condition 2, we expect the the connected auto-correlation function
itself, G¢(¢; E;), to be zero for nearly all times after the “thermalization
time” [316, 336], which occurs before the random matrix time scale Tyys. The
average over time is useful to tolerate Poincare recurrences in the correlation
function, which are expected to be exponentially rare in the system size.

Several recent extensions of the ETH go beyond the systems and time
regimes captured by the above definition. Firstly, the above definition fails to
describe thermalizing Hamiltonians that possess a conserved quantity besides
the energy (for instance, a conserved particle number or a conserved spin
parity). When the additional conserved quantities are mutually commuting,
they can be accounted for straightforwardly by applying the ETH to each
charge or parity sector independently; additional subtleties are encountered
when the conserved quantities are non-commuting [337]. We expect on physical
grounds that our results in the following sections will carry over to both cases,
but we do not explore this here. Secondly, recent work has made tremendous
progress towards capturing the correlations between matrix elements at times
before Ty using non-Gaussian random matrix ensembles [332]. It would
interesting and non-trivial to explore whether our results can be extended
using this framework.

V.D.2. Low-rank matrix approximations

Similar to Appendix V.C, our eventual strategy for bounding learning in
thermalizing Hamiltonians with no quantum control will utilize the quantum
Fisher information matrix, Z9) [Eq. (V.20)]. Recall that in order for all N,
parameters of the Hamiltonian to be learnable at the Heisenberg limit, all
N, eigenvalues of the Fisher information matrix must scale as (7). In the
subsequent sections, we will show that for Hamiltonians that obey the ETH
nearly all eigenvalues of Z'?) are instead O(T), and only a sub-extensive
number of the eigenvalues scale as Q(T?).

In this section, we set up a few preliminary definitions to capture this
behavior. To maintain generality across different experimental initial states
and discrete control operations, we will find it convenient to work with the
vector of operators A = (Aj,...,Ay,) defined in Eq. (V.21) instead of the
quantum Fisher information matrix itself. For an initial state p, the vector A

assuming that ETH holds within a narrow energy band w;; < 1/Tymt. Our definition
has the benefit that it does not involve a sharp energy cut-off (which, when Fourier
transformed, would involve integrating over times ranging up to the inverse level spacing).
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upper bounds the Fisher information matrix via
@ < 4(AATY,, (V.72)

which corresponds to dropping the second term in Eq. (V.22), since it is
negative semidefinite. In thermalizing Hamiltonians, the aforementioned
sub-extensive number of large Fisher information matrix eigenvalues will be
inherited from linear dependencies among the operators A,. We can see how
this might occur with a simple example. Suppose that the operators A, are
identical for every parameter a up to a multiplicative constant, i.e. A, = b, A
for all a, or in vector form, A = bA. From Eq. (V.72) we have @9 <
4(A?%),bbT, which is a rank-1 matrix with a single eigenvector, b. While
this example represents an extreme case, we will find that in thermalizing
Hamiltonians, approximate linear dependencies among the A, significantly
restrict learning regardless of the initial state or discrete control operations.

We formalize the linear dependencies above via the notion of a ‘low-rank’
approximation of the vector of operators A:

Definition V.7

Consider a vector of N, operators, A = (A1,...,An,), and a set of R linearly
independent vectors of complex numbers, {bo, € C"?}o=1,  r. We say that
{ba} form a rank-R approximation of A with error ¢, if A can be decomposed
as follows:

R R
A= boBo+E, e Ay=)» (ba)aBa+ Ea, (V.73)

a=1 a=1

where { By} are a set of linearly independent operators, and E is a vector of
operators that obeys

"Bl =

Z Vo Fy

T

<, (V.74)

for any normalized vector v € RN», vTv = 1. We say that the decomposition
is orthonormal if the b, vectors are orthonormal.

Intuitively, the low-rank approximation captures the linearly dependencies
among Ai,..., Ay, up to deviations less than 0. From Eq. (V.72), the
existence of a rank-R approximation of A immediately implies that the
associated quantum Fisher information matrix has at most R eigenvalues
greater than 442.

Note that we can apply the Gram-Schmidt procedure to orthonormalize
the vectors b, by performing an appropriate linear transformation on the
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operators B,. We can also assume that the error term, FE, is orthogonal to
the vectors b,, i.e. bl E’ = 0, without loss of generality. This follows from
the following lemma:

Lemma V.5
Consider a set of vectors A with a rank-R orthonormal decomposition

A=) b.B.+E, (V.75)

with error 6. The decomposition
A=) b.,B,+F, B! = B, +blE, E'=E-) b.blE,
« «

(V.76)
is also a rank-R orthonormal decomposition of {A} with error . Moreover,
the latter decomposition obeys bl E' =0 for all a.

Proof—One can immediately verify that Eq. (V.76) is a rank-R decompo-
sition of {A}, and that bl E’ = 0. It remains to show that the adjustment
E — E’ does not increase the approximation error §. To show this, we de-
compose an arbitrary vector v as v = v + v, where UUTE span{b, } and v
is orthogonal to span{b,}. Since bIE’ = 0, we have v/ E' = vT E' = vTE.
Taking the infinity norm gives the desired approximation error bound,
0" E'|s = [vIE|;s < 0. O

Let us now extend the this framework to a learning protocol involving
multiple experiments x, associated vectors of operators, A,, and a total
quantum Fisher information matrix, @ = dow I;Q) (see Appendix V.A
for definitions of each quantity). Now, suppose that the vectors A, in each
experiment have a low-rank decomposition, and moreover, that the vectors
b, are shared between the decompositions for each experiment. In this
case, Eq. (V.72) again immediately implies that the total quantum Fisher
information matrix has at most R eigenvalues greater than 4y 42, where the
errors d, in each approximation may add in quadrature. This holds even if
the operators B, , and error terms E, vary from experiment to experiment.

With this intuition, let us extend the definition of a low-rank approximation
from a single vector A to a set of vectors {A,} corresponding to different
experiments x.

Definition V.8

Consider a set of vectors of N, operators, {Az}, and a set of R linearly
independent vectors of complex numbers, {b, € CNP}a:L,_?R. We say that
{ba} form a rank-R approzimation of {Az} with errors {05}, if {ba} is a
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rank-R decomposition (Definition V.73) of A, with error 6, for each x. That
is, there exists operators B, o and vectors of operators E, such that

A, =) boBy o+ E, (V.77)

with

||'UTE90||S = < g, (V.78)

§ UaELa
a

for any normalized vector v € RNe, vTv = 1.

S

The preceding arguments now lead us to the following lemma:

Lemma V.6

Consider a set of quantum experiments x with unitary evolutions U,, and
define A, for each experiment as in Eq. (V.22). Suppose that {b,} forms a
rank-R approximation for {A,} with errors {6,}. Then the total RMS error
of any resulting estimate of the parameters is lower bounded by

1
€2 g=\[1= R/N,, (V.79)

with 0% =Y 62.

Proof—Inserting the low-rank decomposition of A into the bound in
Eq. (V.72) and invoking Lemma V.5 to fix bl E, = 0, we have

N,I N:c
IW <4y (A A]), <4 | D babf (BraBep)y, + (E.EL),
r=1

z=1 \ o,
N, N
= 42 babg Z <Bac,aBz,5>\1/z =+ Z <E$EZ>W$ '
o,B =1 =1

(V.80)

Note that we are able to invoke Lemma V.5 simultaneously on all A, as the
orthogonalization with the error term only adjusts the operators E, and B;
(which are unique to each A,), and not the shared vectors b,. The first term
has matrix rank of at most R, while the latter term obeys v (E, EL) g v < §2
for any v € RV». Summing over x, we see that Z'9 has at most R eigenvalues
of magnitude greater than 462, with 62 =Y 62. We can therefore bound the
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trace of [Z(@]~! below by

3 [I(Q)}‘l > %7 (V.81)

a

which corresponds to taking the R eigenvalues of T that are greater than 442
to infinity, and the N, — R remaining eigenvalues to 46%. Applying Eq. (V.27)
then gives Eq. (V.79). O

We conclude this section by turning directly to Hamiltonian learning. We
consider learning a time-independent Hamiltonian with L discrete quantum
control operations (Definition V.2). The case of no quantum control (Defini-
tion V.1) corresponds to L = 1. Differentiating Eq. (V.12) via the product
rule then yields

Ay =—i Y Ul(ts-1,0)An(720)Us(tei-1,0), (V.82)
!
(V.83)
¢
Ap(t) = —i/ ds et pe~iHs (V.84)
0
where U (t;;-1,0) = ﬁ,_:ll (Vl/eiHTwJ’), ty1 = Zl’gl Ty, is time evolution up

till time ¢, ;_1, and P = (Py,..., Py, ) is the vector of Pauli operators that
enter H. Note that the operator A (7,,;) depends on the experiment = only
through the times 7, ;.

We can now state the main result of this section:

Lemma V.7

Consider the Hamiltonian learning problem (Definition V.5), with discrete
control of up to L interleaved unitaries. Suppose that the vectors {by} form a
rank-R approzimation of Ay (t),

Ap(t) = baAs(t) + E(t) (V.85)

with error 6 = Vat, for all times t > 0 with a constant. Then, the maximum
root-mean-square error is bounded below as

1
2valT

where T' is the total evolution time. Hence, the parameters u cannot be learned
at the Heisenberg limit if L = o(T') and R = o(Np).

€>

1— R/N,, (V.86)
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The above assumes that the vectors b, are time-independent, which we will
find is indeed the case in the Hamiltonians we consider.

Proof of Lemma V.7—Inserting the low-rank approximation of Ag(7) into
Eq. (V.82) gives a low-rank approximation for { A, }:

gc = Zb xl 1aO)Aa(Tac,l)Ux(tac,l—lyo)} +
+ Z zl 1, E(Tm,l)Ur(tr,l—la 0)} . (V87)

The latter term has an operator norm of at most 6, = >, /a7, < valLt,,

where t, = Zl Tz, is the total evolution time in measurement round z.
Summing these error terms over x then yields 62 = >" 62 < aL )" t, = alLT.
Application of Lemma V.6 then gives Eq. (V.86). O

V.D.3. Formal statement and proof of Theorem V.9
We are now ready to state a formal version of Theorem 3 in the main text.

Theorem V.9

Consider the learning problem (Definition V.5) for an N-qubit Hamiltonian
without continuous quantum control [Eq. (V.10)] and up to L interleaved uni-
taries in the discrete quantum control model. Suppose that, within an inverse
temperature range (31, Ba], the Hamiltonian H(u): (i) obeys the eigenstate
thermalization hypothesis as in Definition V.6, and (ii) has thermal expectation
values with bounded derivatives with respect to the inverse temperature

‘ag (Pa) s

- ‘ <(m"B)", ~,B=0(1) (V.88)

for all operators P, in the Hamiltonian. Then the root-mean-square error in
the parameters u is lower bounded by

v+1
L1 |, 2B salies (VLTTF)
~ oV/F*LT N, ’

for any learning protocol that can only access states within [B1, 32]. Here,
F* = poly(N) is constant in t, and the bound holds whenever the term inside
the square root is positive. Thus, if L = o(T') and N, = Q(N°) for some c > 0,
then the Heisenberg limit cannot be achieved for T = o(exp(Nzc/(“VH))),

(V.89)

In many-body Hamiltonian learning, the number of unknown parameters is
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typically at least linear in the system size, N, = Q(N). In this case, the above
theorem precludes Heisenberg-limited learning until times exponential in the
system size. [See Appendix V.D.7 for a discussion of learning in thermalizing
Hamiltonians with only a constant number of unknown parameters, N, =
O(1).] The required bound on thermal derivatives is satisfied by most physical
systems away from finite temperature phase transitions (where the constant B
diverges) [338]. In Appendix V.D.6, we leverage previous results [319, 320] to
prove that this bound holds for all local one-dimensional Hamiltonians at any
finite temperature, and local higher-dimensional Hamiltonians at sufficiently
high temperatures.

We note that our lower bound contains a prefactor 1/v/F* ~ 1/poly(N),
and thus becomes weaker as the system size increases. This prefactor arises
from our lenient definition of thermalization: We assume only that connected
correlation functions decay to zero after some time polynomial in N, and place
no restriction on their behavior before this time (see the second condition in
Definition V.6). We expect that the prefactor can be improved by placing
more stringent assumptions on the early-time behavior.

Proof of Theorem V.9—The bulk of the proof is relegated to the following
two sections. Here we show how the results of these sections, Lemmas V.8
and V.9, lead to Theorem V.9.

We begin by using the eigenstate thermalization hypothesis (Definition V.6)
to decompose the term Ay (t) in Eq. (V.82) into a sum of three components,

Au(t) = /0 ds P(s) = Aa(t) + Aoa(t) + SA(1), (V.90)

where P is the vector of IV, Pauli operators that appear in the Hamiltonian.
For each term above, we set all matrix elements outside of the energy range
specified by [81, f2] to zero, which is allowed by assumption. The first term
corresponds to the diagonal component in ETH,

Aga(t) = tz (Pa) gz, |EiXEil - (V.91)

The second term corresponds to the off-diagonal component in ETH,

eiwijt _

i a 1 a
Acaa(t) = <€_S(E”)/2f (Eijawij)iiw__ Tij) |EiXEj| + h.c., (V.92)
ij

i<y
where 77, are i.i.d. normal random complex numbers with unit variance. Here
we have performed the time integral, fot dses = (et —1)/(iw). Finally,
the third term is given by dA4,(t) = t - dP,(t), where P,(t) quantifies the
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deviation from ETH behavior in Definition V.6. This term is upper bounded
by assumption from Definition V.6,

|[wlsA®#)|s < C/N,, wiw=1, (V.93)

where C' = O(poly(N)) is defined via Definition V.6 and is independent of t.
This implies that the third term cannot contribute to parameter learning at
the Heisenberg limit.

In Lemma V.8 of the following section, we show that the second term can
be upper bounded using techniques from random matrix theory,

|w? Aga(t)||s < VFt, wlw=1, (V.94)

where F' = O(poly(N)) is a constant independent of ¢ (see Lemma V.8 for a
definition). This implies that the second term cannot contribute to parameter
learning at the Heisenberg limit.

In Lemma V.9 of Appendix V.D.5, we show that the first term, Aq(t),
possesses a low-rank approximation with error § composed of R(d,t) = 2B|S2—
B1llogy(t\/N,/6)7+! time-independent vectors®. Combining this fact with the
above bounds on the second and third term, we see that the entire operator
vector A (t) possesses the same low-rank approximation with error

8 =8+ VFt+ /N,C. (V.95)

Since the latter two terms are O(y/1), there exists a constant F* such that
VF*t/4 > VFt + \/N,C for all t > F. We note that F* = poly(N) since
F = poly(N) and N, = poly(N) (the latter follows because there are at most
(]IX) 3% = O(N*) possible Pauli terms in a k-local Hamiltonian).

The results of the above paragraph demonstrate that Ay (t) satisfies the
conditions of Lemma V.7, with error §* = v/F*t and rank R(5*/2,t). Invoking
Lemma V.7 and inserting the definition of R(d,t) above yields Eq. (V.89).

One can confirm that as long as Eq. (V.89) holds, the Heisenberg limit
cannot be achieved unless L scales at least linearly in 7. It remains to consider
what would be required for this inequality to break down; i.e. for the term
within the square root to become negative. Some quick algebra shows that
the inequality holds whenever

N T
+logy (F™) — logy(N,). (V.96)

- r
277B|Ba2 — Bl
5By ‘time-independent’ we mean e.g. that each vector used in the low-rank approximation

of A,4(t) appears in the low-rank approximation of A4(2t). However, the low-rank
approximation of A4(2t) will contain O(1) additional vectors than that of A4(t).

log,(T') <
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We recall that F* is constant in ¢ and polynomial in N. Thus, if the num-
ber of unknown parameters scales with any non-zero power of the system
size, N, = Q(N°) with ¢ > 0, then term in the square root is positive
up to times exponentially large in a non-zero power of the system size,
T = o(exp(N¢/ (1)), O

V.D.4. Upper bounding the spectral norm of the
off-diagonal component

In this section, we bound the operator norm of the off-diagonal matrix elements
via the following Lemma.

Lemma V.8
The vector of operators Aoq defined in Eq. (V.70) obeys the inequality

lw” Agalls < VFT, (V.97)

for any w € RNr with wTw = 1, with probability double exponentially close
to one in the system size. Here F is defined via

F=8V2 miax/_tt ds (1 —|s|/t) - G°(s; E;), (V.98)

where G°(s; E;) is the connected auto-correlation function [Eq. (V.69)] of the
operator wl P in the energy eigenstate |E;) at time s.

By condition 2 of Definition V.6 [Eq. (V.69)], we have F' = O(poly(N)) .

Proof of Lemma V.8—Our proof uses several basic results borrowed from
random matrix theory [339]. Let us begin by defining, for a given vector w,
the time-integrated perturbation operator A = w” A,q and the associated
sum of Pauli operators P = w” P. The off-diagonal matrix elements of A are
normal random complex variables with mean zero and variance,

_ 2 —S(E;j ) QSin(wijt/Q)z
vij = E[|45]] =e PN f(Eij, wig)] — 2z (V.99)
i
where | f|? = 3", |wal|?|fal?, and f, describe the off-diagonal matrix elements
of the individual Pauli operator P,. The matrix A is thus drawn from an

ensemble with probability measure dP given by

H exp |Aij|2/2’uij) . (VlOO)

’L<j
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(©)
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Figure V.3.: (a) Schematic of matrix multiplications and Wick contractions
for evaluating b, = Trace(A?™) with m = 3. Blue dots denote energy
indices i, for r = 1,...,6 which are summed over. Red lines denote matrix
elements A; ; ,,. (b) An example of a non-crossing Wick contraction. Top:
The Wick contraction (black lines) pairs matrix elements A; ; ., and A; ; .,
by enforcing the constraints i, = %4, iq+1 = %p. For non-crossing pairings,
these constraints leave m+1 independent indices to sum over (in this example,
indices 71,2, 4, 45). Bottom: The graph G defined by identifying all blue dots
with the same index. Edges in G are denoted with a double line to signify
that they carry a factor of the matrix element squared, |Aij|2. Since the
contraction is non-crossing, the graph is a tree (see text for further discussion).
(c) An example of a Wick contraction with crossings, with genus g = 1. Top:
The constraints leave m + 1 — 2¢ independent indices to sum over (in this
example, indices i1,43). Bottom: The graph G defined by identifying all blue
dots with the same index. Edges that are not part of the spanning tree T'
(see text) are denote with striped double lines.

Note that the variance depends on the element indices ¢, j. The Gaussian
unitary ensemble typically is defined via v;; = v/d, where v is an arbitrary
scaling factor and d is the matrix dimension.

Following established techniques in random matrix theory [339], the ex-
pected moments of A,

/_Ll2m =E [Trace(Azm)] = Z E [A’iligAiQ’ig N Ai2mi1] s (V].O].)

can be calculated as sums over Wick contractions:

Hom = Zc” = Z Z H E ['Aipiq|2] “Oipigrr * Oigiprr | (V.102)

T i1,..02m \(p,Q)ET

where the contribution ¢, of an individual Wick contraction 7 is defined via
the second equality. See Fig. V.3 for a visual representation of the matrix
multiplication and Wick contractions. Each contraction corresponds to a
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partition 7 of the 2m copies of A into m pairs. Each pair (p, q) € 7 contributes
a factor of E [|Aipiq|2] = vj,4, to the contraction. Meanwhile, the matrix
multiplications and trace enforce the conditions d;, ;,,, and d;,;,,, for each
p, q. Here, the addition should be performed modulo 2m, to incorporate the
condition §;,,, ;, enforced by the trace.

In what follows, we will upper bound the sum over all Wick contrac-
tions using techniques from random matrix theory. We refer to [339] for a
comprehensive introduction to the relevant random matrix techniques.

We begin by discussing only the Wick contractions that contribute to
leading order in the inverse density of states, e°. The dominant Wick
contractions at leading order in e correspond to non-crossing pairings. If
one orders the 2m operators, A s Ai,,i,, in a circle and draws lines
between them for each contraction, a non-crossing pairing contains no lines
that cross [Fig. V.3(b)]. Such a pairing contains ‘innermost pairs’, where
A;, i, is paired with A; ; ., [for example, r = 2,5 in Fig. V.3(b)]. An
innermost pair in a non-crossing pairing contributes a factor

D B4 =D v, (V.103)

to the entire Wick contraction. This factor can, in fact, be re-expressed in
terms of the connected auto-correlation function [Eq. (V.69)] as follows:

Q1425 *

N S(E; sin(w;;t/2 2
ZUU = /dEj SEN=SEis) | (B, wii)|? - #
J

wij
t t )
=Y SEN (B [t [ dies (vo
j 0 0
t
oz [ as (1-B) - o)

—t

where the third line follows from re-arranging the integration coordinates and
applying the definition of the connected auto-correlation function [Eq. (V.69)].
The sum over v;; is therefore upper bounded by

Ft
> v < < (V.105)
J

from the definition of F' [Eq. (V.98)]. The product F't/8 serves as the scaling
factor of a comparable Gaussian unitary ensemble [see discussion under
Eq. (V.100)].
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V. The advantage of quantum control in many-body Hamiltonian learning

Using the above lower bound, we can remove the sums over all indices that
lie in the center of an innermost pairing from Eq. (V.101). This leaves a
non-crossing pairing on the remaining indices [for example, r = 1,4 remain
after upper bounding innermost pairs in Fig. V.3(b)]. We can successively
iterate the above procedure to bound the total contribution of the original non-
crossing pairing by d(Ft)™, where the factor of the Hilbert space dimension,
d, arises from the final index summation [339]. Summing over all non-crossing
pairings gives the following upper bound on the leading order contribution to
the 2m'™ moment:

(MIQm)lcading order < de(Ft)m7 (VlOG)

where d is again the matrix dimension, and C,, is total number of non-crossing
pairings of 2m elements, also known as the m'" Catalan number [339]. The
right hand side is also equal to the 2m! moment of the Gaussian unitary
ensemble with scaling factor F't/8.

We now explicitly bound the sum over all Wick contractions. Consider the
contribution of a pairing 7. The independent energy indices that are summed
over are determined by 7 as well as the ordering of the operators in the trace.
This results in a sum over k; = m + 1 — 2¢g, independent energy indices,
where the integer g, is known as the genus of the pairing 7 [339]. To proceed,
let us associate the k, independent energy indices with vertices in a graph
G, which are connected by edges corresponding to the matrices A4;, ;, ., [see
bottom of Fig. V.3(b,c)]. Note that G is necessarily connected, as G can be
viewed as a circular graph with some vertices identified. The contribution of
the pairing 7 can now be written in the form

reV(G) ir | (p,9)€E(G) ipiq
2
; _ - sin Wi i t/2
N H /dEiT () H € S(Elplq)\fipz‘qﬁ%,
revi(c) (p,9)€E(G)

(V.107)

where we denote the vertices and edges of the graph G by V(G) and E(G),
respectively. Each vertex in G contributes a sum over its associated energy
index, and each edge in G contributes a factor of E[|4; ;, [*].

To bound Eq. (V.107), we consider a spanning tree T of G, which will
contain k, vertices and k, — 1 edges, since each edge in T can be uniquely
associated with its child vertex, which leaves only the root vertex without an
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associated edge. There are 2g, edges that are in G but not in 7. Now, for
each such edge (p, q), we apply the inequality

|2 sin(wipiqt/Q)Q
2

iplq

eis(EiPiq)|fipiq < —, (V108)

m¢
2
which is derived by applying the inequality, sin®(x)/z% < 1, and defining the
maximum average squared off-diagonal matrix element,

m = max e~ JFi)|f,112 = O(exp(—N)). (V.109)
ij

Note that m is exponentially small in the system size due to the factor of e=.
This leaves the following expression:

2
= : —S(E; ; in(w; ; t/2
CTrS(mTt)zg <HreV(T) deir eS(EzT)> H(p,q)EE(T) . S(Bj, q)‘fipiq‘zs(u;?#)‘

(V.110)

where the RHS differs from Eq. (V.107) because the product is now over edges
in T and not G. We recall V(T') = V(G) since T is spanning.

The benefit of the above expression is that every edge term is uniquely
associated with a vertex integral because T is a tree. Namely, each edge can
be associated with its child vertex. Let us denote p as the parent vertex and
q the child vertex for each edge (p,q) € E(T) Now, note that if ¢ is a leaf of
T (i.e. it has no children of its own), then the entire dependence of expression
Eq. (V.110) on i, is contained in the integral

2
Wiig

oo ] .. 2
/ dE;, 5F) =S Fiyiy)| fipiq|zsm(w1pzqt/2) - % 7 (V1)
—o0

which we have already upper bounded in Eq. (V.104). Applying this upper
bound to each leaf of T produces an expression analogous to Eq. (V.104), but
where each leaf vertex of T is deleted and replaced a factor of F't/8. We can
then repeat this procedure until the tree is reduced to a single root vertex, at
which point the only integral that remains, f dEZ-ReS (Bir)  evaluates to the
Hilbert space dimension d. This gives

Ft\™ [mt\ %"
<d (= hiad V.112
N

which is our final bound on ¢,.
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V. The advantage of quantum control in many-body Hamiltonian learning

We can now bound the sum over all pairings. We have

Po = > Cx S A(Ft/8)™ > gq(m)w™, (V.113)

920

where g,(m) is the number of pairings of 2m elements with genus g. Here we

define
mt) !

The above sum is familiar in random matrix theory and is upper bounded
by [339]
Zeg(m) w29 < Gy exp(m?/20?), (V.115)
9=>0

where C,,, are the Catalan numbers. Combining with Eq. (V.113), we have
our final bound on y},,

[ty < d(Ft/8)"Chyexp(m?/2w?) < d (Ft/2)™ exp(m®/2w?), (V.116)

where in the latter inequality we use Cp, < 4™/(m+1)y/mm < 4™ [340]. Note
that this is equal to the contribution of the leading order Wick contractions
[Eq. (V.106)] up to an overall factor, exp(m®/2w?), which is near unity.

We can now show that the probability that A has a maximum eigenvalue
that scales as t is exponentially suppressed in the effective Hilbert space
dimension. First, note that the 2m'™ moment of a matrix A provides an upper
bound on the maximum eigenvalue, A2 < Trace(A4?™). Now consider the
probability that Ay .x takes value greater than VFt for some constant ¢. We
have

P [Amax > Ft/Q} < P [Trace(A?™) > (ct)*™] (V.117)
E [Trace(A?™)]

—— (V.118)

<d <c12> exp(m?/2w?), (V.119)

2/3 _

where in the second step we use Markov’s inequality. Taking m = w
O(exp(N)), we find that the probability is doubly exponentially suppressed
in N whenever ¢ > 1,

P [Amax > c\/}T/Q} <d (;)w Je. (V.120)
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Note that the prefactor d grows singly exponentially in the system size, so
the probability is dominated by the doubly exponential suppression. Taking
c=+2 gives Lemma V8. O

V.D.5. Upper bounding the rank of the diagonal
component

The goal of this section is to establish the following Lemma.

Lemma V.9

Consider the setting in Definition V.6, and define the vector of operators
Agy(t) asin Eq. (V.91). Then A4(t) possesses a rank-R approzimation with
error § (Definition V.7), with R defined via

R(6,t) < 2B|Ba — Bi|logy(t\/N,/8) 7. (V.121)
Here B, 1, B2, and v are constants defined in Theorem V.9.

Proof of Lemma V.9—We recall that the component operators of A, take

the form:
Aa(t) =t Y (P)yn,

E;XE;|. (V.122)

The central idea of our proof is to exploit the bounded derivatives of (F,),
with respect to 3 [i.e. the assumption Eq. (V.88)] to express A4 as a sum of
a low number of vectors.

We do so by Taylor expanding. Specifically, we first divide the inverse
temperature range [f1, 82] into |82 — B1|/A windows of width A. We then
form an approximation, Q(8;n, A), that is equal to the order-(n — 1) Taylor
expansion of (P); within each window

n—1

QB A) = (P, +.ov OB on (P, B [5.6,m)
(V.123)
where 8; = 81+ jA for j € N. The approximation carries two free parameters,
A and n. According to the remainder theorem, errors in the approximation

are suppressed exponentially in n:

n 95 (Fa) n
(Pa) (B) — Qu(B;m, A)] < A" max { Y ] <BAY,  (V.124)
and therefore,
w’ ((P) (8) = Q(B;n, A)) < /Ny, (n” BA)", (V.125)
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for any normalized vector w”

parameters.

w = 1, where N, is the number of unknown

Putting the above results together, we have the following low-rank approxi-
mation for Aq(?):

1B2—b1l g E(Bj+1) (B(E;) — B;)™
Aq(t) =t Z Z 95 <P>gj : Z lT,j |EiXE;i| | + Ea,
j=1 m=0 Ei=E(B;) '

(V.126)
where Ejy is the approximation error (see below). Note that the left term in
the summand is a vector, while the right term is an operator. The above
expression thus matches Definition V.7 of a low-rank approximation, with
vectors {bo} — {05 (P)(B;)} and operators {B,} equal to the term in
parentheses in Eq. (V.126). The approximation has rank

dim (span{93" (P) (8:)}) < W. (V.127)
The error in our approximation is
Ea=tY ((P)yp — QUi ) |ENE. (V.128)

To quantify the error as in Definition V.7, consider any normalized vector
w. The operator wT E, is diagonal in the energy eigenbasis, with matrix
elements bounded in magnitude by ¢/N,(n? BA)™ [see Eq. (V.125)]. We
thus have ||wT Ayl|s < t/N,(nYBA)". The collection of vectors {05 (P)g, }
therefore forms a rank-(n|8;, — f2|/A) approximation of Aq4(t) with error

0 =t\/Ny(n"BA)".

The above bound holds for any choice of parameters n and A. To conclude,
we make the particular choice A = (2nYB)~!. This provides a low-rank
approximation of Aq4(t) comprised of

R(5,t) < 2Bn By — B4 (V.129)

vectors, for § = tv M /2™, Solving for n = log,(Mt/d) and substituting into
the above expression, we have our final bound,

R(6,t) < 2B|B2 — Bu| log, (tVM /8)7H, (V.130)

which holds for any §. O
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V.D.6. Bound on derivatives of expectation values in
local Hamiltonians

In Theorem V.9, we require that the derivatives of thermal expectation values
with respect to the inverse temperature are bounded above by constants
independent of the system size. This behavior is widely observed in physical
many-body systems and quantum field theories. In this section, we prove that
this bound is obeyed by any local Hamiltonian in D-dimensions that exhibits
an exponential decay of two-point correlation functions.

We begin by defining the exponential decay of connected two-point correla-
tion functions as in [319]:

Definition V.9
We say that the two-point correlation functions of a set of operators O decay
exponentially if

[(AB)s — (A)s(B) sl < agllAlls|| Blls exp(—d(A, B)/&p) (V.131)

for all A,B € O. Here d(A, B) is the Euclidean distance between the support
of A and the support of B, and ag,&s are constants that depend only on
(as in [319]).

Exponential decay of correlations has been proven for all operators in one-

dimensional systems with finite-range interactions at any non-zero tempera-

ture [320], and for operators with bounded spatial support in d-dimensional

systems with finite-range interactions above a critical temperature [319)].
The aim of this section is to establish the following Lemma.

Lemma V.10

Consider a Hamiltonian on a D-dimensional cubic lattice with range v and
degree k. The exponential decay of two-point correlation functions as in
Definition V.9 implies that the n™ derivative of thermal expectation value is

bounded,

2D Y !
n D+2
|05 (A)s] < csllAlls <n <61/2sg - 1) 1og(2)> , (V.132)

for any observable A with range r. Here we define cg = 4agh elm/21/€s with
ag,&3,b as in Definition V.9. Note that the bound is independent of the
system size.

In the above, we define the range, r, of a Hamiltonian to be the maximum
Euclidean distance between two qubits acted on by the same Hamiltonian
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V. The advantage of quantum control in many-body Hamiltonian learning

term. We also define the degree, x, of a Hamiltonian to be the maximum
number of terms acting on a single qubit.

Before proceeding to the proof of Lemma V.10, let us first establish some
basic connections between correlation functions and the derivatives of thermal
expectation values. The first derivative of the thermal expectation value gives

ace(Ae PH
oata)s = 05 | oeel ) ——at + (i, (Vass)

which is precisely equal to the connected two-point correlation function in
Definition V.9. The second derivative gives

93(A)s = (AH?)5 — 2(AH)5(H) s — (A)p(H?)5 + 2(A) g (H) 5(H) 5, (V.134)

which is some particular connected three-point correlation function between
A and two copies of H. More systematically, for the n*® derivative, we can
calculate

O5(A)g = Cyt (A H, ..., H) (V.135)
where we define the connected m-point correlation function Cg’(Ol, ey Om),
|P|
RO 0m) == 3 (Pl (Pl =TT 005 (V136)
PeP,, o=1 1€eP,

Here the sum is over partitions, P, of the first m positive integers, {1,...,m}.
We denote the set of such partitions as Pp,. A partition, P = {Py,..., Pp|},
is specified by |P| disjoint blocks, i.e. sets P, for o = 1,...,|P|, such that the
union of the P, comprises the full set, i.e. ULP:‘IPU ={1,...,m}. For example,

P ={{0,3},{2,4,5},{1}} is a partition of {0,1,2,3,4,5} with |P| = 3 blocks.
The number of partitions of m elements into & blocks is given by the Stirling
numbers of the second kind, denoted s(m, k). For our purposes, the ordering
of operators within the expectation values in Eq. (V.136) does not matter,
since the thermal density matrix p and all copies of H commute.

With this formula in hand, we now establish a simple Lemma, which
shows that the exponential decay of two-point correlation functions implies
exponential decay of n-point correlation functions.

Lemma V.11
The exponential decay of two-point correlation functions as in Definition V.9,



V.D. Bounds on learning thermalizing Hamiltonians

implies exponential decay of n-point correlation functions

| n+1
ct(04,...,0, < bL O; |l —d(O1,-,.0n11)/€s (V137
|IC57(O1,...,O0nt1)| < ap IOg(Q)n<i1j[1” zH()e ( )

for all Oy,...,0,41 € O. Here,

d(Oq,...,0,) = maxmind(0;, 0;), (V.138)

z J

b is constant, and ag, &g are constants from Definition V.9 which depend only

on (.

In local Hamiltonians, we do not expect the above bound to be tight. In
particular, we conjecture that the prefactor of n! can be eliminated, and that
the distance in the exponential decay can be strengthened (previous works
have speculated that the relevant distance is equal to the length of the minimal
Euclidean Steiner tree between Oq,...,Ony1 [341]). Nevertheless, the above
bound is sufficient for our purposes, and is convenient since the exponential
decay of two-point correlation functions has been rigorously proven in several
cases [319, 320]. Looking forward, we expect that tighter bounds above would
improve the exponent v in Theorem V.9.

We can now proceed to the proof of Lemma V.11.

Proof of Lemma V.11— We first re-write the n+ 1-point correlation function
as a sum of connected two-point correlation functions

Cngl(Ola"'vOnJrl) =

= _yyn+IPl(p|— 1P| ) .
Zpepn< 1) ap-ur YT HU#T<Hi€P001>B

: <<0n+1 11 05— (Onsn)s(]] Oi>/3> (V.139)

i€ Py i€ P,

Note that the first sum is over partitions of the first n positive integers (not
n + 1), and that the final factor is equal to a connected two-point correlation
function between O,, 1 and Hie P, O;. Also, while we have written the above
expression in terms of O, 41 for convenience, the same expression can be
applied to any O,, since the n-point correlation functions are symmetric
under index permutations.

To bound the n-point correlation function we first isolate the most distant
operator, corresponding to ¢* = argmax; min; d(O;,O;). This operator lies
at a distance of at least d(O1,...,O0,41) [see Eq. (V.138)] from all other O;.
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Without loss of generality we permute indices such that * = n 4+ 1. We have

< (p -

PeP,
|P|

’ Z Ho#ﬂ'(HiEPo Cip
T=1

P n+41 —d(Ony1] ], 0i)/¢p
<> (PP (HQLI Hoins) (aﬂe oL,
n+1

< aﬁ( H ”01_”8)e—d(Ol,u.,Onﬂ)/ﬁB (Z‘"P‘:l E(TL,|P|)-\P\!> .
i=1
(V.140)

(014,00 41)

<on+1Hi€PT oi>g—<on+1>ﬁ<Hi€PT 0i)s

The latter sum is known in mathematics as an ordered Bell number, and
satisfies [342]

- nl 1 " 0 !
és(n,k) k! = TTog(@) <log(2)> +e(n), |e(n)] < 2 @) (V.141)

The error bound can be absorbed into the prefactor of the first term to give
the following bound

> s(n,k) k! < bl (10g1(2)> : (V.142)

k=1
with b = 2102(2) + logf). Inserting the above into Eq. (V.140) produces our
final bound, Eq. (V.137). O

Proof of Lemma V.10—Expanding the Hamiltonian, H = )", f,P,, we
have

A=Y (Hfaj> CiM (A, Pay,... Pay), (V.143)
=1

at,...,an
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and hence

(A0 < 3 |CETA P P

a1,...,an

J n
(L —d(APay .riPay) /65
< agb||A[[sn! (1og(2)) > e (V.144)

17..,an
—aﬁbnAnsn( )Zm /s

where v4(d) is the number of choices of {a1, ..., an} with d(A4, P,,,..., P,,) =
d.

We define K(d) to be the number of Hamiltonian terms that lie within
a distance d of any given Hamiltonian term. We have the upper bound
K(d) < k(2d +r)P. We can use K(d) to upper bound the distance vy4(d).
Specifically, we have

d
Z yald) < n! K(d)" = n! k™ (2d + r)"P. (V.145)
d'=0

The LHS is equal to the total number of choices of {a1,...,a,} with

d(A,P,,,..., P, ) <d. To derive the RHS, note that first operator P,, must
lie within distance d of A, the second operator must lie within distance d of
either A or P,,, and the m™ operator must lie within distance d of at least

one of A, P,,,...P,, . Since e~%%s is strictly decreasing in d, we have
> yald)e™ % <nle™ Y [(2d+ 1) = (2(d — 1) +7)"P] e/
d d=0

(61/£ﬁ _ 1) (2d —94 r)nDefd/gﬁ

< nl(2Pk)nelr/21/%s (1 - eil/fﬁ> Z a"Pew/2s
z=[r/2]-1
(V.146)

The sum can be expressed in terms of Eulerian numbers and upper bounded,

io: nD —z/28s _ e!/2 nz.éA D,i)e —(i-1)/2¢s
zoe _(61/253_1)nD+1 (nD, i
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61/26[3

|
S (nD)'(el/Qfﬁ — 1)nD+1’

(V.147)

which gives

2DI<J n 1— e_l/fﬂ
—d/&s ! (=" [r/21/6p = =
%:M(d)e <2(nD)'(n)'<(61/2eﬁ1)D> ‘ 1 — 172

(V.148)
Inserting the above bound into Eq. (V.144) and using inequalities, (1 —
e~ V&) /(1 — e 1/2%68) < 2 and 2! < 27, gives Eq. (V.132). O

V.D.7. Learning thermalizing Hamiltonians with O(1)
unknown parameters

In many Hamiltonian learning scenarios, the number of unknown parameters,
Ny, scales with some power of the system size, N. In the prior sections, we
showed that learning at the Heisenberg limit is not possible in this scenario, if
the Hamiltonian thermalizes and one does not have sufficient quantum control.
In this section, we turn instead to learning in thermalizing Hamiltonians
with a constant number of unknown parameters, N, = O(1). That is, the
Hamiltonians we consider take the form

Ny,
H(u) =uP+ Y 04Qa, (V.149)
a=1

where u is the single unknown parameter, v, are the known parameters (of total
number Ni), and P, @, are k-local Pauli operators. Few-parameter learning
problems are potentially easier than many-parameter learning problems, since,
in the latter, a lack of knowledge about a given parameter can inhibit learning
of other parameters. We will show that for thermalizing Hamiltonians this is
indeed the case, and that a constant number of unknown parameters can, in
principle, be learned at the Heisenberg limit even in the absence of quantum
control. Nonetheless, we find that the measurements required to perform such
learning may be difficult in practice.

For brevity, we focus on the case of a single unknown parameter, u, in the
no quantum control model. Our main results are summarized by the following
theorem:

Theorem V.10

Consider the learning problem (Definition V.5) for an N-qubit Hamiltonian
as in Eq. (V.149) in the no quantum control model (Definition V.1). Suppose
that the Hamiltonian H(u) obeys the eigenstate thermalization hypothesis
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(Definition V.6) within an energy range [Ey, Es]. Then:

1. Suppose that there exist energies E3, Ey € [E, Es] such that [ (P) g5, —
(P)g(p, | = ¢ for a constant ¢ = Q(1) independent of the system size.

Then there exists a state for which the quantum Fisher information of u
scales as T(?) = O(t2).

2. Suppose that the Hamiltonian has bounded degree k and interaction
strengths |ug|, |ve| < J = O(1), and has bounded derivatives,

B
‘aE <P>,B(E)’ <~ (V.150)

Further suppose that the initial state of each experiment is related to a
product state by a finite-depth unitary quantum circuit and has energies
within [Ey, Es). Then learning the parameter u at the Heisenberg limit
incurs an overhead proportional to the square root of the system size,

T =Q(V/N/e).

Proof— We prove both statements 1 and 2 using the quantum Fisher
information. For a single unknown parameter, the quantum Fisher information
matrix is simply a positive number. For pure initial states p, and no quantum
control, it takes the form

te
7@ = 42 (Trace[p, AZ] — Trace[p, A;]%),  As = Ap(ts) = / ds P(s).
= 0
(

V.151)
We refer to Appendix V.A for full details. As in the multi-parameter case, we
decompose Ap(t) = Aa(t) + Aoa(t) +0A(t) as in Eq. (V.90). Again, the latter
two terms cannot contribute to the Heisenberg limit owing to Lemma V.8
and Definition V.6, respectively. The first term is diagonal in the energy
basis, with matrix elements (E;| Aq(t) |E;) =t (P)g(p,). Writing the diagonal
matrix elements of p, as (E;| p|E;) = py, we thus have

2
+O(t%?).

1@ =43¢ lme <P>2(Ei)] - [me (Ppm,

(V.152)

The term in parentheses is the variance of (P) 8(E;) Over the probability

distribution p;. The sub-leading contribution, (’)(t3/ 2), arises from covariances
between the diagonal and off-diagonal components of Ag ().

The quantum Fisher information clearly scales as t*> whenever the above

variance is non-zero. This is possible whenever the thermal expectation value
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of P varies a non-zero amount with the energy. This is precisely the condition
assumed in statement 1 of the theorem. From the assumption in statement 1,
we can construct a simple state

p=¥3a)zal, [hza) = |E3>\J/F§|E4>, (V.153)

which features a quantum Fisher information

2
T = & ((Phaeyy — (Phary) + O, (V.154)

This proves statement 1. We mention more realistic states that can achieve a
quadratic Fisher information in the discussion following this proof.

To prove statement 2, we would like to upper bound the quantum Fisher
information in the specific case that p is a related to a product state by a
finite-depth unitary quantum circuit,

p=VI]0)0| VT, (V.155)

where |0) is the all zeroes state and V is a finite-depth unitary. We will
achieve this by upper bounding the energy variance of the state p, and using
condition Eq. (V.150) to then upper bound the variance of (P)g g,

To bound the energy variance, we first consider the rotated Hamiltonian,
HY =uPV + > v,QY , where we denote OV = VOVT for an operator O.
Note that if V has depth d and H is k-local with degree &, then HY is k-local
with degree &, with k = 2%, i = 2%. Now consider the energy variance of H
in the state V'|0)

SE? = (0| VH?V|0) — (0| VHVT |0)?, (V.156)
which is equal to the variance of H" in the state |0). We have

Ny,

6B = 3 wavy ((01QY QY 10) — (01QY 10} (0] QY 10) ), (V.157)

a,b=0

abbreviating u = vg, P = (Jo. The summand above vanishes unless @, and
Qp share support. Each (), has support on at most k sites, and thus overlaps
with at most k& operators Q. We therefore have

SFE? < J?4%kkN, < J?4%kK2N. (V.158)

where in the latter inequality, we use that the bounded degree x upper bounds



V.D. Bounds on learning thermalizing Hamiltonians

Ni < kN. We thus have our desired result, that the energy variance is O(N).

We now return to the upper bounding the quantum Fisher information.
Since (P) () is a continuous and differentiable function of the energy E, we
have

2
> pei (Pl - (pr‘ <P>5<Ei>>
3 K2 2 )
< (aE <P>ﬁ(E)> ZPME? - <ZPmE2>

= (0 <P>B(E)>2 SE2. (V.159)

Our upper bound on the energy variance, combined with the assumption in
statement 2 of the theorem, give the following bound on the quantum Fisher
information

~ 2
B
(@ <4y 2 (N> J24kK2N + O(t3/%) = O(T?/N). (V.160)

The Cramer-Rao bound now gives our final result, that learning u at the
Heisenberg limit requires total evolution time T'= )" _t, = Q(VN/e). O

In the above proof, we presented a conceptually simple state [Eq. (V.153)]
that can achieve a quadratically-growing quantum Fisher information. The
state is a superposition of two energy eigenstates of the Hamiltonian, which
is unrealistic in practice since eigenstates are hard to prepare. We now argue
that a much more general class of initial states and measurements can achieve
a similar Fisher information. The initial states will be ‘GHZ-like’, in that they
are a superposition of states with extensively different energies. The final
measurements will involve backwards time-evolution under a best estimate of
the Hamiltonian, as first proposed in Refs. [270, 271].

To see this, suppose that the all zero product state |0...0), differs in energy
by an extensive amount from the all one product state, |1...1). This implies
that the two states will thermalize to different inverse temperatures, 8y and
[, after time-evolution. Generically, the thermal expectation value of P will
differ by an order one amount between Gy and ;. If we take the initial state
of the experiment to be a GHZ state,

10...0)+[1...1)

p=|GHZ)GHZ|,  |GHZ) = e,

(V.161)
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this leads to a Fisher information that grows quadratically in time, Z(?) ~
t2((P)g, — (P)3,)?. We note that the temperatures can be adjusted by
choosing different initial product states.

It remains to specify what measurement basis is needed to achieve this
Fisher information. As in quantum sensing with GHZ states, the measurement
basis will need to be sensitive to the coherence between the all zero and all
one state after time-evolution. That is, we would like to measure the operator

e~ W0 o)1, 1| T 4 pee. (V.162)

If the Hamiltonian were known, this could be achieved by first performing
backwards time-evolution, i.e. applying e (¥! and then measuring the
operator [0...0)1...1].

In practice, we expect that backwards time-evolution under the unknown
Hamiltonian can be replaced with backwards time-evolution under a best
estimate of the Hamiltonian, H(@). If the estimate @ has error ¢, then the
backwards time-evolution under @ will approximate that under u up to times
t ~ e. This should be sufficient to improve the estimate @ by a constant
factor. The experiments can then be updated adaptively as learning proceeds.
This idea was proposed under the moniker ‘quantum-assisted” Hamiltonian
learning in Refs. [270, 271], where ‘quantum-assisted’ refers to the ability
to backwards time-evolve under H(%). Our analysis thus provides a more
thorough justification for the ability of the algorithms in these works to
achieve the Heisenberg limit, in the case that the Hamiltonian has a single
unknown parameter. On the other hand, our Theorem V.9 establishes that
these schemes cannot always learn at the Heisenberg limit when the number
of unknown parameters is extensive.
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Summary

After decades of existing only on paper, quantum computers are now becoming
real. The last decade has seen the construction of the first working proto-
types, and significant engineering effort is underway to scale these devices
up in the years ahead. The most promising near-term application for this
emerging technology is quantum simulation — using one quantum system to
study another, such as modelling the electronic structure of molecules or the
behaviour of exotic materials. Yet these early devices are far from the powerful
machines theorists have long envisioned. Quantum systems are extraordinarily
fragile: even tiny, unavoidable interactions with the surrounding environment
introduce errors that corrupt computations, and the number of quantum bits
(qubits) that can be reliably operated remains limited. This thesis addresses
the question of how to extract accurate and efficient scientific results from
quantum simulations given these constraints.

Chapter I introduces the theoretical background required for the remainder
of the thesis. It begins with the basics of quantum computation, with an
emphasis on different approaches to managing noise. We then review quantum
simulation as a target application, and explain how parameter estimation
fits within this task, before introducing the tools of quantum estimation
theory used throughout this thesis. The chapter concludes with a discussion
of quantum phase estimation (QPE), an algorithmic primitive central to
this thesis, which refers to inferring energy levels of a quantum system
from measurements. Chapters II-IV study quantum phase estimation in
increasingly realistic settings, progressively relaxing the assumptions of ideal
state preparation and noiseless computation.

Chapter II studies a class of QPE algorithms referred to as single-control,
which use small, low-depth quantum circuits together with classical post-
processing to extract energy levels, making them naturally suited to noisy
devices with a limited number of qubits. Standard QPE assumes access to an
eigenstate — a state with a single, definite energy. In practice this is itself a
hard problem, and realistic states will overlap with several energy levels at
once. This chapter provides a single-control phase estimation algorithm that,
given such a state, simultaneously estimates all the corresponding energy
levels. The algorithm achieves the optimal scaling of computational time
required with the target precision, known as the Heisenberg limit.
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Chapter III turns to QFT-based QPE algorithms, which use larger quantum
circuits to sample energy levels more directly, but require increasing circuit
depth to achieve better precision. Because larger circuits accumulate more
errors, there is an inherent tension between circuit size and result quality.
This chapter analyses this trade-off to identify the optimal circuit depth for
a given noise level, and introduces a scheme that uses maximum likelihood
estimation to achieve arbitrarily high precision by increasing the number of
circuit repetitions rather than their depth. This is enabled by a novel error
mitigation technique, explicit unbiasing, which corrects for the effect of noise
and allows accurate estimation on imperfect devices.

Chapter IV combines the challenges of the two preceding ones. It introduces
a moment-projection estimator compatible with both QFT-based and single-
control circuits. By generalizing the explicit unbiasing technique of Chapter
IIT to the setting where the initial state is not a single eigenstate, we obtain an
algorithm that accurately recovers ground state energies even in the presence
of both noise and spectral overlap.

Chapter V turns to a different estimation problem: rather than inferring
energy levels of a known system, can we learn the governing equations — the
Hamiltonian — of a quantum system by observing its dynamics? The answer
turns out to depend critically on the level of control available during the
experiment. Passive observation is shown to be fundamentally insufficient
to achieve optimal scaling for large classes of physically relevant systems.
In contrast, with the ability to apply additional operations or modify the
Hamiltonian during evolution, the chapter provides an algorithm that learns
the Hamiltonian at the Heisenberg limit. This establishes a rigorous quadratic
advantage for quantum control in Hamiltonian learning.



Samenvatting

Na decennialang alleen op papier te hebben bestaan, worden quantumcom-
puters nu werkelijkheid. Het afgelopen decennium zijn de eerste werkende
prototypes gebouwd en er wordt momenteel hard gewerkt aan de opschaling
van deze apparaten in de komende jaren. De meest veelbelovende toepass-
ing van deze opkomende technologie op korte termijn is quantumsimulatie
— het gebruik van een quantumsysteem om een ander quantumsysteem te
bestuderen, zoals het modelleren van de elektronische structuur van moleculen
of het gedrag van exotische materialen. Deze eerste apparaten zijn echter
nog lang niet de krachtige machines die theoretici al lang voor ogen hebben.
Quantumsystemen zijn buitengewoon fragiel: zelfs minuscule, onvermijdelijke
interacties met de omgeving leiden tot fouten die berekeningen verstoren, en
het aantal quantumbits (qubits) dat betrouwbaar kan worden gebruikt, blijft
beperkt. Deze dissertatie behandelt de vraag hoe nauwkeurige en efficiénte
wetenschappelijke resultaten uit quantumsimulaties kunnen worden verkregen,
gegeven deze beperkingen.

Hoofdstuk I introduceert de theoretische achtergrond die nodig is voor de
rest van de dissertatie. Het begint met de basisprincipes van quantumcomput-
ing, met de nadruk op verschillende benaderingen voor het beheersen van ruis.
Vervolgens bespreken we quantumsimulatie als beoogde toepassing en leggen
we de rol van parameterestimatie uit, alvorens de instrumenten van de quan-
tumestimatietheorie te introduceren die in dit proefschrift worden gebruikt.
Het hoofdstuk sluit af met een bespreking van quantumfase-estimatie (QPE),
een groep van algoritmen die centraal staat in dit proefschrift en die verwijst
naar het afleiden van energieniveaus van een quantumsysteem uit specifieke
metingen. Hoofdstukken IT-IV bestuderen quantumfase-estimatie met steeds
realistischere restricties, waarbij de aannames van ideale toestandsvoorbereid-
ing en ruisvrije computatie geleidelijk worden versoepeld.

Hoofdstuk IT bestudeert een klasse van QPE-algoritmen die single-control
worden genoemd. Deze algoritmen gebruiken kleine quantumcircuits met een
kleine diepte in combinatie met klassieke nabewerking van de meetresultaten
om energieniveaus af te leiden, waardoor ze van nature geschikt zijn voor
ruisgevoelige apparaten met een beperkt aantal qubits. Standaard QPE
veronderstelt toegang tot een eigenstaat — een toestand met één enkele, goed
gedefinieerde energie. In de praktijk is het verkrijgen van deze staat op
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zichzelf een moeilijk probleem en zullen realistische toestanden overlappen
met meerdere energieniveaus tegelijk. Dit hoofdstuk beschrijft een algoritme
voor single-control quantumfase-estimatie dat, gegeven een dergelijke toestand,
gelijktijdig alle corresponderende energieniveaus schat. De benodigde rekentijd
van het algoritme voldoet aan de optimale schaling met de gewenste precisie,
bekend als de Heisenberg-limiet.

Hoofdstuk IIT behandelt QFT-based QPE-algoritmen, die grotere quantum-
circuits gebruiken om energieniveaus directer te meten, maar een toenemende
circuitdiepte vereisen om een betere precisie te bereiken. Omdat grotere
circuits meer fouten accumuleren, bestaat er een inherente tweestrijd tussen
circuitgrootte en resultaatkwaliteit. Dit hoofdstuk analyseert deze afweging
om de optimale circuitdiepte voor een gegeven ruisniveau te bepalen en intro-
duceert een methode die willekeurig hoge precisie kan bereiken door het aantal
circuitherhalingen te verhogen in plaats van de dieptes te vergroten. Dit wordt
mogelijk gemaakt door een nieuwe foutreductietechniek, explicit unbiasing,
die het effect van ruis corrigeert en nauwkeurige schattingen mogelijk maakt
op imperfecte apparaten.

Hoofdstuk IV combineert de uitdagingen van de twee voorgaande hoofd-
stukken. Het introduceert een moment-projectie schatter die compatibel is
met zowel op QFT gebaseerde circuits als op single-control circuits. Door
de explicit unbiasing techniek van hoofdstuk III te generaliseren naar de
situatie waarin de begintoestand geen perfecte eigenstaat is, verkrijgen we
een algoritme dat de grondtoestandenergieén nauwkeurig bepaalt, zelfs in
aanwezigheid van zowel ruis als spectrale overlap.

Hoofdstuk V behandelt een ander estimatieprobleem: kunnen we, in plaats
van energieniveaus van een bekend systeem af te leiden, de drijvende kracht
— de Hamiltoniaan — van een quantumsysteem leren door de dynamische
ontwikkeling ervan te observeren? Het antwoord blijkt sterk af te hangen
van de mate van controle die tijdens het experiment beschikbaar is. Passieve
observatie blijkt fundamenteel ontoereikend te zijn om optimale schaling
te bereiken voor grote klassen van fysiek relevante systemen. Daarentegen,
gegeven de mogelijkheid om extra operaties uit te voeren of de Hamiltoniaan
tijdens de evolutie te wijzigen, biedt het hoofdstuk een algoritme dat de
Hamiltoniaan leert in de Heisenberg-limiet. Dit toont aan dat quantumcontrole
een rigoreus kwadratisch voordeel biedt bij het leren van de Hamiltoniaan.
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. Heisenberg-limited estimation of multiple eigenphases can be achieved
without increasing the size of the control register.
[Chapter 2; Z. Ding et al, Quantum 8, 1487 (2024).]

. Quantum error mitigation can be applied to quantum Fourier trans-
form—based phase estimation. [Chapter 3, 4].

. Phase estimation in the early fault-tolerant regime requires sophisticated
classical post-processing beyond simple estimators such as single-shot
outcomes or majority voting. [Chapter 3, 4]

. Passive observation of a quantum system is insufficient for Heisenberg-
limited learning of many-body Hamiltonians. Achieving the Heisenberg
limit in many-body Hamiltonian learning requires coherent quantum con-
trol. [Chapter 5]

. Quantum control allows many-body Hamiltonians to be learned with
polynomial classical resources.
[Chapter 5; H.Y Huang, et al. PRL 130.20 (2023): 200403.]

. Ideas developed in quantum sensing and quantum metrology provide
a useful source of inspiration for quantum algorithm design.

. Combining quantum error correction with quantum error mitigation will
be essential for extracting useful computations from early fault-tolerant
quantum computers. Achieving this in practice will require efficient
methods for characterizing large quantum systems.

. The most impactful real-world applications of quantum computing have
likely not yet been identified. The search for useful quantum algorithms
should explore both problems that are classically intractable and ways
to perform existing computations more efficiently, for example faster or
with lower energy consumption.



10.

11.

12.

. Research in quantum computing is already producing valuable results by

inspiring improved classical algorithms and deepening understanding of
fundamental disciplines such as quantum mechanics, information theory,
and computational complexity. These benefits arise independently of
whether large-scale quantum computers are ultimately realized.

Academic institutions should offer a wider diversity of career paths and
value the distinct skills required for each. Different forms of contribution
such as teaching, mentorship, and management, should be rewarded on
par with research output.

Efforts to improve diversity in academia should address a broad range
of marginalized groups rather than focusing exclusively on women.

Diversity policies such as committee quotas are counterproductive, as
they overburden academics from underrepresented groups with invisible
labor without addressing structural barriers to hiring and retention.

Alicja Dutkiewicz
Leiden, 22/05/2026
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