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. Violation of causality in 1 + 1 dimensions

In the lecture notes it is shown that in 3 + 1 dimensions the Hamiltonian H =
vm?ct + p?c?, where p = —ihﬁ, gives rise to violation of causality. In this exercise
we will conclude that this is not a special property of this dimension, by considering
the 1 4+ 1 dimensional case.

. Give the exact plane wave solutions of Schrodinger’s equation for the Hamiltonian
M2t 1 p2cl,

. Let 1po(x, t) be the solution of Schrédinger’s equation with initial condition ¢y (x,0) =
d(z). It follows that ¢(x,t) = [dyf(y)o(x —y,t) is also a solution (for which initial
condition?). Therefore it is sufficient to study the time evolution of .

Fourier expand vy(z,t) and rewrite this expression as

m2c?

h2
(Ky is a modified Bessel function, whence the above expression can be rewritten in
terms of ordinary Bessel functions. See for example Abromowitz & Stegun’s hand-

book for details.)

(2% — 2t?).

Yoz, t) = i8,5K0(z), with Ky(z) = /Oo dy cos(zsinh(y)), 2° =
cm 0

. Show that for m # 0 the solution violates causality.

. Prove that Re(v0) = (vo+1§)/2 respects causality, but does not satisfy Schrodinger’s
equation. Show that 1§ is a solution of the time inverted Schrodinger equation, or
equivalently Schrodinger’s equation with opposite (negative) Hamiltonian.

Prove that both 1y and 1 satisfy the Klein-Gordon equation, and that Re(vy) is
the unique solution that respects causality.

. Casimir effect

In quantum field theory the vacuum energy depends on the spatial volume. In the
lecture notes it has been derived that a free scalar massless field which is spatially
contained between two infinite parallel planes with separation z, has an energy per

unit area
1 s Them
Bl) = 5o > [ dhyR2 2,
() 2(2mhc)? mz::1 + x )

This expression is divergent, but can be made finite in a sensible way by subtraction
of a corresponding slice in infinite volume, i.e. without boundary conditions in the z
direction. An alternative way of getting rid of the unphysical infinite part, is so-called
dimensional regularisation. The above integral (the sum will be attacked analogously
later) falls into a class of integrals that is parametrised by (a.0.) the dimension. The
method then consists of computing the convergent integrals within this class, and
redefine the divergent ones by analytic continuation (in the set of parameters) of the
convergent outcomes.

For the case at hand the following class of integrals is useful

. k,2>\
[n,)\,H(OZ) = /d km (n c H\I7 )\,u E@, Oé2 > 0)
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For 2Re(A — i) +n < 0 this is convergent (and analytic). Forn =2, A =0,u = —1/2
it reduces to the integral in £ (x). Assume for the time being that 2Re(A—pu)+n < 0.

. Change to spherical coordinates and derive

131 n—11
S)B(2,2)--B
13)B(55) B

where B is the so-called beta function:

B(z,y) = 2/00 dt 771+ 12) 7Y,
0

JBOV 51— A= )a™ 2,

]m)\#(oz) = 7TB(1 T, 5 9 B

. Let the gamma function be defined as
(z) = / Tdt et (Re(x) > 0).
0

Show that I'(z 4+ 1) = zI'(x) and T'(1/2) = /7. Also prove

L(2)C(y)

Ble.y) = Tz +y)

. Now write [,y ,(«) in terms of gamma functions. Note that I'(z) can be continued
analytically to Re(z) < 0 using I'(z + 1) = «I'(x). Therefore we can also continue [
analytically to parameter values for which the original integral was divergent. Also
notice that the dimension n can now be given arbitrary complex values without
difficulties. Show that after having done these regularisations we obtain

E(z) = Ex(z), E,(x) =+/mhc i (@m)nﬂr(—r({iT/lz))/Q)

m=1

. Only the summation over m remains to be regularised. Define the zeta function
Clz)=> m™ (Re(z)>1).
m=1

For x = —3 this coincides with the relevant divergent summation. Like for the
integrals, we would like to replace this expression by the analytic continuation of
C(%)|Re(z)>1 to Re(x) < 1. This continuation satisfies

(_1)n+an

C(l—n):T, n € IN, (1)

where B,, are the Bernouilli numbers:

> t" t
> B,— = .
= nl et—-1

Derive eq. (1) by expanding ¢/(e! — 1) in e, and e™* in t (be careful with the ¢
term).

Hint: introduce new parameters that enable change of summation order. In the end
continue back to the relevant parameter values.

Finally compute the fully regularised energy per area E(x) and pressure F(zr) =
—dFE(z)/dz. Given the Bernouilli number By = —1/30, evaluate this pressure for
xr = lum.
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. Euler-Lagrange equation

Let ¢(z) = ¢(&,t) be a complex scalar field with action functional S = [ d*zL(z). L
is the so-called Lagrange density (the Lagrangian is L(t) = [ d3TL(T,t)):
L(x) = 0,0"(2)0"¢(x) — m*¢" (x)(x),
with metric g" = diag(1,—1,—1, —1) and units such that h =1, ¢ = 1.
. Prove by Variational calculus the Euler-Lagrange equation (equation of motion)

=0 and show that this gives the Klein-Gordon equation.

5(;5(:1: “ 5(8‘45(:1:

. Given the energy-momentum tensor
Tuu(x) = 8M¢* ($)ay¢($) + 6V¢*($)8M¢(x) - guvﬁ(x)a
show that 0, T"" = 0.

. Given the current density

Ju(x) = i(¢"(2)0uo(x) — (907 (x))d(2)),
show that 0,J#(z) = 0.
. Prove that the total energy E, momentum P; and charge @, given by E(t) =
[ d3ZToo(Z,t), Pi(t) = fd?’a:TOZ(a: t) and Q(t) = [ &3 Jo(Z,t), are conserved.

. Creation and annihilation operators

We start from operators p and ¢ satisfying canonical commutation relations [p, ¢ =

—1h. Define
1 1
a= (wg +ip), a' =

V2hw ’ o

. Show that [a,a] = 1. Also calculate the commutators [a, N|, [af, N] and [(a")", N].

(wqg —ip), N =dla.

S

. Define |n) by N|n) =n|n), (njn) = 1. Show that
aln) = c;ln—=1) , dln)=ciln+1) . |n) = ca(a’)"|0).
Compute ¢, ¢, ¢, and show that they can be chosen real.

n? n

Given an algebra of operators and commutation relations, we mean by the associ-
ated Hilbert space the (smallest) Hilbert space that may be used to incorporate the
algebra. What is the associated Hilbert space in the present case?

. Derive a matrix representation for the operators a, a’ and N.

. Now consider operators with anticommutation relations
{b, b1} = 6, {br, bs} = {01, 0]} =0,
where {X,Y} = XY + Y X. What is the corresponding Hilbert space?

Define N, = bibr. What are the possible eigenvalues of N,? Construct a matrix
representation for the operators b,, bl and N,. Why is the algebra generated by b,
and b, with the above anticommutation relations, suitable for describing fermions?

Prove that exchanging b, and bl can be described by a unitary transformation.

113



e. The BCS theory of superconductivity uses the following operators that describe an-
nihilation and creation of electron pairs.

a=b b, ch=0bLb .
R A A e
Prove that [c];, CE/] = [c%, ¢",] = 0 and calculate [CE, ¢',]. Also determine the Hilbert

space and the action of the operators on this Hilbert space. Would you call the
electron pairs fermions or rather bosons?

5. Real and complex fields
Let us consider a real scalar field ¢(x) and a Hamiltonian

H = /d‘”’f{%ﬁ(az) + %(&@(@)2 + %MQSOQ(SU)},

where 7(x) = Opp(x) is the canonical momentum. For quantisation we postulate the
following commutators at some time ¢, say t = 0. (Argue briefly why these relations
are compatible with causality.)

[W(l’),ﬂ'(g)] ‘:L“0=y0=0: [Qp(x)v @(y)] ‘:L“0=y0=0: 0; [71'(1}), @(y)] ‘:L“0=y0=0: _263(5_ _»)'

Write the Fourier decomposition of ¢(x) as follows:

o) = s | PR (aB)e ™+ al (Bye),

where kz = kot — k - 7 and kg = +Y/ /;2 -+ m?2.

Remark: ¢(Z,t) is the Heisenberg representation of ¢(#,0). This can be verified
explicitly at the end of part d.

a. Give the Fourier decomposition of m(z). Why can we (formally) set 7(Z, zo = 0) =
—i0/0p(Z, 9 = 0)7

b. Derive the commutation relations for a(k) and af(k).
c. What is the associated Hilbert space?

d. Write the Hamiltonian H in terms of the occupation number (density) operators
N(k) = a'(k)a(k). Note that H is time independent.

It is impossible to define a total charge @) for a real field ¢(x) (in a nontrivial way).
Basically this is because a real field describes particles that are their own antiparticles.
Therefore let us introduce a complex field ¢ # ¢! with Hamiltonian

H= /d3${7TT($)7T<$) + 030" (x)Osp(x) + m* @' (z) ()},

where 7(x) = 9,0'(x), 7' () = pp(x).
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. Show that H = [d3% Ty (see exercise 3 for the definition of T, in which classical

iz
fields now become operator fields).

The nontrivial commutators are postulated to be

—

[71’(1‘), (p(y)] |$0:y0:0: [ﬂj(x)v @T(y)] |$0:y0:0: _263(1_:_ y)'

Let us write ¢(1) = (1 (x) + iws(r))/v/2 and substitute for the real fields o;(z) the
Fourier decompositions in terms of a;(k) and a] (k).

. Give a(k) and b(k) in terms of a;(k) such that

o(0) = s [ PR alfge ™ 4 (B,

Also derive the Fourier decompositions of ¢'(x), n(z) and 7'(z).

. Give the mutual commutation relations for the operators a(k), a'(k), b(k) and bf (k).
. Write H in terms of N°(k) = a' (k)a(k) and N*(k) = bt (k)b(k).

We would like to interpret the particles created by b as the antiparticles of the ones
created by af. This allows us to define the total charge

(27)?

@ = const.(#particles — #antiparticles) = /d?’/;(N“(/;) — NY(k)).

(at t = 0).

i. Prove that @) is conserved. Also show that () can be written as

Q= /dgfp(x) + constant,

where p(gx)) = —ie{(Op")(2)p(z) — ' (2) (D) (x)}. Note that p(z) = eo(z) (see

. Commutation relations and causality

We reconsider the Hermitian operator field

o) = (2;3 [ % \/;_]%(a(/g)eikijaT(E)eikx).

In exercise 5 commutation relations ([p(z), ©(y)] |zo=y—0= 0 etc.) and a Hamiltonian
have been introduced. Use these for deriving an integral representation for

Az —y) = [p(x), ()i
x, y arbitrary.

Show that A(z — y) = 0 whenever zq = yo (x¢ arbitrary). Also show that A(z — y)
is Lorentz invariant and use this for generalising the result to z, y with (z —y)*> <0
(i.e. spatially separated).

Hint: Prove that [ d3k = [ d*k&(k? — m?)0(ko)2ko, where 6 is the step function.
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. Feynman rules for a classical field

Consider real fields ¢, and @9 as described by the Lagrangian

1 1 1 1
L[er1, 0up1, 92, Qo] = 50u910" 01+ 50402002 — go log[14 51 (91 — F )*]— 592%903-

. Determine the dimension of the fields ¢; and the constants g;, F'. (Remember that for
li=1, ¢ =1 all dimensions are powers of [I] = [m]™!; also the action S = [ d*zL(x)
is dimensionless.)

. In a perturbative calculation ¢ = ¢; — F' and 9 are chosen as fundamental fields.
Explain why.

Expand £ in ¢ and ¢, (up to 4" order terms). Write the result as £ = Ly + Liy,
where L, are the quadratic terms and L;,; contains the interaction terms. What are
the masses of the fields ¢ and 57

. We now introduce source terms —J - @ and —.J, - 5. Derive the Feynman rules for the
perturbative expansion using the (classical) method in the lecture notes (pp. 13-15).
Use the following notation:

G wJ

______ Go o o ete.

. Photon propagator

Gauge invariance complicates the derivation of the photon propagator (see lecture
notes p. 16). In this exercise we will fix the gauge by using the following Lagrangian:

L(x) = —iFw(ﬂf)F ") = Mx)9, A () = Ju(2) A% ().

This describes a photon field A, and a Lagrange multiplier A in the presence of an
external (i.e. not dynamical) source J,,.

. Use partial integration to write the quadratic part of the action as
1 y (A,,)
a0 3 (4],

where M is a hermitian 5 X 5 matrix operator. The inner product ‘-’ includes an
integration over space-time.
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b.

10.

Show that M is invertible and that the corresponding photon propagator is the same
as in the so-called Landau gauge o — oo (lecture notes p. 17).
Hint: work in Fourier space.

Coulomb gauge and temporal gauge

The gauge freedom of the photon field can be eliminated through an extra constraint
besides the equations of motion (imposing the constraint is usually called ‘choosing
a gauge’). Examples:

(1) Lorentz gauge 9,A" =0
(2) Coulomb gauge 9,4, =V - A =0
(3) temporal gauge Ay = 0.

Here we will analyze the conditions (2) and (3). These are not Lorentz invariant, but
expose the photon’s degrees of freedom nicely.

Show that (2) or (3) can always be realised after an appropriate gauge transformation
Ay (z) — Au(z) + 0,A(z). Furthermore show that (2) and (3) can be imposed
simultaneously in the absence of sources (i.e. J, = 0).

The transversal (T) and longitudinal (L) components of an arbitrary vector field v
are defined as follows:

17:17T+27L, V'ﬁTZO,ngL:O

Write down the relations between A and E , B in terms of their T and L components.
Also express Maxwell’s equations in these components. Here A, E and B stand for
the vector potential, electric field and magnetic field, respectively.

Coulomb gauge

Show that Ag(Z,t) is completely determined by p(Z’,¢) and the spatial boundary
conditions at time ¢ (hence the name ‘instantaneous Coulomb potential’). It follows
that the longitudinal component of the physical field E is not a degree of freedom in
the radiation field. (Why? What do we mean exactly by a degree of freedom in a
classical system?)

temporal gauge

Show that A is completely determined by the charge distribution p and the spa-
tial boundary conditions, together with an initial condition Ay (%t — —o0). Show
(again) that E7, is not a degree of freedom in the radiation field.

Preparation for the path integral

. . . . . . . . 52
Consider a one dimensional harmonic oscillator with the Hamiltonian H = ;_m +
1 19

§mw2cj2. Here p = e and ¢ is the position operator, so that < ¢|H|p >=

—A=€"ih(p, q) with h(p,q) = £ + mw’q?
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a. Prove the following exact identity (6t = T'/n):

dpn dQdez
Ko(¢n, 60, T) = H expli Z{pg —qj-1) — h(pj, q;)0t}]

w2 -9
9 Dot .,
ot —i— >
q~t) exp(—i 5m )"0

= < gnl{exp(—

b. Show that K, (qn,q0,T) =< qn|exp(—z'mT“2(j25t)T” exp(imTchjQétﬂqo >, where T =
exp(—i™22§25t) exp(—i’ﬁ) exp(—i™@§25t). Prove that 7 is a unitary operator.

c. We are going to prove that 7 = exp(—zH dt), where H is also a harmonic oscillator
Hamiltonian: H = 2 + 1 oM 0242
Note: until that is proven one should of course use 7 as defined in part b.

1. Show that [p, ] = —i implies
[eaﬁQ, ql = —2iape®®  and [eaqz, p| = 2iage®?”
for any a € €. Now solve the ‘eigenvalue equation’
T(kaq+ Asp) = pa(req + Aep)T
(Kt, Ax, it €C). Show that py = exp(£iQt), with Q defined by sin(320t) =
lwat.
2. Determine the commutation relations between xk.q + Ay p and k_q¢ + A_p. For
which normalization are we dealing with creation and annihilation operators

a, a? Show that the corresponding Hamiltonian is given by H, with M =
m sin(Q26t) /(26t).

3. Now that (k, A\, )+ are known, the eigenvalue equation determines 7 uniquely
up to a p,q independent factor. Prove that 7 = Cexp(—ia'af2t) satisfies the
equation (C' €C). Use the definition of 7 to show that C' = exp(—3i§20t).

Hint: Since C'is independent of p, g, it can be determined by calculatmg (07710}
with |0) the H-vacuum (a|0) = 0). First evaluate (p|exp(—i m“ G*0t)|0) =
Aexp(—Bp?/2), with A and B defined appropriately.

d. Use the above result to show that lim, .. K, (qn, g0, T) =< gnle 7| qo >
11. Path integral for a free particle

We start from the path integral for the evolution operator associated to Schrodinger’s
equation (lecture notes p. 21). As Lagrangian we take L(q,q) = +mq?, and prob-
lems from integrating rapidly oscillating functions are avoided by choosing so-called
Euclidean time 7 = ¢7". The path integral then becomes (with dr = 7/n and for
n — 00):

W0 =[] (T [ agye-swna, )

where ¢y = ¢ and ¢, = ¢/, and with action

S(q07q17”'7Qn) =
J

m g —gi-1]?
— 2 { ot ] oT.

1
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12.

The Euclidean evolution operator is U(1) = exp(—HT), H being the usual quantum
mechanical Hamiltonian associated to L.

Upon defining

U(q,7) = (@U(7)[0) "™ =" (¢|U (1)), i=d —a,

U(qG, ) satisfies the Euclidean Schrodinger equation by construction. Due to the
Euclidean time this is a diffusion equation:

U@0) =30 . U@ = 5ol ©)

or

. Determine U(q, 7) by solving eq. (2) (use a Fourier transform).

In this simple case the path integral in eq. (1) can be calculated explicitly. We will
do this by changing variables

Y; = 4q; — gqj-1, j:1727"'7n'

Show that H?;ll dg; = (]_[?:1 dy;)6(q — Yo Yjr)-

The §-function can be written as
R 1 R -
5qG—> y;) = —/dw exp(’tw(z Yj — Q))-
j=1 2 j=1

These steps reduce the path integral to a product of Gaussian integrals. Perform the
integrations and verify that the outcome equals the result in a.

Massive vector fields

The following Lagrangian (mass m # 0) describes a massive vector field,

L=—1F,F" 4+ im?A, A"

Show that this Lagrangian is not gauge invariant.

Determine the equations of motion for the field A,(x). Show that these are equivalent
to

9, A =0 (x) , (®+m*A,=0.
Remark: the condition (%), being a gauge choice in the massless case (see exercise 8),
is now imposed by the equations of motion!

Bring £ to the form 1A, M* A, (more precisely, use partial integration to find an M
such that this gives the same action—and therefore the same equations of motion).
Construct the inverse of the operator M (use a Fourier transform).

Now add a source term: —J,A* with d,J" = 0. Which expression for A,(k) is
associated to the following Feynman diagram?
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13.

Are there other diagrams in this model contributing to A, (k)?

(M~1),, consists of two terms. Show that one of them drops out of (M~1),,, (k) J"(k),
and that lim,,_o(M 1), (k)J" (k) exists. Compare this limit to the Maxwell propa-
gator (lecture notes p. 17) for a« = 1, the so-called Feynman gauge.

Perturbative approach to the path integral

In this exercise we will treat perturbatively the generating function Z(J) for a real
scalar ©? theory. The Lagrangian reads
L =Ly~ Vi — Jo, with Vi = %w, Ly =10G g, G' = —(9,0" +m?).

In the lecture notes (p. 34) it has been shown that the path integral can be reduced
to

Z(J) = ot A eVinlisTy) o= [ dly [ d'20 ()G w.2) ()

Show that

_ N B N
Z(J)=1 + (—QH 8H)+<2 3!Y 4w>
+ O(J°) + O(g%).
Here x—x = [d'z [d'yJ(x)G(z,y)J(y) etc. (do not work in Fourier space).

N.B. In this exercise you are not supposed to work out the analytical expressions
associated to the Feynman diagrams.

Read the page copied from ‘Diagrammar’ carefully. Verify that the combinatorial
factors in the above expression are correctly given by the Diagrammar prescription.
Remark: In this prescription the sources J should be considered as 1-vertices.

Show up to first order in ¢ and fourth order in J that Z(.J) = exp(G(J)), G(J) being

the sum of connected diagrams.

The ‘n-point function’ can be expressed in the following way:

(on 1) = Olea-110) = s (150157200

(pi = @(Zit;), tiz1 > t;, |0) = ground state in absence of J). This is why Z(J) is
called the generating function.

Substitute the result of part a. to obtain the 1,2,3 and 4-point functions up to order
g. Argue that the product rule guarantees that the Diagrammar prescriptions for
diagrams in Z(.J) and (g, - - - 1) are consistent, and verify explicitly the correctness
of the Diagrammar prescription for the 1,2,3 and 4-point functions to the given order
in g.

. Show non-perturbatively that

<i5i<]1i5%;]2G<J>>Jo = (p21p1) — (P2)(1)-

For n > 2 similar expressions hold. This means that G(J) is the generator of quantum
fluctuations.
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14.

a.

15.

Combinatorial factors

Given a real scalar field ¢ with interaction

a5 By
Mnt_iw +IS0>

determine the combinatorial factors of the following diagrams (see the discussion
on pg. 36 and 37 or the section on combinatorial factors in ”Diagrammar”, CERN
Yellow report 73-9, by G. ’t Hooft and M. Veltman, reprinted in “Under the spell of
the gauge principle” by G. 't Hooft (World Scientific, Singapore, 1994))

L@J;L@l;QYg;—H O2 58 5 OO0

Consider the following models:

I Scalar field A,

L=10,A0"A — im*A* — %Ai” — JA.

IT Scalar fields A and B with equal mass,
L =10,A0"A + 10,BO"B — tm*A? — 1m2B? — %AzB _JA.

We limit ourselves to diagrams with an even number of external A-lines (and no
external B’s). Let us pose the question whether we can make a distinction between
the above models from knowledge of the amplitudes for its diagrams.

1. Let us first consider tree diagrams.

e Show that A and p can be chosen such that the models I and II give an
identical 4-point function:

- ped

e Show that the 6-point function is different for the models I, II.

2. Proceed to show that at 1-loop level even the 2-point function, which at tree
level is trivially the same, is different for the models I, II.

Quantum corrections

In this exercise we set out to prove that the expansion of Feynman diagrams in the
number of loops amounts to an expansion in powers of A. We consider a real scalar
field theory with an arbitrary interaction potential:

To each Feynman diagram we associate the following quantities: E, I, L and V,,
(number of external lines, internal lines, loops, and vertices with n lines, respectively).
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a. Prove that for any connected diagram the following relations hold:

Hint: Any diagram can be reduced to a tree diagram (i.e. a diagram with no loops)
by cutting L times appropriate internal lines (this is the precise definition of L).
Determine how E, I, L, > V,, and > nV,, have changed after one such cut. Another
operation is the amputation of an external leg. Find the change in the above quan-
tities for this operation too. Finally determine these quantities for a simple diagram
in order to obtain the ‘initial condition’.

b. Since we are looking for quantum effects, we do not take i = 1 (for convenience we
keep ¢ = 1, though). Powers of i can now pop up at several places in the Lagrangian.
We can limit the number of such places by conveniently choosing the dimensions of
¢, J and {g,}. Show that this can be done in such a way that

1

St
[

2
h#1 m In n
L= L—Jp L 10,000 — oy = et = e,

n>3 "7

but that the h-dependence in the quadratic part cannot be removed.
Note: for i # 1, mass and 1/length have independent dimensions.

Remark: It is natural to require that the classical theory (i.e. the Euler-Lagrange
equations) is independent of . The above result then implies that m ~ h, so that
even in the classical theory the mass is an effective parameter of quantum mechanical
origin.

Show that the path integral now reads
Z(J)=C / Doet | 1alLip@) I @)

(C independent of J).

c. We absorb the factor & in exponent of Z(.J) into the quadratic part of £ by defining
G=h Py Jon

This gives ~
Z(J)=C / Deet J L) T @)e@)]

What is the expression for E(gﬁ)f? Show that the propagator for the field ¢ does not
have any h-dependence. This means that all factors of & in a diagram come from
the vertices (and external lines). Express the total power of & in terms of {V,,} (and
E). Finally make use of the results in a. to prove that this power equals L, up to a
function of E alone.

d. Show that for a model with only four point interactions (g, = 0 for n #4) the
expansion in the number of loops L can be interpreted as an expansion in powers of

g4.
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16. Legendre transformation and classical limit

a.

In this exercise we will consider the connection between quantum field theory and
classical field theory once more. Therefore take i # 1 again. As explained in the
previous exercise, we then have

Z[J] = /npe% J dia(Lrp) _ /Dgoe%SW], 0

where S[J, ¢] is independent of . Furthermore, Z[J] = exp(G[J]/h), % being the
sum of connected diagrams. The overall factor of & has been conveniently chosen 1/
so that

G[J] = i W"GylJ], (L = #loops)

with h-independent G(ry[J]’s. A saddle point, or stationary phase approximation
(h — 0) of eq. (1) then immediately gives

GoylJ] =S, palJ]]. (2)

Here ¢ [J] is the solution of the Euler-Lagrange equations 0.S[J, ¢]|/d¢ = 0 (hence the
subscript ‘cl’, for ‘classical’). This saddle point ¢ [J] is unique under the assumption
that in eq. (1) only fields vanishing (sufficiently fast) at infinity are integrated over.

Let us inspect if eq. (2) is reproduced by perturbation theory. For convenience we
limit ourselves to ¢3-theory, whose Lagrangian has already been introduced in exer-
cise 13.

1. Substitute the expansion of ¢q[J], as given on p. 15 of the lecture notes, in the

action in order to obtain

—S[LalJ]] = § ¥+ 5 Y + >_< +O(J%).

Verify explicitly that eq. (2) holds to this order in J.

o=

. It follows from the path integral that (cf. exercise 13d.)

(I = i35 )

Here (p)[J] stands for the expectation value of the Heisenberg operator ¢(x) =
@(Z,t) in the groundstate |0)[J] of the Hamiltonian H[.J], i.e. in the presence
of a source J. Note that (p)[J] is an ordinary real valued field, and not an
operator field. Also note that in each point x it is a functional of J.

Show up to third order in J that

(P)[J] = palJ] + O(R). (4)

b. Now let us see if we can generalise these results to arbitrary order in J. Brute force as

used in a. is of no use here because this method generates the combinatorial factors
for S[J, palJ]] in an almost intractable way. The proper framework for the proof is
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C.

the formalism of Legendre transformations (see Itzykson & Zuber for more details).

We assume that eq. (3) is invertible to J(x) = J[(¢)](z). This allows us to define a
functional T" on () via a Legendre transform:

iTlip)] = G + (T[], (9), ()
with (f,g) = [d*zf(x)g(z). Derive from eq. (3) that
C[{e)] _ .
Sl = Jlipa) ()

Hint: The chain rule for functional derivatives reads:

3 flg[n]] :/d4 6/1g] dg[h](y)

Sh(z) ym‘”m Sh(z)

Remark: an important example of a Legendre transform is the relation between a
Lagrangian and its Hamiltonian: H(q, p) = p4(p) — L(q, ¢(p)) with p = 9L(q, ¢)/0q.
(The position ¢ plays no role in this transformation.)

1. Tt is useful to Taylor expand G[.J] around J = 0:

Gl =Y %/d%l e d* T, G (2, ) T (1) - T ().
n=1 :
Why can we disregard the n = 0 contribution?

Note: G is precisely the connected n-point function as defined in exercise 13.

We also expand I'[{p)] around (¢)[J = 0]. For simplicity we limit ourselves to
the case ()[0] = 0.

T = 2 o [ e 2 (@) ) (0 w)

Why do the n = 0,1 terms vanish?

2. T(™ can be obtained from {G(™I™<"} by differentiating eq. (3) n— 1 times with
respect to () and then setting (¢) = 0 (corresponding to J[{¢)] = 0). Show
that

T@ — §(G)-1, 1O — G um

where ‘amp’ means amputation:
G (g, ) = /H (d4yi(G(2))fl($i7y¢)) Gy, yn).
i=1

Argue that GO — GOIPT - The latter stands for the sum of ‘1 Particle
Irreducible’ diagrams, i.e. amputated diagrams that are still connected after
cutting one arbitrary internal line. In general the following holds:

r® = G (p > 3)

You are not asked to prove this, but it might be enlightening to check it for
n = 4.
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d.

17.

3. Use the above to show that, to order i,
Lo (@, y) = =012 =) (0,0" +m?), T(G) (21, w2, 73) = —g0a(w1—22) 84 (12— 73),
whereas Fgg)) =0 for n > 4. Also show that

Lol@)] = S[J =0, ()]

Show that, to 0" order in £, eq. (6) is just the Euler-Lagrange equation (for {)).
Under what boundary conditions can you now prove eq. (4)? Finally prove eq. (2).

Remark: The above shows that I'[{(p)] may be viewed as a quantum mechanical
generalisation of the classical action (without source term). The physical relevance
of this particular generalisation comes from eq. (6). Apparently the observable (¢)[J]
is governed by this generalised Euler-Lagrange equation. The quantum corrections
usually cause (p)[J] # palJ]. For J = 0 a symmetry often prohibits such a shift, but
for J — 0 the shift may still be possible. In such a case (p)[J — 0], and therefore
|0)[J — 0], is less symmetric than pq[J — 0]. This means that quantum fluctuations
can (spontaneously) break a symmetry.

Feynman rules for complex fields
If two real scalar fields, ¢; and ¢, are governed by the Lagrangian
L(p1,02) = 3001001 + 30,020" 02 — Am* (] + 5) = V(97 + ¢3) — Jipr — Japo
then it is possible to give an equivalent formulation using the complex fields

0= 91\4/-%@; Ot = 391\;%22; J = J1\-|/-%J2; J = J1\7%J2
which transforms to the Lagrangian

L(p, ") = 0upd" 0" = m*¢"p = V(2¢"p) = T = J¢*

(see exercise 5 for the interpretation of ¢ and ¢* in terms of particles and antiparti-

cles). Among the Feynman rules we now find oriented lines:

>
J J*

Which two processes are described by this diagram?

Give all Feynman rules for the model with
V(2¢") = i9(p"¢)*.

For this potential write down all connected diagrams with at most two loops con-

tributing to
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18. Elementary scalar processes
Consider three real scalar fields (A, B, C') described by the Lagrangian
L= 4(8,A0"A+0,B0"B + 9,00"C —m% A* —mB* — m¢.C? — gaA*C — gpB*C).

a. If mg > 2my a C-particle can decay into two A-particles. To lowest order (in the
couplings) this process is associated to the Feynman diagram
A-D1
c

9— -
A-p2
Determine the S-matrix element ou(p1p2|q);, to this order (lecture notes p. 40). Also
give an expression for the decay width I'(C' — 2A). Work out this expression for a
C-particle at rest (¢ = 0).

Determine the behaviour of I'(C' — 2A) for m¢ > 2m 4, and for mCTimA < 1.

Give the total width I'(C) if m¢ > 2mp too. Also express the expected C-lifetime
(1) in terms of I'(C).

b. Another possible process is the elastic scattering of two particles A and B, schemat-

ically
yai Y25

P2 B P4

Write down the single diagram that contributes to this process to lowest order. Derive
expressions both for the matrix element o (p3pa|p1p2),, and for the differential cross
section do(AB — AB).

In the center of mass (CM) frame the process looks like this:

—

D3
) A
b1 7 ~—P2= D1
Pa=—Pj3
In this frame the differential cross section only depends on the external momenta
through p = |p1| and 0 = /(pi,p5). Work out j—g(p, ) in case of equal masses

ma = mp = m. To this purpose, first prove these intermediate steps:

: &5y d*p. cM
(1) [T 0u(ps+pa—p1 —p2) = Q\/ﬁfdﬁ

g oM
(i) [(p1 - p2)? — m2m2]Y/2 = 2p\/p® + m2.
Calculate the total cross section o(AB — AB) by integrating over all directions (.

Show that in the limit mgc — oo, while keeping A = gagp/m2 constant, o(AB —
AB) is the same as for a model with only A and B particles and interaction

A
‘Cint - —ZA2B2.
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19.

20.

Lorentz transformation for spinors

An electron is observed in a frame ¥, where it has velocity v along the 3-axis. It’s
rest frame is called ¥'. In Y’ the electron’s wave function is given by

1
1 0

Vv | 1

—imt’

Y'(2") = (Weyl representation)

(Due to the volume factor V', ¢’ has a volume independent norm and one can take
V' — 00.)

Verify that this is indeed a positive energy, zero momentum solution of the Dirac
equation. What is its spin? Transform the solution to the ‘conventional representa-
tion’ of the lecture notes p. 48.

The wave function 1 in the ¥-frame can be determined via a Lorentz transformation.
Show that the transformation K = (K*,) from coordinates on 3 to coordinates on
¥ (ie. (/)" = K" x¥) can be written as

K =e ol  with

L% = , sinh(a) =2

—_ o O O
S o oo
SO o O
oSO o

Show that the induced transformation of spinors is given by
S = cosh(%)l + isinh(%)a03

with ¢ as in the lecture notes (p. 50).

Determine ¢ (z) = S™1¢/(Kz) in the Weyl representation. Verify explicitly in the
Y-frame that this is a solution of the Dirac equation with the correct momentum.
Finally transform ¢ to the conventional representation.

Lorentz algebra vs. su(2)xsu(2)

Using the property that the (Euclidean) Lorentz algebra is isomorphic to su(2)xsu(2)
one can easily classify all its finite dimensional representations (su(2) is the Lie alge-
bra of SU(2)). We will analyse this situation in the present exercise.
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a. Show that the matrices L* defined by

(L)% = 9" g5 — 9”95,

generate the Lorentz group (cf. part b. of the previous exercise). Furthermore prove
that
(LM, L) = g"P LM + g L7 — gL — g"" L.

b. Define ‘
Jlft = %(%{:‘gjijk + iLgo). (6123 = +1)
Determine all commutators [J7, J]i] and conclude that the Euclidean Lorentz algebra

is isomorphic to su(2)xsu(2).

c. It is well-known that the set of all finite dimensional representations of su(2)=so(3)
is glven by {pl|l 7271737'”}7 where

po(Ji) = 0
—50; € su(2)
L; € 80(3)

> D
=

—~
S &

S— N
I

For each pair (a,b) with a,b € {0,3,1,2,---} an irreducible representation of the
Euclidean Lorentz algebra can now be defined:

Plab) = Pa & Pp-

In particular p = P(3.0) and p = P(o,}) are defined through

p(JZ ) ZUi%
p(‘]z—i_)d)l =0
(JZ )’17[)2 =0
(J;L) Qinz-

Subsequently we can construct the (reducible) representation p @ p acting on pairs

(11, 2).
Give the action of (p @ p)(JF) on (¢, vs).

d. Now derive the action of (p @ p)(L*) on (11,1) and note that these objects are
precisely the generators —5o*” in the Weyl representation (lecture notes p. 50).

21. v algebra

The defining property of the y-matrices v! - --~* is

{4 =2¢"1  p,v=0,1,2,3.

Furthermore one defines +° = i7%y1~243.

a. Show that
{"r=0 (¥)P=1
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b. Let Tr(y#1~4#2...~4#") denote the trace over n y-matrices (take u; € {0,1,2,3}).

1. Prove that such a trace equals zero for n odd. Also prove that Try5=0.

2. Compute
Tr(y"7")
Tr(7#9"7°)
Tr(74” 7’)7 )
Tr(y"9"7°777°)
c. Prove the following identities:
VNN Y = =2
VYA + A = ST (YY) Ve

22. Majorana and Weyl fermions

a. Given any set of gamma matrices {*} another set is defined by

Yr=UWU, U'U=1.

0 __ 1 0 i OO'Z'
T=lo =1 ) T\ =6 0

(the ‘conventional representation’ on pp. 48, 51 of the lecture notes) and choose

1. Take {y*} to be

01+ 103 o1 — 103
01 — ’iUg —<O'1 +’i03)

U:m@%(al—wg>+ag®%<m+wg>=%(

Show that U is unitary and that the set {7*} is given by

/0 /1 . 12 . 13 .
VT =03®02, V= —1®o3, YT =10280, 77 =-1Q0].

Note that all v/-matrices are purely imaginary.

2. This so-called Majorana representation {+#} allows us to impose the following:
=1 (Majorana condition)

(with ¢ = (z)). Show that this is consistent with the Dirac equation.
3. Prove that the condition implies 1) = 0.

Remark: This result is no longer valid for anticommuting v, .

4. How can we interpret Majorana fermions? (charge; antiparticles?)

b. Another possible condition on fermions is
5 =1p.  (Weyl condition)

1. Use the Dirac equation to prove that necessarily m = 0.

2. Prove that Weyl fermions w and v satisfy wiy = 0.
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3. The helicity operator % - k (with k = k/|k|) is defined via ¥ = Le;;,09%. Show
that in the original v-representation of part a.l. this reads

i (o 0
Also prove that (- k)% = 1.

4. Show that for m = 0 the plane wave solutions of the Dirac equation can be
written as

R UM@I(@%%X)

T UJ@:<_@%M>.
X
Determine the action on Uy of the chirality operator 4° and the helicity operator
> k. In particular show that their action is the same, up to signs.
5. Conclude that a massless spinor satisfying the Weyl condition can either describe

right-handed particles or left-handed antiparticles. Here right-(left-)handed
means having positive (negative) helicity.

Remark: from b.3. it is clear that helicity equals the (anti-)particle’s spin com-
ponent in its direction of movement. Therefore the helicity operator commutes
with the Dirac equation for any mass m, this equation being Lorentz (hence
rotation) covariant. Chirality, however, is only a good quantum number in the
massless case.

c. Is it possible to realise the Majorana and Weyl conditions simultaneously?

23. Dirac equation

We start from the Dirac action
Sbie = [ () (1779, = m)o(a).

a. In the lecture notes (p. 11) the energy-momentum tensor 7" has been constructed
for the (scalar) bosonic case. As this construction uses general coordinate invariance,
its generalisation to fermions is complicated (the formulation of spinors in general
relativity is involved). For this we refer to section 10 of “The spacetime approach
to quantum field theory”, by B.S. DeWitt in Relativity, groups and topology 11, ed.
B.S. DeWitt and R. Stora (Norht-Holland, Amsterdam, 1984). The generalisation of
eq. (3.20) yields an energy-momentum tensor that is no longer symmetric:

B B 1
T — @Z)ivuauw _ g"”@/}(wa@a N m)w + Za}\ (¢(7A0uu N ’}/MO')\V + ,yug;u\)w).

Use the equations of motion to show that 9,7"" = 0 and that the energy-momentum
tensor is equivalent to the following symmetric result:

T = 2(§ity + Gin 0 — (B D)in — (0 D)in' ).
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It is possible, however, to use only translational invariance (and of course, as always
for Noether currents, the equations of motion). This derivation is very close in spirit
to the discussion on pg. 10 and to eq. (3.20). Show that translational invariance can
be formulated in the following way:

CWA, ’J}Aa 6M¢A, a;/‘vEA] (l‘ - A) = ‘C[wa 7757 8uwa a;ﬂ/;] (l‘), (1)
where 5 (z) = ¢ (z + A) (A independent of ) etc.

Expand the left-hand side of eq. (1) to first order in A. Now use the equations of
motion, and eq. (1), to prove that 9,7"" = 0 for

T = iy 0"y — " (i7" 0o — m).
Also verify explicitly from the Dirac equation that 9,7"" = 0 is satisfied.

Show that all three definitions of the energy-momentum tensor give the same results
for H = [d3@ Toy and P; = [ d3Z Ty, that these quantitities are conserved and that
for a plane wave solution of the Dirac equation with momentum k (see section 13 of
the lecture notes) they coincide, as it should be, with the energy and momentum of

—.

that solution, i.e. H = ko(k) and P; = k;.
b. Now add interactions and (external) sources:
L= ‘CDirac - ‘/int + ‘Csourcea ‘/int = %g(’l]}’ll})Q, £source = —(j¢ + J’J})

What are the corresponding Euler-Lagrange equations for ¢ and ¥? Solve these
equations in a perturbative way, like in the scalar case (exercise 7; pp. 13-15 of the
lecture notes). In particular give the Feynman rules for the equivalent diagrammatic
expansion. For the lowest order result use the following notation:

Q/}:+X ]

<

= %—Xﬁ
J
24. Canonical formalism for spinors

a. 1. On p. 54 of the lecture notes creation and annihilation operators for the Dirac
field are introduced:

00) = | e 3 (R e + e (D).

with kg = +1/ k2 4+ m2. Give the corresponding expression for 1.

2. Postulate anticommutation relations as on p. 55:

{ba(R), B(K')} = {da(k), d)(K')} = 6a0° (k — K');

the remaining anticommutators are zero. Show that

{a(@), ¥5()} = {Yal2),¥s(y)} =0 and
{ba(@), Ds(y)} = (V"8 +m)apA(z —y), with

Br1 o, .
Alr — ) — / L (pmikla—y) _ ik(e—y)
(z—y) (27)3 2kq (e € )
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25.

(and 0, = 0/0x"). Compare with exercise 6 and conclude that causality is
respected.

3. Alternatively, postulate commutation relations (substitute { , } — [, ] in above
anticommutation relations). Show that

[Va(®), ¥s(W)] = [Yal®), ¥p(y)] =0 and

[wa ('T 7w5 <y>] = (nyuau + m)a5A<SL’ — y), with
A d3]; 1 —tk(z—y ik(z—y
Alx—y) = /(27?)32—/’{;0<e (@=9) 4 ik )).

Conclude that causality is violated.

Remark: This result can be generalised to a theorem stating that any local quantum
field theory that respects causality admits only fermions with half integer spin and
bosons with integer spin.

Add a source term Jv + 1)J to the Dirac Hamiltonian density ¢ (—iv'd; + m),
Jo(x) and J,(x) being anticommuting external fields. Expand (0] exp(—iHt)|0) up
to second order in the sources. To this purpose use the Hamiltonian perturbation
formalism (lecture notes pp. 17-20); use the properties of u, v (p. 54) and the gamma
matrices to simplify the spinor structure. Your final result should be

(O]e=Ht|0yeiBot = 1 / d'zd'y J(2)Ge(z — y)J(y) + - with

d kAt M
Grlr—y) = /(27?)4k:2u—m2+i€€ o

Note that G is precisely the classical fermion propagator of the previous exercise.
Anticommuting variables

In this exercise Greek letters denote anticommuting variables, ordinary letters com-
muting ones.

. Compute the following integrals:

1
/de ¢fo. /de —, /de In(1 + 6).
—Qa

Given the following linear relation between two sets of n independent anticommuting
variables,

n =Y Byb;,
j=1
show that (for invertible B)

1

~ detB

Compare this to the case of commuting variables.

Hint: Consider the most general function of n anticommuting variables, which is a
polynomial of degree n. Analyse its behaviour under integrations and linear trans-
formations on the variables.
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26.

27.

Prove that, for independent n;, 7;,
/dnldfh ey dif, e = det A,
Use this result to prove the following result, which holds for any antisymmetric matrix
" Jaoy B340 — 1 /det A,
Hint: Substitute n; = 0; + i0;, 0 = 0; — i0;.
Given a smooth function f satisfying lim, .., f(y) = 0, prove that
/dxldxgdedé Fla? + a2+ 80) = —nf(0).

One loop Feynman diagrams

Consider a model consisting of fermions ¢ and real scalar particles ¢ with interaction
Vine = gi/_JQOQ/J.

Determine the reduced matrix elements corresponding to the following diagrams (do
not work out the analytical expressions):

1. ¢ self-energy - — = Q ——_

2. 1 self-energy

3. vertex correction —— — <

Compton scattering for pions

At not too high energies the pion-photon interaction is well approximated by scalar
QED:
L=—1F,F" + (0, —ieA,) " (0" +ieA")p — m*p*p.

The pion (77) is described by the complex scalar field ¢, the photon () by the vector
field A, (F,, = 0,A, —0,A,).
Show that the 3 point vertex is given by

1
= €<pﬂ + qu)v

and give the other Feynman rules in the Lorentz gauge.

b. Which Feynman diagrams contribute, to order €2, to m= — 7~ elastic scattering?
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28.

The initial and final photon states are plane waves:

8in (E)e—zklxl gout (E/)e—ik/il‘i
A resp. A ——.
(2m)32kq (2m)32k,

Express the reduced matrix element for the scattering process, to order €2, in terms of
the polarisation vectors £™°" and the external momenta. Use the following notation:

2 e ()

{—jin(k‘)

I

k

Using the result of part c. prove (to order e?) that the S-matrix vanishes whenever

the initial or final photon is longitudinal (i.e. 5H(l§) ~ k,). Explain which property
of the model is responsible for this.

Give all Feynman diagrams that are needed for an order e calculation of the cross
section. Which of them are UV divergent, i.e. which give rise to expressions that
diverge due to integrations over large momenta?

Elementary fermionic processes

Let us reconsider the situation in exercise 18, with the bosonic fields A and B replaced
by fermionic fields ¥4 and ¥ g. The Lagrangian now is

L= %6M06“C—%mé02+1/14(z’ @—mA)@/)AJF@EB(i ﬁ_mB)wB_gA’J}AC@Z)A_gB'J}BC@Z)B-

For m¢ > 2m 4, C can decay into A and anti-A according to the diagram

/

y41

D2

N

Determine like in exercise 18a. the S matrix element and the decay width I'; which
now are functions of the fermion spins. Perform a summation over all possible spins
to obtain the expected lifetime of C'.

Hint: some properties of the u and v spinors (lecture notes p. 54) are very useful
here.

Scattering of A and B is described by

A\\//A

B//I\\B

Write down the analytic expression for the corresponding S matrix element.
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29.

30.

Now assume that m4 = mp and work in the CM frame. Determine the differential
cross section do(AB — AB). Awverage over the incoming spins and sum over the
outgoing spins. For which experimental situation is this justified?

Work out your result as a function of the CM variables |p] and 6. As a check it is
given that do/dS2 is spherically symmetric for me = 2my4.

e~ et collisions in QED
The QED Lagrangian with two flavours, electrons and muons, reads

L=—1F,F"— %O‘gauge(auAM)Q + Z J’f(quu —my )Yy,

f=en
where D, = 0, — ieA,, (lecture notes p. 74).
e”et — e~e' (Bhabha scattering).
Which two diagrams contribute to lowest order?

In the lecture notes the Mgller (e"e™ — e~e™) differential cross section is calculated.
Perform an analogous calculation to obtain (in the CM frame)
d 2 2E2 _ 2\2 _ E4 4
—a(e_e+ —eeh) = a ( mz + s +7712
(E?2 —m?)?sin*(0/2)  E?(E? —m?)sin®(0/2)

ds) ~ 16E?
+12E4 +m*  4(2E? — m?)(E? — m?)sin?(0/2) N 4(E? —m?)?sin(0/2) }

E* E4 E*

where o = €*/4r, m = m.; F and 6 are the CM variables for the energy of the
incoming electron resp. the angle between the in and outgoing electrons.

Note that unlike in the Mgller case there is no divergence at # = w. What is the
reason for this?

e et — upt.

How many diagrams contribute to lowest order?

Show that in the CM frame, and in the limit m./E, m,/E — 0,
do a?

ag -+ - — 2
dQ<e e — puuh) 16E2(1+Cos 0).

Calculate the total cross section. Use dimensional analysis to express your result in
units h,c # 1.

Weak interaction in the standard model

The Lagrangian given below describes a simplified version of the standard model.
This simplification, which only contains fermions ¢» and massive vector bosons W,
captures the mechanism through which the standard model gives rise to an effective
4-fermion interaction.

LWy, ) = =5 Fu, F* + §MPW, W+ (in" 0, — m)y + gW,(vy* )
with F,, = 8,W, — 8,W,.
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a. Give the Feynman rules.

b. We restrict ourselves to tree diagrams which satisfy two conditions: 1. all external

31.

lines are fermionic; 2. p? < M? for all momenta p,. Show that such diagrams can
effectively be described by

A

P79

Eeﬁective@p) = @(nyuau - m)w -

and express the parameter )\ in terms of g and M.
Gauge fields
In this exercise we use the following gauge field conventions (cf. lecture notes):
Ay = qAlT® F = qFoT* [T T" = fuT*
To(TT") = =40, D, =0,+ A, F. =D, D)) =0,A, —0,A,+[A, A,

where {T“} spans a matrix representation p(Lg) of the Lie algebra. Note that we
absorb the coupling ¢ in A,,.

. Notation: XY, Z stand for arbitrary elements of the Lie algebra p(Lg).

In the lecture notes the generators of the adjoint representation are defined as

(adTa)bc = _fabc-

Show that this representation can be thought of as acting on the Lie algebra itself,
in the following way:

(adT*)Y = [T, Y].

Also prove from this formula that X — adX indeed is a representation of the Lie
algebra, i.e. prove that it is a linear map, satisfying

(ad[X, Y]) = [(adX), (adY')].

Hint: work out (ad[X,Y])Z, using the Jacobi identity [X,[Y, Z]]+cyclic= 0 (which
can be seen to hold trivially by expanding the commutators).

Finally prove that
@dXy — Xy =X

This means that the adjoint representation of the group G is a conjugation. Therefore
gauge transformations act on the field strength through the adjoint group represen-
tation (as F,, — gF,,g", lecture notes p. 87).

Define DPVX = (adD,)X = [0, + Ay, X] = (9,X) 4 [A,, X]. Prove that
Dflad)Dl(jad)FHV = 0.

Hint: What is [D§Y, D)7

136



c. The gauge invariant Lagrangian for a fermion field coupled to a dynamical SU(N)

32.

gauge field is (lecture notes pp. 86, 87)

. 1 v
L = YD, —m) + 2—(]2Tr(FWF“ ) =

. 1 y 2 .
= Y(iv'0, —m)y + Q—(fTr(Fu,,F“ )+ ?Tr(J“AN) with
JH = qJPT TR = —iqpyP T ™).
Derive the Euler-Lagrange equations:

DLad)FMV .
(Z.'YMDM_m)w = 0

Show from eq. (1) that
DGV = 0.

Show that this equation follows from eq. (2) as well.

Use the Jacobi identity to prove the Bianchi identity:

Dﬁad) F,, + cyclic = 0.

Show that for electromagnetism (G =U(1)) this gives the homogeneous Maxwell

equations.

Dirac equation with gauge fields

By construction the Klein-Gordon equation is obtained from the free Dirac equation

in the following way:

0 = — (i7", + m) (v’ 0, — m)b = (0> + m* ).

Analogously prove from the Yang-Mills Dirac equation (problem 3lc. eq. (2)) that

(D* +m? — 10" F, )0 = 0.

Now specify to electromagnetism,

T=14 q=—e, F,=0,A4, —-0/A, etc

(1)

Choose the gauge Ay = 0 and turn off the electric field by assuming that A = 0.

Show that eq. (1) reduces to

7.B 0
D? 4 m? g _ |y =o.
( +m)1/1+e< 0 6‘B>1p

Write ¢ = (ﬁg) and define the 2-spinor 94}, to be

wsch = eimtd}G
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33.

(subtraction of the rest energy from the Hamiltonian). Show that!

1 02 9] (P+ed)? e ~
- = — =4 —(¢-B .
2m Ot? Vsch Yot Vsch 2m + 2m (7 B) | ¥sch

Show that in the non-relativistic limit this equation simplifies to the well known
Schrodinger equation for an electron in a magnetic field, i.e.

0
Zawsch = Hipgepy
H p—

F+ed?+— (G- B).

ot o

Linear sigma model
The Lagrangian for the linear sigma model reads
L =3[0u8 0"G+ 0,00"0] + 1p*[|G + (0 +v)*] = gll&]* + (o + ),

where ¢ is the pion field (3 real components), o is the sigma field (1 real component),
v a constant and pu, g are real positive parameters.

a. Show that this Lagrangian contains a linear term ao and express « in terms of pu, g
and v. What is the Feynman rule for such a term?
For a # 0, this Feynman rule makes the perturbative approach unnecessarily compli-
cated. Argue that this complication is avoided when v is such that ¢ =0 and ¢ =0
corresponds to the minumum of the potential associated to the Lagrangian.
Determine v, and show that the ¢ and ¢ masses are 0 resp. .
b. Show that the Lagrangian is invariant under the global infinitesimal (isospin) trans-
formations
oro(xz) =0, dapi(z) = —eiuljion(z), (1)
and also under the global transformations
oeo(x) = —g(x) - &, def(x) = (o(x) +0)¢ - (2)
Now write egs. (1,2) in matrix notation w.r.t. the 4-component vector ¢, (z) by defin-
ing pa(z) = o(z) + v (Le. write dapu(x) = AiLy,, 0. (2), resp. depu(z) = &K, 00(2)
for suitably defined 4 x 4 matrices L' and K*). Prove that L' and K" span the space
of real antisymmetric 4 x 4 matrices.
Conclude that egs. (1,2) are in fact infinitesimal SO(4) transformations. Verify this
by showing that the Lagrangian, written in terms of the 4-component vector ¢, is
manifestly SO(4) invariant.
c. Give the Noether currents associated to egs. (1,2)
'Please note: To respect covariance py = —id/0z", whereas p* = —id/0x"* or p' = (p',p?,p?) = —iV

as used in non-relativistic quantum mechanics.
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34. Higgs mechanism

We consider a model with real scalar fields ¢’ and vector fields AL, 1=1,2,3. These
fields transform in the fundamental representation of an internal group SO(3), with
generators

(THjh = —€yp 0,5,k =1,2,3.

In particular the covariant derivative and field tensor read
(D“go)i = 8#80i - gEkszﬁSOja
F,ul/ = @LAV - 81/AH + gGijkAiAy-
The Lagrangian is taken to be

L=—1F Fr 4 1(D,p)(DFp) — V(]F|?) with potential

4= uv

V(@) = 381> — F?)?, A F > 0.

The (0-loop) vacuum expectation value (vev) of the scalar fields is chosen to be

_, 0

(f(x)) =F = (0) (F constant).

F

a. Explain why this is a valid choice for the vev. Show that this vev is invariant under
a 1-dimensional subgroup of SO(3).

b. Define o' = ¢* — ", and expand the Lagrangian in terms of ¢’ and AL. Note that
the quadratic part of the Lagrangian contains off-diagonal elements (mixing A and
@). In general such terms can be handled by diagonalisation (redefining A and ¢
in terms of each other in an appropriate way), but anticipating the gauge choice in
part c. you may neglect them here.

Interpret the various terms (mass terms, kinetic terms, interaction terms). Give the
masses for the fields AZ and @' (i=1,2,3), and also the couplings for the following
3-vertices:

ok A,

Does this completely fix the gauge?

This model contains 9 physical degrees of freedom (dof). Read off from the quadratic
terms how in the above gauge these physical dof are distributed over the fields.

d. Reconsider the situation for a different potential, V' (|5]?) = im?|g|?>. What is the &
vev in this case? Read off the number of physical dof again (¢! = p? = 0 is not a
convenient gauge choice now. Why?).
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35.

36.

a.

Higgs effect and ghosts

Take the model in the previous exercise and add the following gauge fixing term to
the Lagrangian:

ﬁgauge = _%f?; ) fa - aﬂA,ua - 26ach’b(pc'
«

Expand £ + L& up to quadratic terms in Af, and ¢¢ = ¢* — F'. For convenience
choose ['* = F,3, as in the previous exercise. Show that due to the special gauge
choice, the quadratic terms mixing A and ¢ cancel among £ and L£&"®°.

Determine how F, transforms under infinitesimal local gauge transformations ¢ —
QQO, AN = AZTG — QAuQ_l -+ g_lQﬁuQ_l with QZ] = (eXp(A“T“))ij = 52] - AQEGZ‘J',
and write the result as 6.F, = MyA® (cf. lecture notes pp. 90, 91). Read off the ghost
masses.

. Determine the vector, scalar and ghost propagators as a function of a. Which limits

correspond to the transversal gauge (9, A** = 0) and the unitary gauge (p* = ¢* =0,
as in part c. of the previous exercise)?

. Which poles in the propagators correspond to physical masses? Check that unphysical

poles always coincide mutually, and argue why this is necessary.

Elektroweak interactions in the standard model

If ¢ is an SU(2) doublet and has U(1) hypercharge —1Y¢’, its covariant derivative
reads (for SU(2) generators —io,/2 and U(1) generator )

Db = 0ptp — 3igo Wiy — 1Y g B.

It is given that the fermion fields e e® (electron), v (neutrino), uX, uf d* d® (up
and down quarks) have the following SU(2)xU(1) properties:

Yo = () doublet Y = -1
YR =ef singlet Y = -2
vy = (%) doublet Y =44
YR = u® singlet Y = 44

P =dt singlet Y = -2
Furthermore, we reformulate the gauge fields:
- 1 1 172
W, = EW“ FiW,),
Z, = —Wj’ costhy + Bysinby, A" = Wj’ sin Oy + B, cos Oy,

and oy = 0y £ i09.

Write the covariant derivative of 1" and ¢ in terms of W, Z,, A™ and o, 0_, 03.
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37.

We require the interaction between the electron fields e, e® and the photon field AT
to be the same as in quantum electrodynamics (QED). Derive from this requirement
two relations between g, ¢, Oy and the electron charge —e.

. Work out the relevant covariant derivatives to determine the electromagnetic charge

of the neutrino and the up and down quarks. Also analyse the electromagnetic
properties of the fields Wj and Z,. Discuss the particle interpretation of the complex
fields W

The Lagrangian of the standard model contains a.o. the following terms:
ﬁ;eL”Y“D;ﬂ/}eL + ilﬁf’yuDud}f-

Determine from this all possible 3-vertices of type %i , where ~~~ stands for
Wi W, or Z,, and —— for e" e or v.
The standard model allows for the process W~ — el + . It is given that the decay

rate I'y equals
1
To=T(W™ — ') = —g¢°M,
0 ( —ev) Az Mw
(Myy is the mass of W™, the masses of el, e® and v are neglected). Use your results
from part d. to express the decay rates I'y = I'(Z — eftef?) and I', = I'(Z — vp) in

terms of I'y and Oy.

Show that
[(Z — elel) £T(Z — efle?)

and interpret this result.

LEP experiment

Since 1989 CERN has been operating the “Large Electron-Positron” (LEP) collider, a
ring with a circumference of 27 km. Electrons (e™) and positrons (e™) are accelerated
in opposite directions, each reaching an energy (F) of about 45 GeV. The CM energy
(2E) in a collision is comparable to the mass of the neutral vector boson Z that was
encountered in the previous exercise. From Heisenberg’s uncertainty relation it is
then clear that a Z-boson created in the collision can exist for a relatively long time.
This gives rise to a so-called resonance in the electron-positron cross section. In the
present exercise we will analyse this phenomenon for the process ete™ — pu*pu~.

The following part of the standard model Lagrangian (in the unitary gauge) suffices
for a leading order calculation:

L = —i(@uZ,, — a,,Zu)(a“Z” — 8”Z“) + %M%ZMZ“ +
- e -
+ > {%(W“au —my )y — —?/’fZﬂ“%@/)f} :
f=eun \/3

In this Lagrangian the spinor field 1., describes the electron (muon) with mass
Me(uy =0.511 MeV (105.7 MeV), while the Z-particle (with mass M, =91.2 GeV)
is described by the vector field Z,. For convenience the Weinberg angle 6y has
been approximated (sin? 6y = 0.25 instead of sin? fy, = 0.23). As can be seen from
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part d. of the previous exercise this considerably simplifies the interaction between
the Z-particle and the fermions. The Feynman rules now are

ks
k (G — 1\“4;) k (my +"ku)ab Yo
Ny = 2 - =
povo o k2—MZ+ie T b @ k? —m7 +ie fL \/7775

. Give all Feynman diagrams and the S-matrix for eTe™ — ptpu~ via a Z-particle. Also
give the Feynman diagrams for e* e~ via a Z-particle.

e —e

. Prove from the Dirac equation that u* (p)y*v**(q)(p, + ¢,) = 0 and the same for
u < v. Here u®(p) (v®(p)) is a Dirac spinor describing a particle (anti-particle) with
arbitrary spin s. For QED, explain why these equalities are related to U(1) gauge
Invariance.

. Show like in part b. that @**(p)v*v5v°2(q)(pu + qu) = 2msu** (p)y5v°2(q) and derive
an analogous formula for v < v. Here my stands for the fermion mass.

. The typical energy scale in the LEP experiment is M. This means that m. and m,,
can be neglected. Show that this implies that in part a. the Z-propagator can be

replaced by
k2 — MZ +ie’

. In the lecture notes (pp. 39, 46) it is explained that quantum corrections modify the
propagator. Show for the present case that the Z-propagator will be modified to

_ZZguV
k?2 — M% + ’L.le—‘z + ’iE

(Zz =7’s wavefunction renormalisation; I'; =Z’s total decay rate).

To a good approximation the k—dependence of I'; may be neglected near the res-
onance. Furthermore, O(e*) corrections to Zz will be neglected too, i.e. we take

. In your calculation below you may (or rather should) use the result from exercise 29b,
namely that in QED the total cross section for ete™ — ptu~ (i.e. via a photon) equals
3zz- Here a is the fine structure constant, the fermion masses are neglected, and the
incoming particles are not polarised.

Show that the total cross section o for ete™ — ptp~ via a Z-particle equals, for

unpolarised electron-positron bundles and in the approximations discussed before,
ira?(4E/3)?

((2E)? = MZ)* + MZL5

g =

Remark Since I'y; < My (see below) it is clear from the above formulas that near
the resonance photon “exchange” can be neglected. Also Higgs “exchange”, possible
in the standard model, is negligible, as the coupling between the Higgs particle and
fermions is proportional to ms/M, (< e).
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38.

The figure on the first page of the lecture notes shows the LEP data (in the figure
Energy=2F). Explain this plot qualitatively from your calculations, and extract I'.

Note that each fermion anti-fermion pair, into which the Z-particle can decay will
give a positive contribution to I';. As also neutrinos contribute, one has been able
to determine the existence of precisely three (light) neutrino types.

1 loop calculation with scalar fields

A model with scalar fields ¢g, ¢1 and 5 is described by the Lagrangian

L = 5(0,000" 0o+ 0,010" 01 + 0,020" 02 —mg oy — mi o] — M 03 — Aoows — A1p13),
with M > mq > 3my.

Even though there is no direct interaction between py and ¢, the model gives rise
to diagrams with only external ¢y and ¢; lines. Clarify this statement by drawing
some diagrams contributing to the processes @1 — oo and Y109 — @190. Use
the following notation for the propagators:

Yo— — — — Pr— P2
Consider the diagram N,
— = — %o
7
pr—1 lp—¢
o=\,
—q"'=q—q

Give the associated S-matrix element without working out the d*p integration yet.

. The S-matrix element contains the following expression:

(q.4") = / o o
g\q,q ) = (27?)4 (pz — M2 +i5)((p—q)2 — M2 +i5)((p—q’)2 — M2 +’i5)'

Argue that g(q,q’) can be viewed as the effective coupling constant for the leading
order contribution to the process ¢1 — wopo. Do you expect g(q,q’) to be real or
complex?

Compute ¢(q,q’) with the techniques introduced in the lecture notes pp. 101-103:
write g(q,¢’) as an integral over a function of the form I, , g(m). To this purpose use
a Wick rotation, the Feynman trick and a shift of the integration variable p. Write
the relevant function I, , 3(m) in terms of Gamma functions.

Assuming ¢, ¢/, ¢" on-shell, compute ¢2, ¢’ and ¢ - ¢/, and observe that these scalars
are much smaller than M?2. Use this observation to expand your result from part d.
in terms of 1/M?. In this way show that

2 2 4
n 9o Gy | Gy m
9(¢:4) = 35+ 3 T O<M6>

and calculate g, cg, c1.
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39. Vacuum polarisation and Pauli-Villars regularisation

QED, quantum electrodynamics, is the field theory of minimally coupled photons and
electrons. Their fields are a U(1) vector field A, and a spinor field ¢ (z), governed
by the Lagrangian

£QED [A7 1/}] = £photon + Eelectron + Eint =
= —iFu " + ("0, — m)y + eA,(Yyre).

Choosing the Landau gauge (o« — 00, lecture notes p. 17) the 2-point function reads
to 0" order

e =120 = ) o o — 0.

(the propagator equals inB}(q), cf. exercise 13). We are interested in the leading
correction to ’inB,)(q), the so-called vacuum polarisation:
2q+p
1 P o = H;(}u) (q)-
3¢ =P
a. Show that
W () = 11@ o (0)
H/J,l/ (q) - H,up (Q)wp <Q)HUV (Q)u
with
e m+17- (3¢ +p) m+y-(p—39)
po - d4 T o 2 P 2 )
o(6) =~y J1 r(” Gatpi-mi+ic) (= da)— 2 +ie

Note that this expression is divergent.
b. Compute the trace in the above expression using your results from exercise 21.
N.B. Throughout the present exercise do not assume ¢ on-shell.

c. Show that g,w””(q) = 0 (strictly speaking this is only valid after regularisation as in
part e.). From this conclude that w??(q) takes the form

W (q) = w(g®)(a*9"” — a"q").
d. Determine the scalar function w(q?) by contracting the above expression with g,,.

e. The result in part d. contains a divergent d*p integration. This divergence will now
be regularised by the method of Pauli-Villars. In this method attention shifts from
w(q?,m) = w(q?) to the sum

w(q*) =) Cw(q®, ms),

s>0

where Cy = 1 and mg = m. Here the sum should be performed before doing the d*p
integration.

144



Show that @(q?) is of the form

P, + m2P,
— 2 4 2 )
w = [d EC’S~ — - ,
(@) /p s P+ m2Py+miP +ie

where P, and P, are polynomials of degree n in p and of arbitrary degree in g;
furthermore they are independent of m.

Expand the quotient I, (appearing within the sum and integration in w(q?)) for large
values of p*:

P P, PP
I,=C, =+ Com? | = — 221 + 0(p").
P4 P4 P42

Show that the conditions >, Cy = 0,3, Cym? = 0 guarantee that w(q¢?) is given by
a convergent integral.

Remark: Closer inspection shows that the second term in I, is only of order p~S.
The naive conclusion that the condition >°, Cym? = 0 is superfluous is wrong, as the
cancellation of the p=* contribution does not take place at the level of w?°. Hence
leaving out the second condition makes the derivation in part c. invalid.

. A solution to the conditions is

C():]. 01:]_ 02:—2
mg=m*> m?=m?+2A% m5=m*+ A\

for arbitrary A?. Show that for this choice w(¢?) gives the same vacuum polarisation
as a model consisting of the photon field and the following fields:

(mass)?  statistics
o | m? Fermi

¥y | m? +2A? Fermi

Py | m2+A?  Bose

s | m?+A?  Bose

with a Lagrangian

3
L= ‘Cphoton + Z @Z)s [Z"}/M(au - ieAu) + ms] ¢s-

s=0

. Remark

The situation in part f. describes the regularised theory. To return to the true theory
we would like to eliminate the fields 1, o 3 by pushing their masses to infinity, i.e. by
taking the limit A> — oo. However, careful inspection shows that w(q?) diverges as

a function of A?: ,
(a2 A2) M2 A
w(q ) ) ~ og W .

This divergence can be absorbed in a wavefunction renormalisation, which will never
appear in physical quantities.
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40. Beta decay of the neutron

Through the weak interactions a neutron (/N) can decay in a proton (P), an electron
(e) and an anti-neutrino (7). At quark-level this so-called beta decay reads d —
u+ e + v°. The following interaction term in the Lagrangian of the Standard Model
is relevant to this decay:

g = -
Ling = NG (Wﬂ Vi oL+ W, VIV e + h.c.)

(h.c. =hermitian conjugate, ¥ = 1254)).
a. Give the lowest order Feynman diagram for the above process (for quarks).

b. Show that if the external momenta are much smaller than the W-boson mass My,
we can just as well consider the effective interaction

58 = 2 (5" (1 = L = 26)4) + hc W

and express the so-called Fermi-constant GG in terms of g and My, .

c. Prove that Sef = [ d4zL0

ot = ot 1s not invariant under parity.

d. Since the proton and neutron are built out of 3 quarks (N = ddu, P = uud), one can
derive from eq.(1) an effective Lagrangian for neutron decay.

~e G /- -
Eift = _ﬁ (wm“(l — a5) Pyl — 75)%) + h.c. (2)

Through QCD-effects a will deviate from 1. In good approximation one has o = 1.22.
Give the reduced matrix element M for the decay of the neutron. Use the following
conventions for the momenta (p, k;) and spins (s, ;):

‘<l7t1

e. During the beta decay of the neutron, which is assumed at rest, only the momentum
of the electron (EQ) is measured. Using a magnetic field the spin of the neutron is
aligned along the positive z-axis.

Give the expression for the spinor uy for this polarisation and prove that

S ME = a1 - an) (b +me (1 - arghuy -
v ((%2 + me)%,(l - ’75) %37#(1 - ’75)) . (3)

Here m,., mp and my are the masses of resp. the electron, proton and neutron. We
work in the limit my — oo, mp — 00, but we keep Am = my — mp fixed.
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f. Show that in this limit
uny* (1 —avs)(Jy +mp)y’ (1 — ays)uy = 4m3p (c“g‘“’ — a(oh 5 + 050g) — iaQeO“”3) ,

0123 — 1, e"r? completely

with ¢ = 1 for p = 0 and ¢* = —a? for p = 1,2,3; ¢
antisymmetric; ¢ is the metric diag(1, —1,—1, —1).

Prove that the ‘partial’ decay width is given by

20 — 1) ks
1+ 302 (ky)°

Al = f(|ks)) (1 cos 9) APk, (4)

where 6 is the angle with the positive z-axis, along which the electron is detected.
Hint: Prove first that in the limit my, mp — 0o conservation of energy implies that

Am = |ks| + \/m2 + |ky]2.

g. Explain why the unpolarised partial decay width is given by
Al = f(|ka))dPhy 7

Compute from this the life-time of the neutron in the approximation that m./Am = 0
(in reality m./Am = 0.4, which leads roughly to a correction with a factor 2). In
units where h = ¢ = 1, you may use that

Am = 2.0-10%s71,
ne = 7.3-107%
G = 1.0-107°mp>

h. Already in 1957 (breaking of) invariance under parity in the weak interactions was
tested. Free neutrons are experimentally hard to handle. This is why a piece of
Cobalt (Co%) was used, whose nucleus changes under beta decay into Nickel (Ni%).
Schematically the following result was obtained:

(that is a bigger electron flux in the direction of — B than in the direction of B , Where
B is the applied magnetic field).

Argue why this experiment demonstrated the violation of invariance under parity
transformations.

Note: Nuclear complications make the precise computations for Co® rather more
difficult than those for a free neutron. The result is nevertheless given by eq.(4),
but with appropriately modified a. For the above question this is not relevant;
To conclude that parity invariance (mirror symmetry) is broken, the details of the
underling theory are not required.
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