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motivation slide in
lectures 1+2

Quantum Network

”s”’ ®* Nodes: local quantum computing
- store quantum information
\ / - local quantum processing
channel
““ * Channels: qguantum communication

- transmit quantum information
node

* Lecture 1: Quantum computing with trapped ions

— entanglement engineering: atoms as gmemory, gates etc.
® Lecture 2: Quantum communication

— quantum repeater: nested purification protocol

— implementation: deterministic / probabilistic; photons & atoms
® Lecture 3: Quantum optical systems as open quantum systems

— Measurement, state preparation & decoherence



Lecture 1: Quantum computing with trapped ions

® trapped ions

QC model:

4 qubits: longlived atomic states
o v’ single qubit gates: laser
ot v’ two qubit gates: via phonon bus

o m=) v read out: quantum jumps

requirements:
‘ v state preparation: phonon cooling
v [small decoherence]

= 100 um -



Trapped ion: the system

* system = internal + external degrees of freedom

)

")

dipole-forbidden ® \ /

transition \g/
9)

internal; external:
electronic levels motion

dipole-allowed
transition

* strong dissipation » small dissipation

v laser cooling / state preparation v Hamiltonian: quantum state

v’ qubit / state measurement engineering



System + Reservoir

: system :

' l

laser | :
=control 1 L'jon;: internal ion: external|
: = electronic = motion l

|

' l

' l

r--—- -y~ ~—=—7—7997 7> =77 —=—=— '_I
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I |spontaneous phonon |

: emission heating |
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Development of the theory:
* system: Hamiltonian (control)
ﬂ ® reservoir: master equation + continuous measurement theory



Lecture 2: Atom —light interfaces & transmission of qubits

® deterministic transmission of qubits

Node A
® 6 6 0 ©° Q
4 =
§ fiber
Laser
19) transmit ]
°memory: databus: N ° memory:
atoms photons atoms

® system:
v' single atoms
v" high-Q cavities
EE) v transmission line / fiber (continuum of modes)



Our approach ...

Quantum Optics

®* Open quantum system

environ-
ment

harmonic oscillators

v' master equation

® Continuous observation

counts

T

time
out
— —D
in

v’ Stochastic Schrodinger Equation

“Quantum Markov processes*

Quantum Information

®* Quantum operations

system p —

— &(p)
U

environ- |eo>_ _
ment

p — &p) = X, ExpE|

U K

leo)




1. Quantum Operations

Ref.: Nielsen & Chuang, Quantum Information and Quantum Computation



Quantum operations

Evolution of a quantum system coupled to an environment:

open quantum system

system p —

U

environment |€o)

— &(p)

Operator sum representation:
p — E(p) = tren, [U(p ® [eo)eo)U"]

Properties: >, ExEx =1

p — E(p) = tren,[U(p ® pe)U’]

quantum operation

= S (elU(p ® lea)eol)U lex)
k

_ Z ExpE| with Ex = (ex|UJeo) operation elements
k



Quantum operations

Measurement of the environment: Py = |ex){ek|

state
system  p — pi pr ~ trony(le)eU(p & leo)eo)U")

U “k” B T
environment |€o) —>< = ExpEy

L pk = ExpEg/ trg o (ExpEy)  (normalized)
probability

Pk = trgysenv((BXEIU(p ® [e0)E0UT)
- trsys(Ekab

Remark: if we do not read out the measurement
p— Ep) = D Pupx

= ) EwpE,
”



2. Quantum Noise Models in Quantum Optics

* system + environment model
* formulation
ﬂ — operator / c-number stochastic Schrodinger equation
— [(operator) Langevin equation]



System + environment model

Hamiltonian:

Hiot = Hsys + Hp + Hint

Hsys unspecified

" dowb' (@)b(w) with [b(w),b'(@)] =sw-o)  "aMoNC

Hg = | |
B 0o—9 oscillators

Hin = 177 dox(@)[ch' (@) - ¢'b()]
L system operator

Assumptions:
® rotating wave approximation

Leiden 3



Simplest possible ...

Example: spontaneous emission

® driven two-level system undergoing spontaneous emission

C—o-=lgxe] — |

A

Hsys - weg|e><e| _<%Qe_ithO'+ + hC>

e>‘\

laser . photon o
detector Hiw = —Hteg - E®P(0)o, +h.c.
— 9) .
— Ij dox(w)b’(w)o,. +h.c.
a)eg—19
® ... including the recoil from spontaneous emission
ion

Hine = _ﬁeg ’E(+)(7()G+ +h.c.

A

spontaneous
mission t :
emissIo recoil




System + environment model

Hamiltonian:

Hiot = Hsys + Hp + Hint

Hsys unspecified

Hg = ijJﬁg dowb’(w)b(w) with [b(w),b'(®")] =d(w-0") harmonic

0)0—9

Hin = 177 dox(@)[ch' (@) - ¢'b()]
L system operator

Assumptions:
® rotating wave approximation

* flat spectrum: «x(w) _1) JyI2r

flat over bandwidth

k(W) A

oscillators

A

_—

wo w

system frequency
\

w()—’(9

v J
wo + U
reservoir bandwidth B

Leiden 3



Schrodinger Equation environ-
ment

* Schrodinger equation

LWy = —i[ Hg + Ha + Hy JIW0) lv) ® vac)
initial condition

® convenient to transform ...

¥, — e-Het|\p,) ir_1teraction picture b(w) — b(w)e !
with respect to bath

H —F "rotating frame*

Sys Sys . C — Ce—ia)ot
(transform optical
frequencies away)
1) = [Py + ([0 dofe@)b@)'e '(a"wo)t)c h.c. |1y
k(@) ~ Jyl2n b(t) = L7 do b (@)oo

flat over bandwidth “noise operators”



environ-
ment

Schrodinger Equation

LW = [-iH,, + y7b®c— 7cb(t) ||¥y)

\
b(t) = = | Z‘; do b (w)e"@-ool
“noise operators”
White noise limit 3 — oo
[b(1),b'(s)] = &(t—5) Toys > 119 >>><
(b(Hb'(s)) = o(t—5) /
white noise transformed away
vacuum limit 3 — oo after RWA

Remarks:

* [We can give precise meaning as a “Quantum Stochastic Schrodinger
Equation” within a stochastic Stratonovich calculus]

®* We can integrate this equation exactly

— counting statistics “ quantum

— master equation operations



3. Integrating the “Quantum Stochastic Schrodinger Equation®

) W) — |Py) = e Mol @)

lvac) Schrodinger equation:

system + environment

Leiden 3



What we want to calculate ...

®* We do not observe the environment: reduced density operator

ly) ——

[vac) —

Ut

pt = trg|¥ o) (|

master equation:
v’ decoherence

v’ preparation of the system (e.g.
laser cooling to ground state)

®* We measure the environment: continuous measurement

ly) —

[vac) ——

Ut

lwe(t)) €N

D— l | HOjnts

time

conditional wave function:
v’ counting statistics

v effect of observation on system
evolution (e.g. preparation of the
(single quantum) system)



Remark: simple man's
version of conversion

Integration in small timesteps from Stratonovich to Ito

* We integrate the Schrodinger equation in small time steps

At

<+>
0

time t

(= t)) = U(Aty)... U(At1)U(Ato)['F(0))

* Remark: choice of time step

Tos > At 2 1/9 >>><
N

allows us to use white noise
perturbation theory limit 9 — oo
in At

transformed away
after RWA



At
<+>
0\ g

time t

® First time step: first order in At

U(AD|®(0)) = {i—iHsySAtJrﬁcjstb‘f(t)dt—ﬁc*jﬁ)@dt
.. t[¥(0))
N

ly) ® [vac)



1st time step

At
<+>
0\ g

time t

® First time step: first order in At

UADIPO) = {1-iHgAat+ 7ef bidt- fret [
+(=i)?ycTc[ T dt [ dt bob'(t) +... JIO)

AN
ly) ® [vac)

t ty t t
[ dte [ dtab(t) b (tivac) = [ dta [ “dtabtz) b (tr)Iivac)
0 0 0 0
— jt dt, jtz dt; 6(t2 —t1)[vac)
0 0

= %Atlvac) first order in At



1st time step

At
<+>
0\ g

time t

® First time step: to first order in At

[P(AD) = U(AD]|¥(0))
- {1- t+ 7 .@ [¥(0))

We define:

e effective (non-hekmitian)/system Hamiltonian




1st time step

At
<+>
0\ ’

time t

® First time step: to first order in At

[P(AD) = U(AD[¥(0))

_ 7 4 interpretation: superposition of
{1 Hop Al + \/7 cAB(0) }lqj(o» vacuum and one-photon state

\

one photon

»

time

no photon

= L

time




Discussion:
annihilation / creation operator for a photon in the time slot At :

ABQ) = | " () ds at

time

Remarks and properties:

e commutation relations:

At t=1" overlapping intervals
[AB(D), AB' ()] = bpimg
0 t=+t' nonoverlapping intervals
e one-photon wave packet in time slot At
ABT (1)
JAt
e number operator of photon in time slot t:
ABT(t) AB(t)
JAt  JAt
e N(t) as set up commuting operators, [N(t),N(t")] = 0,
which can be measured "simultaneously"

lvac) = [1) (normalized)

N(t) =




1st time step:

At
<+—>

quantum
L operations
0\ g

time t

®* Summary of first time step: to first order in At

[P(AD) = [1-iHzAt+ [y cAB'(0) || ¥(0))
= [vac) ® (1 —iHg; At)[y(0)) + 1)t ® (JyAtcly(0)))
= |vac) ® Eo|ly(0)) +|1): ® E1|lw(0)) operation elements

where we read off the operatian elements
Eo = 1-iH_ATN(no photon) .

time
E, = ‘M/AtC
'time
) — lwileo) — |¥) = Ulw)leo)

U ')
leo) S— = leXelUleo)ly)
k




)

leo)

Discussion 1:

®* We do not read the detector: reduced density operator

V) — ——  p(AD) = trg| P(ADXP(AD)]
vac) —— Uy | = Eop(0)Eq + E1p(0)E]
= (1-iHzAt)p(0)(1 - iHeffA'[)T +ycp(0)ctAt

no photon one photon
master equation:
p(AD) = p(0) = =i (Hgp(0) — p(O)HL, ) At + yep(0)c'At
= —i[Hy p(0) JAt+ 2y (2cp(0)c' —c'cp(0) - p(O)c'c)AL

. p — E(p) = 1:renv[u(p X |eO><e0|)UT]

U 't)

— = 2 ExpEq




Discussion 2:

®* Weread the detector:

ly) —— U(At) — |pc(t))
— D- “click”

[vac) ——

quantum jump
e Click: resulting state r operator

Eily(0)) = |ye'“(At)) = JrAtcly(0)) (quantum jump)

with probability
peick = tro  (E1p(0)E1) = yAt [lcy(0) 2

Rem.: density matrix p1(0) = E1p(0)E1/tr(...)

ly) — |Y«) = (Ex]w))lex)]|... ||
o) — D] pe = IEv|?




Discussion 2:

®* Weread the detector:

ly) —— U(At) — |yc(1))
[vac) — B D- “no click”
e No click: resulting state decaying norm

Eoly(0)) = [y™cik(A) = (1—iHegAt)w(0)) =~ e "™ |y(0))
with probability

proclick — tr_ (Eop(0)Eq) = le ety 0) | 2

ly) — |Y«) = (Ex]w))lex)]|... ||
o) — D] pe = IEv|?




2nd time step etc.

At
<+—>»
0 A - ’

time t

®* Second and more time steps:

R o B stroboscopic
[P (nAt)) [1 IHg At+ /y cAB'((n l)At)]PP((n DAD integration

= [1-iHgAt+ fy cABT((n—DAY) | x
.x[1—iHzAt+ [y cAB'(0) ||¥(0))

v Note: remember ... commute in different time slots

At t =1 overlapping intervals
[AB(D), AB' ()] = bping
0 t=+t nonoverlapping intervals



Final result for solution of SSE

®* Wave function of the system + environment: entangled state

[P(1) = |vac) ® e "'y (0))
+ (A Y 1,) @ e MerceMer't |y (0)) o

v

ty \ t]_

+...

+ (A" Y7 1yl Ly @e e e e ey (0))

th>... >t /\A/-\A /\/\
Ll L e ]
N ty ts th t
1. system time evolution |y (t|t1t,...t,)) for a 1

specfic count sequence

2. photon count statistics: probability densities
Pog(tsta, ... th) = lw(titita... th) |2

no click: |wo) = |wi) = €

click: |y) > J7 Clwar)

—iH gt

lvo)

v



Tracing over the environment we obtain the master equation

ly)

vac) — uiay | ;B&

4 p® = =i[Hye p(® ]+ $r(2ep®e’ —cep(t) — ptic'c)

master equation

v" Lindblad form

v’ coarse grained time derivative



For theorists ...

lto-Quantum Stochastic Schrodinger Equation

® taking the limit ... At — dt
AB(t) — dB(t) lto operator noise
ABT(t) — dB(t) increments

®* Quantum Stochastic Schrodinger Equation

A () = [—%Hsys dt+ [y cdB' (t) - ﬁc*dB(t)]mt»

® Properties of Ito increments:

— point to the future:
dB()|¥()) =0

— lto rules: [dB(H)]% = [dB'(H)]? = O,

dB()dB' (1) = df,
dB(t)dB(t) = O.



Examples:

Two-level atom undergoing spontaneous emission At
Driven two-level atom: Optical Bloch Equations

laser cooling and reservoir engineering of single trapped ion
— ground state cooling
— squeezed state generation by reservoir engineering



Example 1: two-level atom undergoing spontaneous decay

photodetector N o—¢)

At b
SO L r
-

initial state |y c(0)) = Cg4|Q) + Cele)

[
»

ime
—  —0—g)

while no photon is = —~ — our knowledge increases
detected that the atom is not in the
e Heff1y, . (0)) colg)+cee Ty  excited state
lwe() = =

«/fO'—|l/~/c(t)> _
=9

a photon is detected |y c(t+At)) =

probability that a photon is detected in (t,t+At] P&t’tﬂq = Flcelze‘“At



Example 2: driven two-level atom Al €)
+ spontaneous emission

laser

Fig.: typical quantum trajectory: upper state population

/—Rabi oscillations

0

30 35 40 4!

[
_h

0 S 10 15 20

5 30
11t 7 t 1
t, taly 1y ts g

quantum jump:
electron returns to the }
ground state

(prepares the system)



Example 3: laser cooling of a trapped ion

A‘Ll
O |n—2>
In=1)

@U

Hoe = (B2 + 2mv2R2) - Ale)el-(1Qe*¥o_ +h.c.)

motion
<>

.:

spontaneous
emission

e Master equation (1D):

9 p - o]+ 3(2]” N0 (e Yo (o.65) o.0.ppo.o.)

quantum jump operator: / hks
recoil from spontaneous emission hEL :
S—~—

momentum
transfer



* Lamb-Dicke limit: adiabatic elimination of internal dynamics

p — A+ <apaT _ %aTap _ p%aTa> cooling term
+ I P heating term
+A_<apa >aa'p p2aa>
® processes contributing at low intensity
le,n+1) le,n+1) le,n+1)
en) en) en (v
le,n-1) le,n-1) le,n-1)
I
772F nQ
b lg,n+1) lg,n+1)
vg.n) ' ]g.n)
lg,n-1) lg,n-1) 'g,n-1)
cooling 2ReS(—v) diffusion D heating 2Re S(+v)

Ay = 2Re[S(Fv) + D]



sideband cooling

® ... as optical pumping to the ground state

r<$ -

g9,2)
g, 1)
9,0)

® master equation

N — t _latan_ plat
P = A+<apa pdap—ps5a a} (Ar > A) "dark state" of the jump

_ operator a:
* final state

. . al0) =0
Posc — 10)0] (I < v, sideband cooling)



Example 4: reservoir engineering / trapped ion

* Consider the master equation (in interaction picture)

p = 2y(2cpc’—c'cp—pche)
* stationary state = dark state of the jump operator

assume 1-dim

Clyp) =0 — p = |lyo)Xyol subspace

\ prepare a "pure state"

® reservoir engineering

Clyp) =0
engineer prepare interesting

jump operator quantum state



* example: squeezed state of the harmonic oscillator

¢ = coshrel2a + sinhre—'€2a*

lyp) = |r,e) squeezed vacuum _6_'X
1

* how? ... trapped ion le,2)
le,1)

we "cool" to a squeezed
state of motion

|e’0> aTe+Wt
ae—ivt
9,2)

v
— gD squeezed X5
9,0) vacuum in
rotating frame

p = —i[va'a, p]
+ y(coshre'“2ae~" + sinhre~2afe*M)p(... )" —...

— —

—

jump operator



Example 5: State measurement & quantum jumps in 3-

level systems
Ly
dipole-allowed fg{hpole -forbidden
transition transition

® single atom photon counting

®* three level atom

photon counting on the
strong line:
single trajectory

D
i}{ T\ _

photon counting on
strong transition




photon counting on strong transition

aﬁ =

, . ]m| | L | o || L
strong ¢
line b) 3000 . , , . . .
2500 [t w WWW bt
20001 i

oo AN i
LR S

v atomic density matrix conditional to
observing an emission window

Pelt) — I){rl ianie sate

v’ state measurement with 100% efficiency

3

Fluorescent intensity
{Counts per 0.1 s)

here: with a weak
driving field g - r

B la|? ... probability NO window
Y=oclg)+ 8l 152 . probability window



4. Cascaded Quantum Systems

* formal theory
®* example
— optical interconnects



Motivation: Theory of Optical Interconnects

J.l. Cirac, P.Z. H.J. Kimble and H. Mabuchi PRL '97

* A cavity QED implementation

Optical cavities connected by a quantum channel

Node A Node B
[ )
e 6 ¢ 0 © Q ® & o
S . \a * >/
§ fiber L@%
Laser Laser
°memory: databus: N ° memory:
atoms photons atoms

* We call this protocol photonic channel



Cascaded Quantum Systems

® cascaded quantum system = first quantum system drives a second
quantum system: unidirectional coupling

unidirectional
coupling



Cascaded Quantum Systems

* example of a cascaded quantum system

A counts )
in 1 out Z'L photon counting time '/
T out 1 = in 2
> > >
Y unidirectional A
couplin
< / PN \ <
system 1: system 2:

"source" "driven system"



unidirectional
coupling

Hamiltonian

H = Hgys(1) + Hsys(2) + Hp + Hint
0)0+19
Hg — j do hob' (©)b(w)
600—9

with b(w) the annihilation operator
[b(w),b"(0)] = (0~ a")

position of
_ _ first system
interaction part

9 i r : position of
HiY () = ih [ doxi(o)b!(@)e e — cib(w)e ™™ ]/ oong system

+ih [ dax 2 (@) [b' (w)e@2c, — chb(@)e 2] (xp > X1)



unidirectional
coupling

time delay
interaction picture

Hin(t) = 172 Jy1 [0 (t)c1 — b(t)ey] + 17 Jyz [b(t)ca — b(t)cs]
witht™ = t—7 wherer - 0"

b(t) = bin(t) = J;_ﬂ j : dob (o)e™' @00t




unidirectional
coupling

Stratonovich SSE
%T(t) - {_%(Hsys(l) + Hsys(z)) +
+ Jrr b (e —b(ei] + frz [b(t)ez —b(t)es] p¥()

time delay

Initial condition:
V) = |y) ® |vac)

Notation:

Jrici—> ¢y, fraCa-ocy =1



First time step

At

>

>

0\ time t

U(ADF(0)) = {i —i[H(1) + H(2)JAt + (C2 + C1) jst dt b (t)

. }|‘P(O)>

At t, ; ;
— dtlj dta(=6(ts — t2)clcs + 8(t — to + 7)Chco
0 0

time delay! —— — (1 — 7 — t2)chey — 8(tg — t2)cheo)|vac)

= (~Leler +0-ches - Lekeo vaat

reabsorption




A

. . in 1 out Z'L
First time step T

—>- >— >

Y A

—/ NN

tlme t

UADI(0)) = {1-iHenAt+ (2 + C1)AB'(0) }|¥(0))

L one photon
=]
:cime
no photon
SLLLLLLL,
® effective Hamiltonian time
Hett = H(1) + H(2) — 1= Clc —1 % CZCZ — iCZCl reabsorption

= {H(l) +H(2) + %(c{ Co — cgcl)} - i%c*c (with ¢ = ¢2 + €1)

hermitian decay

o we identify (¢, + ¢1) with the "jump operator”



Summary of results:

* lto-type stochastic Schrodinger equation:

d¥(1) = ¥(t+dt) —[¥D)
= {1 iHefrdt + (1 + C2)dB' (1) }[¥(0))

f

il AT T il
Hett = Hgys + |§(C1C2 —CyC1) — I?CTC

®* master equation for source + system:

Version 1:

4 p = —i(Hettp — pHeg) + 2 (2cpc’ —cfep — pc'e)  Lindblad form
Version 2:

%P = —i[Hsys, p]

+ %<201p01 — pCiC1—CiC1p} + %{ZCzpCZ — pC3Ca — C5C2p}

— {[c},c1p] + [pc,C2l}.

unidirectional coupling of source to system



Example: Optical Interconnects

J.l. Cirac, P.Z. H.J. Kimble and H. Mabuchi PRL '97

* A cavity QED implementation

Optical cavities connected by a quantum channel

Node A Node B
® 6 ¢ 0 © Q ® & o
4 _ LN y
§ fiber L@%
Laser Laser
°memory: databus: N ° memory:
atoms photons atoms

* We call this protocol photonic channel



Node 1 Node 2

) )
at) g 0 Q) g

4
1) 10) 1) 10)
* Hamiltonian: eliminate the excited state adiabatically

Hamiltonian H = H{+ Hy

node i H; = —6ala; — igi(t) [|1)i(0]a — h.c.]
Raman detuning 6 = wr, — we

Rabi frequency  g;(t) = %



|deal transmission

* sending the qubit in state O
Node 1 Node 2

(7o) ——(7
1) 0) 1) 0
|

|
0)[0)  —10) ]0)

® sending the qubit in state 1

Node 1 Node 2
1) 10) 1) |0)
® superpositions |1>|O> — |O> ‘1>

(@ 0) + B8[1)] [0) — |0)[a |0) + 5 |1)]



Physical picture as guideline for solution

* l|deal transmission = no reflection from the second cavity
* Physical picture as guideline for solution: "time reversing cavity decay"
— consider one cavity alone

(yv . ) & decay

— run the movie backwards

( b ) A restore

inverse laser pulse



— two cavities

—
5 3
— design laser pulses to make the outgoing wavepacket symmetric
D &
— we try a solution where the laser pulses are the time reverse of

each other

Leiden 3



Description ... as a cascaded quantum systems

® cascaded quantum system

Node 1
(,Vf )

source Mwen system

unidirectional coupling

® atheory of cascaded quantum systems H. Carmichael and C.
Gardiner, PRL '94



. quantum trajectories

* Quantum trajectory picture: evolution conditional to detector clicks

detector

) 2

* We want no reflection: this is equivalent to requiring that the detector
never clicks (= dark state of the cascaded quantum system)



detector

(Node1 ) _) L ( Node 2 )

system wave function |W.())

between the quantum jumps the wave function ‘ ‘ H H‘ ‘
evolves with time

A

Hog(t) = Hi(t) + Ho(t) — ix ( alar + alas + 2 al al)
quantum jump

[ (t+dt)) o< ¢l.(t))  (with é= a1 + a2)
probability for a jump oc (1), (¢)|éTé| (1))

condition that no jump occurs

(W, (t)|ETe|w.(t)) 20 — ¢l (t)) =0 VYt “ho reflection



Equations

®* Wave function for quantum trajectories: ansatz

v

Te()) = [00)]00)
+ aa()[10)]00) + az(®)]01)]00)

oo + o] (7 ) ( 7))

ONE excitation in system

atoms cavity modes (

®* we derive equations of motion ... and impose the dark state conditions

* we find exact analytical solutions for pulse shapes leading to "no
reflection” ...



Results

pulse shape

g1(t)|

—10
KT

10

o () [*

(1)

B()?

ooooo

Kt

Kt

pa

ideal transmission



similar theory developed for ...

Homodyne Detection

®* homodyne detection

A

current

C VT e

N

»

oscillator 3 time

® conditional system wave function

dlyx(1) = [(iH - $yclo)dt+ /7 cdX(®) [y x(®)

with dX(t) = 7 (x(1))cdt + dW(t) and dW(t) a Wiener increment
/ t N\

c+c*t
homodyne shot noise

current
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